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Abstract - a-cuts of trapezoidal fuzzy numbers and a-cuts of trapezoidal fuzzy number matrices are introduced and evaluated.

Keyword - a-cuts of Trapezoidal Fuzzy Numbers (TrFNs), a-cuts of Trapezoidal Fuzzy Number Matrices (TrFNMs)

I. INTRODUCTION
Real world decision making problems are very often uncertain (or) vague in a number of ways. In 1965, Zadeh [5] introduced

the concept of fuzzy set theory to meet those problems. The fuzzyness can be represented by different ways. One of the most
useful representation is the membership function. Depending on the nature of the membership function the fuzzy numbers can
be classified in different forms, such as Triangular Fuzzy Numbers (TFNs), Trapezoidal Fuzzy Numbers, Interval Fuzzy
Numbers etc. Fuzzy matrices play an important role in scientific development. Fuzzy matrices were introduced by
M.G.Thomson [4].. Two new operators and some properties of fuzzy matrices over these new operators are given in [1]. Some

new operators on triangular fuzzy numbers and triangular fuzzy number matrices are given in [3].

Il. PRELIMINARIES
In this paper, some new elementary operators on a-cuts of Trapezoidal Fuzzy Numbers (TrFNs) and some new

operators on a-cuts of Trapezoidal Fuzzy Number Matrices (TrFNMSs) are defined. Using these operators, some important
properties are proved.
Definition 1.2.1121:
A Fuzzy set A in a universe of discourse X is defined as the following set of pairs A= {(x, u, (xX)): xe X}
Here p,: X —[0,1] is a mapping called the membership value of xeX in a fuzzy set A.
Definition 1.2.2121:
A Fuzzy number is an extension of a regular number in the sense that it does not refer to one single value but

rather to a connected set of possible values, where each
possible values has its own weight 0 and 1.This weight is called the membership function.
Definition 1.2.3M:

A normal fuzzy number A with shape function
e

(% )* whenx € [a,b),

) w when x € [b, c],

Ua (Z%f)" when x € (¢, d]

L 0 otherwise
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where n> 0, will be denoted by A=(a, b, ¢, d),, .
If A be non-normal fuzzy number, it will be denoted by A =(a, b, ¢, d; w),, .
If n =1, we simply write A = (a, b, ¢, d), which is known as a normal Trapezoidal fuzzy number.
Definition 1.2.4151:
A Trapezoietal Fuzzy Number (TrFN) denoted by <m,a, ,y> has the membership function

0, for x<xm

xR

-m

m<x< a

3

Ua(X)= < 1, a<x<p

y=x <x<
5 B=x=y
K 0, X= «
or, ps(X)=max (min z:z 1, ﬁ). 0)

The point m, with membership grade of 1, is called the mean value and «, 8 are the left hand spreads of M repectively.
When a = B, the trapezoidal fuzzy number coincides with triangular one.
Example 1.2.1:
M=<3,6,7,9>isa Trapezoidal Fuzzy number.
Definition 1.2.5[21 :
A Trapezoidal Fuzzy Number Matrix ( TrFNM) of order m x n

is defined as M = ( Mij)anWhere M” =< mij,(xijlﬁij,yij>

Example 1.2.2:
<2345> <4675> <3672> <2583>
M= <0106> <1,234> <5,6810><3451>

<17911> <0,000> <2534><1010>
<1135 > <1221> <7503> <2201 >

0.3,0.3,0.6,04 > < 0.8,0.1,0.3,0.4 > ]
<0.4,090.5,01> <0.20.1,0.3,0.7 >

are Trapezoidal fuzzy number matrices.
Definition 1.2.6[3:

N =

LetM = (Mij)mxn and N = (Nij)mxnbe two Trapezoidal Fuzzy Number Matrices (TrFNM) of the same order.
Then the following operators are defined.
(1) M @N :(Mij@ Nij)
(2 M VN= (i;v N;))
(B) MON= ( (M; ON;)
(4 M=Niff M; > N; Vi=1ltomj=1ton.

