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Abstract : In this investigation, we introduce a new subclass of univalent, Sakaguchi and A - pseudo starlike functions
LPE(),,,u, b) by means of the generalized Laguerre polynomials defined in the open unit disc (2. Coefficient bounds and
Fekete — Szego inequality to the said subclass are obtained.
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I. Introduction
Let A be the family of functions f that are analytic in the open unit disk Q= {z eC :|z| <1} of the

form:
f(z)=z+iakzk )
k=2
For g(z) € A, given by

9(z) = Z+ngzk
k=2

Let S mean the subclass of A consisting of univalent functions inQ.. It is well known (refer[2]) that
every function of f €S virtually possesses an inverse of f, defined by f*[f(z)]=2(zeQ) and

f[f‘l(w)]=w,(|vv|<ro(f);ro(f)zi),where

f 7 (w) =w—a,w’ +(2a —a,)w® — (5a] —5a,a, +a,)w* +....... 2

When the function f < A is bi univalent, both f and f *are univalent inQ. Let > be the class of

bi univalent functions in Q given by (2). In fact, Srivastava et al.[11] have revived the study of analytic
and bi univalent functions in recent years. Many researchers investigated and propounded various

subclasses of bi univalent functions and fixed the initial coefficients |a,|and |a,| (refer [4, 5, 7, 8, 9, and
10]).

For analytic functions f and g, f is said to be subordinate to g, denoted f(z)< g(z), if there is an
analytic function w such that w(0)=0,\w(z} <1 and f(z)=g(w(z)).

Frasin [3] investigated the inequalities of coefficient for certain classes of Sakaguchi type
functions that satisfy geometrical condition as

HOE)
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%{E;QﬂiLQL}>a @)
f(sz) - f(tz)
for complex numbers s,tbuts#tanda (0 <a<1).

Recently for some A>1 in [1] Babalola introduced and investigated the class of A - pseudo
starlike functions of order &, (0 <& <1) denoted by L, (e)as

m(%j >a,(2eQ) 4)

For real number 6 >—1, the polynomial solution h(@) of the differential equation (refer [6])
" +(1+5 -0 +nh=0. (5)

where n is non-negative integers, is called generalized Laguerre polynomial or associated Laguerre
polynomial and ir is denoted by L°(#). It has many applications in areas of mathematical physics and
quantum mechanics, for example in the integration of Helmholtz’s equation in paraboloidal coordinates,

in the theory of propagation of electromagnetic oscillations along long lines and so on. These polynomial
satisfy certain recurrence relations, namely,

2n+1+6-6 n+o
(9= 7 19(0)-—2 L0, (0),(n>1 6
nal0)=———L(0)-— 5. (0) (n=]) (6)
with the initial conditions
L2(0)=1,L(0)=1+5-6. 7)

It can easily derived from (6) that

L‘;‘(e) (5+2)9 (5+1)(5+2)’
L§(9):-%93+(5;3)92 _(5+2)2(5+3)6+(5+1)(5gz)(5+3)_ @®)

and so on.

It may be noted that he simply Laguerre polynomials are the special case 6 =0of generalized
Laguerre polynomial i.e. L°(0)=L,().

Result 1.1(see [6]). Let 5(6’,2) be the generating function of the generalized Laguerre polynomial LS ().
Then
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00 e 1-z

&06,2)=> L5(0)" =m,(ﬁefﬂ,z cQ) 9)

n=0

Definition 1.2. A function f X of the form (1) is said to be in the class LP(/I,y,b)if it satisfies the
following subordination conditions:

(@-b)eX @) ) <£(0,2)(zeQ) (10)
and

(D)o (w)y .
(g )b (ow)- - g glow)) =M< (1)

where 0< <1 ,4>1,|b|<1 but b=1 and

g(w)=w—a,w’ +(2a2 —a, \* - (523 —5a,a, +a, W* +..
Putting the parameters x=b=0and A =1that was studied by T.Panigrahi et al [12].