Definition 1.2.7831:
For o € [0, 1], the upper a-cut of the Trapezoidal Fuzzy Number M= <m, w, B,y>
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is defined as M=<m(®, @, p@ (@ >
and the lower a-cut of M is defined as
M=<mq), ®(a), Biay V(>
Example 1.2.3:
Consider the Trapezoidal fuzzy number M as follows :
M=<0.5,0.1,0.4,0.6 >.
By taking a= 0.5, we get
Mg=<0.5,0,0,0.6 > and
M@®=<100,1>
Definition 1.2.8:
The upper a-cut of a Trapezoidal Fuzzy Number Matrix
M = (B;;) s, s defined as M@ = (M)
and the lower a-cut of M is defined as
M= (Mij(a))mxn
Theorem 1.1.1:
For any two Trapezoidal fuzzy number matrices M and N,
(i) (MON)® > @O N@
(ii) M vN)@O=M@®  N©
(i) MOEND=MOPN@D
Proof :
Let M = (M;;)mxn Where M;; =<my;,w;;, Bij, v;;> and
N =(N;j)mxn Where Nj; = <n;, pyj, 8ij, 03>
(i) Let E;; and D;; be the ij*" elements of M®O N@and (MO N)@
- By= OON and Dy = (#,0N;)@
Casel: My=N;>a
<my;wy; Bij Vi 2 < Nyj, pij,615,0i> =
SMy 2N 2, W 2P 2 B =262,y =202
Therefore, D;;= (M;;6N;;)®
= < myj, wyj, By vij >
= <an®, w0, B0,y >
=<1111>
and £, =M PONS
= <mPO S, wlPO p®, L6 610,y 61 >
=<leoe1lle1l161l1l1061>
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=<0,0,0, 0>

Case2: My=>a=> Nij
S <myg, w45, By, Vip> 2 @ 2 <ngj,pyj, 65,055 >
SMy = A= N0 = Q=P B = a =68,y = a2 o
Then D= (Mij@ﬁij)(“)

—_ a
= <myj, wyj, Bij, ¥ij >

- (@ () pla@)  (2)
= <m0y Byt vy >
=<1,1,1,1>

and £;;= Mi(f’)@Vi(.o‘)

(
<m(a)@nl(]a)’ w(“)@ pla) ﬁ(a)@ 5ia)' Vi @D G(a)

<1©0,1©0,100,100>
=<1,1,1,1>

o EUZEU

Case3: a>M; >Ny
a = <my, @y, Bijy Yip > 2 < Mij, pij 84, 01 >
Sa =My =N, = W = P, A= P 2 8,a 2y = 0y
Here, DU = (Mi}'@Nij)(a)

= <m@® @ p@ @ o
= Sy, Wy ’Bu Vi

= <0,0,0,0>
Fo- @O @
E;= MjPON;

= < DOn®, WO PO, LD 5@, O 6

iy’ ij l] 4
= <090,090090000>
= <0,0,0,0>

ie.,ﬁi':Ei'

~ In all the cases, DU > E;
& (MyN )@ = MPONE
Z(MON)Y® > M@OON@®,
i) LetC;; and D;; be the ij*" elements of M® v N® and (M v N)@.
Gy =M v NS and Dy = (M v N;)@
Case 1: Mi,- = Nl-]- >a
i.e.,<myj, w;j, Bij, Vij > = < nyj, pij, 05,0 > = a

>nl12a(u >pi}-2a,ﬁi}-25ij2a,yij20ij2a
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N
I

ij= (MyVvN;)®

= <m0y, By v >@

= <m0, B,y >
= <1,1,1,1>

and ;; = Mi(]f’) v N“i(].“)

_ () () () (@) p(a) (o) (@) (o)
= <my Vg wp Vopg ,Bij V5ij Vi Vo>
=<1vi1viivl 1lvil>

=<1111>

s < mij,(l)ij,ﬁij,]/ij >=>a=< nij,pij,5ij,0ij >
smz2azn;,w;2a2 pij,,[?ij =2a= 5ij:yij za=zo0;>
= <myj, wyj, Bijr ¥ig >
— (@ () pla@)  (2)
- <mi]' rwi]' 'Bij fyl'j >
=<1,11 1>
and C;= M VN

= <@ va®, 0@y o, gy 5 4@y @

= <1v0,1v0,1v0,1V0>
= <111 1>
Dij=Cy
Case3: @ > M;; > N
e, @ = <my;, wi, Bijy Vi > = < Nyj, Piji 645, 0ij >
A= My 2N, a2 Wi =P, = By = 6,a =y = 0y
Then, 5” = (MU VNU)(a)
= <myj,w By, vy >®>
_ (@) () pla)  (a)
- <mij ’wij 1 Pij :yij >
= <0,0,0,0>