The main objective of this paper is to obtain the coefficient bounds on the Taylor — Maclaurin
coefficients on a,and a, and the Fekete — Szego inequality for the function of the subclass LP, (1, ,b) .

I1. Coefficient Bounds

Theorem 2.1. For0< x<1,A>1,]b|<1but b1, let the function f = be in the class LP(A, 2,b). Then

< L+5-0Lf1+5-0)
| <

, (12)
82—+ 24)1+b+b%)+ 24(A-1)+ (1+ )+ b)(A+ x)i+b)-22))|1+ 5 - O)
— (22— (L+ p)1+b))y {922 —(5+2)0+ (6+1)5+2) +1)§5 * Z)J
and
1+5-0) 1+6-6 13)

S G b 3 2 b0

Proof. Let f e LP,(4,,b) be given by (1) and g = f . Then there are two analytic functions ¢,¢ such
as ¢(0)=¢p(0)=0and |¢(z) <L|p(w)<] forall z,we 2, which can be written as
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bRk slo.400), (14

and

(-bw)g'(w)’ ;- £(0, p(w). (15)

(g’ (w)—bg'(bw))+(1— z)g(w)—-g(bw

It is fairly well — known that if
(z) =|uz+u,2° +u,2° +..| (2 Q),
and
(W) = vw+v,w? + v+ | (we Q).
Then
lu | <1andlv, <1, for ke N (16)
From the equalities (14) and (15), it is obtained that

(@-b)z)f'(z)) &, v
2ot o)+ o X T T02) 2 )

=1+ L2 (0,2 + |2 (O, + L2 (02 |22 +... (17)

and

(t=bw)g'(W)) =S L O)l2)

pan(g'(w)—bg’(bw))+ (L - X g(w)-glbw)) =
=1+ L2(O),w+ [Lﬁ (O, +L2(ON, JW2 Fo (18)
Comparing the coefficients of (14) and (15), it is deduced that

(22 -+ u)1+b)a, = L7 (O, (19)

(3/1—(1+2,u)(1+b+b2))a3 e o
{+ (22(2-1)+ 1+ e+ b)(a+ u)a+b)- 2/1))a§} =L Ok + Lo, (20)

—(22-@+ p)1+b)a, = L7 (O, (21)
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(2~ 2uobb?)foat - 50+ 50N
{+ (22(2-1)+ @+ p)1+Db )@+ x)1+b)-2 ﬂ))azz} =17 (O), + L5 (0)) (22)

It follows from (19) and (21) that
and
22—+ p)+b)) a2 = (12 (O)) (u? +v2) (24)

By summing (20) and (21), it is found that

2(32—(L+2u)L+b+b?)) _ o
(+ 2(24(2 —1l;l+ @+ ) 1+b )+ p)1+b)-2 i)))az =L (0)u, +v, )+ L2 (O)u2 +v2), (25)

By substituting the values of (u? +v?) from (24) in the right side of (25), it is obtained that

2 {(3,1—(1+ 2u)l+b+b?)) ))}(Lf oF

+(2A(A 1)+ @+ )1+ bY@+ p)1+b)-22
—(22 -+ p)a+b)f L5(0)

= (2O (u, +v,), (26)

By simple computations using (7), (8), (16) and (26), it is determined that

L+5-0Lf1+5-0)

(82— (+24)1+b+b%)+ 24(A-1)+ (1+ )1+ b)(A+ x)i+b)-22))|1+ 5 - O)

ja,| <

2
—(22-(+ )1+ b))2£92—(5+ 2)9+(5+1)£§+2)j
By subtracting (22) and (20), it is deduced that
2(32—(1+2u)1+b+b?)fa, —aZ)= L2 (0)u, -V, )+ L3 (O)u? —v2), (27)
Thus, applying (7) and (8), it is concluded that

1+5-0) 1+6-6
lay| < + :
24—+ u)1+b))?  3A—(L+2u)1+b+b?)

By setting, the parameters 4 =b=0in Theorem 1.1., it is claimed that

Corollary 2.1. Let f e LP.(4), then

(23)
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1+5-6|\L+5-6|

\/‘((3,1 1)+ 222 -1)+(@1-22)\1+5-6) — (24 -1) (922 —(5+2)9+ (5”);5*2))‘ |

ja,| <

and

|a|<(1+5—9)2+1+5—9_
T (a1 311

Putting the parameter A =1, in the corollary 2.1, that was obtained by T.Panigrahi et al [12].

Remark 2.1. Let f e LP(1), then

J

L+5-6|\L+5-6

ol <1+5_e)2—(022—(5+z>e+®+1)26+2)}"

and

lay| < (1+5-0) +1+52_9.

3 Fekete — Szego inequalities for the class LP.(4, ,b)

The Fekete — Szego inequalities for function f in the class LP, (4, 4,b) is given by the following
theorem.

Theorem 3.1. Let the function f given by (1) be in the class LP, (4, z,b). Then for any real number o, we
have

1+5-6)| 1< A
31-@+2u)L+b+b?)" T (38A—(1+2u)1+b+b?)[1+5-0)
L+5-6°L-0) 1> A
N T BA-(1+2u)1+b+ b2 )f1+ 5 -6)

la, —oaj| <

where
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A =[B2—(+2u)1+b+b?)+24(2=1)+ 1+ x )L+ b)Y+ u)1+b)—24)f1+5 - O)
5+1)5+ Z)J

—(2&—(1+y)(1+b))2(9—22—(5+2)6+( 2

Proof. From (25) and (27), it is observed that

22 Lf(&)(uz—vz) 2 (1 a2 Lf(@)(uz—vz)
R CYRN(FE Y (P B ~(-oe+ 284~ (1+2u)L+b+b?))

_ (1_(7)(Lf (‘9))3(U2 +Vz) + Lf(e)(uz _Vz)
H%(ﬂ 2u)L+b+b?) 2032 - +2u)L+b+b?))

+24(3-1) H(@(e)f
)-21)

+(L+ u)1+b) L+ u)1+b
—(22 -1+ p)1+b)’L5(0)

:Lf(‘gﬂ”(“’@”z(sz_<1+zi>(1+b+b2)ﬂ“2*[”“"9)‘z(sz—<1+2ixl+b+bz)M

where

L)L ()
Hez—(uzu)(umbz) ﬂ(q@))z_<u-<1+ﬂxl+b»2 15(60)

+ 224 =)+ 1+ )1+ b )@+ 1 )1+b)-24)

n(c.0)=

In view of (7) and (8), it is concluded that

L+5-6| 0<[(c,0) <
—(+2ufi+b+bp?) AT

(e, 0)n(c,6) > 20

1

2(32—(1+2u)L+b+b?))
1

A— L+ 2u)L+b+b?))

la, — oa}| < 3

This completes the proof of the Theorem 3.1. m

By taking the parameters x =b =0in the above Theorem 3.1, it is found that

Corollary 3.1. For 77 e R, let the function f e LP, (A4, ,b). Then
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Les-6, A,
< 312140 ﬂs@x-ﬂ@+5—mz
2 |1+§—6’| (1_0-),|6—1|Z( |A2|

Ay 31-1)f1+5-0)

s -

0° 5+1)(5+2)

By putting A =1in Corollary 3.1, which was investigated by T.Panigrahi et al [12].
Remark 3.1. Let the function f e given by (1) be in the class LP(1). Then forz e %, it is obtained that
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l+5-6|
2 )
2
(2_(5+2),9+(5+1)2(5+2)J
o-1<th-
2 @1+5-0)
ja; —oaj| < iro-o-o)

a+5—ef—(§{{5+2W+

[ﬁ:—w+2w+05“%5+a)
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