— (@) (@ (@) (@ pa) (@ (@) (@)
= <mt Vg wp VB VT Vot >

<0v0,0v0,0v0,0VvO0>
<0, 0, 0, 0>
|e, 5” = CU
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- Inall the cases, D;; = C;;
& (MyvN)®@ = 1P v NP
&2 (MVN)@ = @ y N@,
(i) Let P;; and Q;; be the ij*"elements of M® @ N and (M @ N)@
~ Py = Mi(;z) ® Ni(ja) and Q;; = (M;; ® N;j))@
Casel: M;=>N;>a
<myj, i, Bij, Vij > 2 < Nyj, Py, 64,04 > = @
m 2N = w;=p;=a,f;=206;;=2ay;=20=2a
Then Q;; = (M;; ® N;)©@
= <my; g — My Ny, 4t P Wit Py
Bij + 8i; = Bij * 8ipyviy + 035 — vij - 0y >
= <my +ny (1= my), w5+ pi (1 - wy),
Bij + 6i;(1 = Bij)vij + 0y (1 = yiy) >
> <my, B v >@

(06) (06) () (06)
> m;o Wy "Bu Vi
= <1,1,1,1>

and P; = MY N

= <@ ® @0 @60 ®

(@) (@) (@)
ij ; " ” I 6 ;V” @0- >

_ (a) (a) (a), () (a) (a) (a) ()
- <m +n My, W +th Wi Pij

B + 600 — B8y 4 6l
<1+1-1, 1+1-1, 1+1-1, 1+1-1>
<1,1,1,1>

(@) (06)
yl] ij >

o=l

ij > by
Case 2: Ml]2a>N
S <myy, wi B Vip > 2 @ 2 <Ny, pyj, 655,045 >
mij = =n,w;; =a=p i =a =6,y = a=0;;

<my; + N — My g, Wt Py — Wi Py
Bij + 61— By 81, vi; + 03 — vy 0y >
<my; + 1y (1 —my;), w0y + pis(1 - wyy),
Bij + 8ij(1 = Bij).vij + 0 (1 = yy) >@

< myj, g, Bij, Vig >@

v

(@ @ p@ @
> <m0 Byt vy
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= <1,1,1,1>
e @ @ (@ gy (@ @) @y @ (@ (@)
- <mij @nij 'wij @pu 'Bij @611 lYij @01-]- >
— (@) () (@) (@) () () () ()
T Sy gy Ry, @y Wy Py
@ , 5@ _ p@gs@ @ , (@ _ @ (@)
g Ty~ By 0y Y Yoy~ Yoy >
= <1+0-0, 1+0-0, 1+0-0, 1+0-0 >
= <1,11,1>
Q~ij > pl}
Case3: a>M;; =Ny

a=>< mij,wij,ﬁij,yij >=>< n,-]-,p,-j,éij,aij >
LO2My 2N A2 Wi 2 P, 02 ,Bij = (5,-]-,0( 2 Y 2 0y
Then Q;; = (M;; ® N;))@
= <myj+ng — MmNy, 04+ P — W Py
Bij + 81— Bij* 81, vij + 03 — vij 0 >
> <myj, i B vi >
> < mi(}‘."),wi(}?‘), l.(]f"),yl.(j“) >

= <0,0,0,0>
andpij= ME}“)@NI(;Z)

= <mP & w0 ®p" B0 D5y Do >

= < i =m0 + o = oy
B +610 - B8 v\ + 0l —yPalP >
= < 0+0-0, 0+0-0, 0+0-0, 0+0-0 >
= <0,0,0,0>
Qij = pij-
In all the cases, Q;; > P
(M;; @ N;)® = Mi(;'x) SY Ni(;x)
Thus, (M @ N)® > M@ @ N@,
Theorem 1.1.2:
For any two Trapezoidal Fuzzy Number matrices M and N,
(i) (M v N)@) =M@V N
(i) (M e N) ) =Moe N,
([ii)y (MO N)@ =My SNy
Proof:
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Let M=(M;}) (mxn) Where M;; =< my;, w;;, Bij, vi; > and

(i) Let C;; and D;; be the ij*" elements of M4y VN, and (MvN) 4

Cij = Mij(a)v Nij(a) and 51-]- = (MijVﬁij)(a)
Casel: M;=>N;>a
<myj, wij, Bij, Vij > = < Nyj, Pij, 635,015 > 2 @
SM 2N 2 a0 22l 262y 202
Here  Dj; = (MyvNyj)
= <my;, i, Bijh Vi > (@)

My Dijcay Pijcay Vijeay >

<X, X X, X>

and C;; = Mij(a) Y Nij(a)
<Mty V Mijiay Dijay Y Pijay Pijay v SijiayYiiwy V Oty >
= <X VX X VX X VX, X VX>

= <X X X, X>

. l.]. <m0, B, Vi > 2 a <
Nj, Pij, 635y 035 >
LMy 22Ny, 2 a2 g 2 a2 6y 2 a2 oy
Then Dy = (MyV Nyj) @
= < myj, wij, Bij, Yij >(a)
= Mjiay Dby Pijay Viieay >
= <X X X X>

And Cij: Mif(a)v N”(a)

= <mi}'(a) v Mijay Pijay v pij(u)’ﬂij(u) v 6(11)')/1'1'(11) v Oij(a >

= <X VXX VXX VX XVX>

= <X X X X >
.D;; = Ej;
Case3: a = M;; = N;

Le.a = < my;, wgj, B, Yij > = < Ny, Pijy 64, 0 >
=

ng,a = Wi = pij,a = ﬁi]' = é},-,a = Yij = 0;j

i = My VN

= <my, w5, Bijr Yij > @)

_|

=

@

=

)
I
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= My ey Bicay Vi >
=<0,0,0,0>
= Mgy V Mgy Dijiy V Pijay Piiey V Oticay Visew V Oty >
= <0vO0vO0OVO0OVO>

= <0,0,0,0>

i.e., 51] = C~U
= Inall the cases, D;; = C;;
o Ml]VNl](a) = Ml](a)v Ni](“)

“ (MVN)(q) = M)V Ny

(i) Let E;; and D;; be the ij™elements of M40 N(g) and (MeN) 4.

By = Miji,® Nij,, and Di; = (M;jo N;j)(o)
Casel: M >N, >a

<myj, wij, Bij Vi > 2 < Nyj, pij, 645, 05> 2 @

mi]' > nij > C(,(A)i]' > pij > a!ﬁij = 6ij = a,yl’j = 0;j >a

Therefore, D;; = (Mijeﬁi}')(a’)

<myj, Wi, Bij» Vij > (@)
= <mi}.(a),w”(a),ﬁij(a):yij(a) >
= <X X, X, X>
and Ei}' = Mij(a)eﬁif(a)
= <My 8 Ty Dy © Pijcay Piicay® Oijay Vi ® Tiicay >
Xex,xXex,xex,xex>
= <0,0,0,0>
i.e., 5”' = Ei}'
Case 2: M;; > a > N;
<My, @iBip Yy > 2 @ 2 <1y, pij, 8, 035 >
my 2 a2, By 2a=p B 2 a 26,y 2a 20
Then Dy = (M;je Ny
= <my;, wi.Bij Vij > (@)
= <My s Dy Bijay Vi >

<X X X, X>

and EU = Mij(u)e Nij(u)

= Mgy ® Mijigy Dij ) ® Piiay Bij(ay® Bijay Vi ® Giieay =

17
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= <xe80,x060,xe0,xe0>
= <X X, X, X>
. Dy = Ey.
Case3: a=>M;;=N;
a = <myj, wyj, By, Vi > 2< Ny, pyj, 645,045 >
a = my; = nij, & = Wy = pij @ = ,Bij > 6ij,a > Yij > 0ij
Here, D;; = (M;e N;j) ()
= <mi}'(a)'wi}’(a)’ﬁii(a)’yﬁ(a) >
= <0,0,0,0>
and E;; = Mij(a)e Nij(a)
<mi}'(a)e nii(a)’ wii(a)e pii(a)' 'Bii(a)e 6ij(a)' Yij(a)e Gij(a) >
<0060,000,000,000>
<0,0,0,0>

|e, 51] = EU

Inall the cases, D;; > Ej;

cox o
Mij o Ny 2 Mij0 N

“ (MeN)y =Mgyge Ny,
(iii) Let P;; and Q;; be the ij*" elements of M) @ Ny and(M @ N) 4,
i = Mijy @ Nijg,,
and Qij = (Mij @ Nij)(a)

Case 1: Ml] = Nl] =z a

ij(a)e Ya)

™

<My, wig, Bijy Vi > 2 < Nyj, Pijy 64,05 > = a
A<My 2N 2 Q05 2P 2P 262,y 20;=a
Then Q;; = (1‘7[” ©® Nij)(a)
= <My + 0y — My Ny, W4 F Py @y Py
Bij + 8ij — Bij * 8:ij,Vij + 0ij — Vij " 0ij >(a)
= <my; +n;(1—-my), w05 + pi (1 — wy),
Bij + 5ij(1 - ﬁij): Yij +o;(L—vij) >
> <myj, wij, Bij, Yij >(a)
> My Dijay Biay Vi >
= <X X X X>
and B;; = Mij(u) ® IVU(DO

= <My O Mijay Qi D Piiay Biie) D iy Vit D Tty >

18
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= Mijgy ¥ Mgy ™ Mijg) " Mijiay Piiy + Piiy ™ Liiy " Pl Bijiay ¥ Oijiey = Vi
Sijay Yisewy T Tiitwy ~ Vil " Ty >
= <XAXX XFX-X, X+ XX, X+ X-X>
= <X, X X X>
Qi > Py
Case2: My za =N,
S <myg, w5, By vip > 2 a2 <ngj,pgj, 65,055 >
Smy; >a= Nij, Wij >a= pijﬂﬁij >a = (Sij,)/ij >a = 0ij

<Myj + nyp = Myt Ny, W4+ P Wit Py
Bij + 6ij = Bij  8ijyVij + 0ij = Vij " 0ij >

= <my; +ny (1= my), 0y + py (1 - wyy),

i+ 65;(1=Bip) viy + 01— v) >

= <my;, w5, Bijy Vij >

=

\Y

<mi}'(a)' wij(a)' 'Bii(a)' Yii(a) >
= <X X X, X>
and PU = Mij(a) @ Nij(a)
= <mi}'(a) ©® Nijiay Pijiay ©® pij(a)"gij(a) ©® 61’]’((1)’)/!']'((1) ©® Oij(a) >
= My T Mijay ~ Moy Mijay Piiay T Piiey ™ Py " Plicay
Bijtay T Biiay ~ Piitay " Oticar Yiitwy T Py ~ Vi " Py >
=<x+0-0,x+0-0,x+0-0,x+0-0>

= <X X X X>

O
QD
2
w
]
%
=
vV
=

myj, Wi, Bijy Vij > = < Nyj, pij, 855, 0ij >
N @ = Wi = Pi, @ = P = 6,a =y = 0y >
Then Qij = (Mij @ Nij)(a)
= <my; +ng —my g, P — Wit P
Bij + 6ij — Bij  6ij, Vij + 0ij — Vij * 0ij > ()
= <my; +n;(1—my;), o+ py(1— wy),
Bij + 5ij(1 - ﬁij)' Yij +o;(L—vij) >
= <myj, g, Bij Vij >(a)
=<0000>
Py = My, ® Ny,
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= Mijg D Mijay Pij) D i Piia D Oijay Vi 82 Oy =~

My T Mijy ™ Mijiy " Mijiy Pijiay 1 Pijy) ~ Py *Pijay

Bijw * Sijwy ™ Piitey " Oticay Yiitay T Py ~ Vi iy >
<0+0-0, 0+0-0, 0+0-0, 0+0-0>
<0,0,0,0>

. Q~ij = pij'
In all the cases, Q;; > P;
. (Mij D Nij)(a) = Mij(u) ® Nif(u)
Thus, (M@ N)) =M D Ny

I1l. CONCLUSION
Trapezoidal fuzzy number has been applied in many fields such as risk analysis, decision-making, and evaluation. Trapezoidal

fuzzy number is applied in collaborative filtering recommendation system, in which trapezoidal fuzzy number is used to
express the users’ comprehensive evaluation on items. Case demonstration and simulation on Movies Lens show that
trapezoidal fuzzy number can express users’ comprehensive evaluation on items and the collaborative filtering

recommendation accuracy can be higher.
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