International Journal of Mathematics Trends and Technology Volume 67 Issue 7, 79-86, July, 2021
ISSN: 2231 — 5373 /d0i:10.14445/22315373/IIMTT-V6717P510 © 2021 Seventh Sense Research Group®

Local Bifurcation Analysis of a Stage Structured
Epidemiological Model with Michaelis-Menten
Predation and Prey Refuge

N. Mohana Sorubha Sundarit and M. Valliathal®

Assistant Professor, Department of Mathematics,Chikkaiah Naicker College-Erode, TamilNadu,India.
2Assistant Professor and Head, Department of Mathematics, Chikkaiah Naicker College-Erode, Tamil Nadu.

Abstract — In this paper, we determine the conditions for the appearance of local bifurcations like Saddle-node, Transcritical
and Pitchfork bifurcation at all the stable equilibrium points of a diseased stage structured prey-predator model with
Michealis-Menten type response function and the disease transmission rate being linear. Bifurcation point is found out and by
using Sotomayors’ theorem the occurrence of the bifurcation is established at the bifurcation point for the system.
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I. INTRODUCTION

The system of differential equations under examination may contain several parameters. It is probable that a modest
shift in the parameter may alter the behaviour the solution of the system entirely. In general, in a dynamical system if a
parameter is allowed to vary, then the behavior of the differential system may change. The value of the parameter at which
these changes occur is known a “bifurcation value” and the parameter that is varied is known as “bifurcation parameter”. At
bifurcation points, the local stability properties, periodic orbits or other invariant set changes. The bifurcations are of two types
local and global.

Local bifurcation can be investigated through the changes in the local stability features of the equilibria, periodic
orbits or other invariant sets as parameter cross through the thresholds. In [2] Chauhan established that in the infectious model
with polluted environment, the susceptible population can survive with infection and with pollution the population totally
vanishes. Dai et al in 2014 considered the prey-predator model with Michaelis-Menten response function and two delays to
study their local property and the occurrence of Hopf bifurcation [3]. Local bifurcation analysis had been carried out with
predator harvesting in [4], with stage structure on prey in [6], with epidemiological model in [7] and with contact transmission
function in [5]. The qualitative property for the prey predator model considering stage structure on both the species
incorporating anti predator behavior and group defense mechanism against predation was studied [8].

The influence of cross diffusion had been analysed in the prey-predator model with refuging prey and Michaelis
Menten response function [9]. Stage structure had been introduced for the predator there in and the stability analysis had been
done [10]. The goal of this paper is to study the local bifurcation of the predator prey model where the prey has been infected
following [11].

This article is structured as follows. In section 2 the model system is presented with the equilibrium points and the
conditions for the local stability property [11]. In section 3 we analyse the local bifurcation at the equilibrium points. Section 4
is the conclusion.

1. MATHEMATICAL MODEL [11]
The epidemiological prey-predator model system considered for local bifurcation analysis with positive initial conditions is as
follows:
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where
U, Density of susceptible prey
U, Density of infected prey
Vv, Density of juvenile predator
v, Density of adult predator
R Intrinsic growth rate of prey
K Carrying capacity of the environment
A Attack rate of the adult predator
x Proportion of prey taking refuge % <[0,1)
K, Benefit rate of predator cofeeding
p Disease transmission rate within prey species
d, Mortality rate of infected prey
d, Mortality rate of juvenile predator
d, Mortality rate of adult predator
n, Proportion of food shared between the juvenile and adult predator
e Conversion coefficiency of prey biomass
D Transmission rate from juvenile predator to adult predator

After rescaling the system gets the new form as
b2V2
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pK . AQ-%) . d _ . e@-n)A@-x)__ D __ d, . enAl-k)
R =h R =b; R_bg' R _b“’R_bS’ R_bﬁ’ R =br
dﬁzbB with u,(0) >0, u,(0) >0, v,(0) >0, v,(0) >0

The equilibrium points are

1. E(0,0,0,0) 2. E(10,0,0) 3. E,(a,,q,,0,0) 4. E,(a,,0,9,V,) 5. E,(0,,0,,V,V,) . The conditions for local stability

at these equilibrium points are given in [11].

111. BIFURCATION

In this section, the effect of varying the parameter values on the dynamical behavior of the system around each
equilibrium point is studied. The existence of non-hyperbolic point of the system (1) is the necessary but not sufficient

condition for bifurcation to occur. We analyse the local bifurcation using Sotomayor’s theorem.
The jacobian matrix of the system (1) at any of the equilibrium point (u,,u,,v,,v,) is given by
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, Where Y =(u,,u,,v,,V,) and « is any bifurcation parameter.
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A.Local bifurcation analysis near E,(1,0,0,0)

Theorem 1: If the parameter value b, passes through the value b =b,, then the system at the axial equilibrium point

E, (1,0,0,0) possesses:

Proof: At b, =b/, the variational matrix (2) has a zero eigen value 4, =0and the variational matrix J(E,) with b, = b,

No saddle-node bifurcation
Transcritical bifurcation
No Pitch-fork bifurcation

becomes

_—1 —(1+b)) 0
0 0 0

j(El)szl(blzb;)z 0 0 —(b, +b;)
0 0 b,

T .
Let X :(le, X?],XE],XE]) be the eigen vector corresponding to the eigen value 4, =0. Thus (JE1 — Ay, I)X[l] =0
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]
gives X :(—(1+b1)x£1], xgl],o,o) where X 0.
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T A T
Let Wl :(Wl[l],Wz[l],W[l],Wf]) be the eigen vector associated with the eigen value 4, =0 of the matrix [JEJ . Then by

solving the matrix ([ J — Ay, | ) wit =0, we get whl :(waz[l]'o, O)T where Wz[l] £0.

Now,

oF . T oF, oF, oF, oF, T
Hence — (E,,b") =(0,0,0,0)" and so | W , 0.F kv, =2 28 24— (—yu,,uu,,0,0) .

o, (B =(0.0.0.0) [we ] b1(1bl) q 0B =| S G |~ (Ul e 0.0)
Therefore, according to Sotomayer’s theorem, the Saddle node bifurcation cannot occur. But the first condition for the
Transcritical bifurcation is satisfied.

_xy]
onl vyl _ N XU | iy
Now,[WH | DF(E,b)x® =[0 W 0 o] 72 |-wix{zo0.
0
0
The second condition for the Transcritical bifurcation is satisfied. Now,
X - 2(L+b XX 222K o |
-2)
2b, XXM
DF, (E,.b)(x, x ) = 20Ky vy
-2y
2b. K1 LW oy
I (1-a) ]

WHT D?F, (E,, b )(XH, XM = 20, X X WM 0

Thus, according to Sotomayor Theorem, the system experiences Transcritical bifurcation at the point E (1,0,0,0) when the
parameter b, crosses the value b, .

Also, the system does not experience Pitchfork bifurcation at E, when b, =b; .

B. Local bifurcation Analysis near E,(d,,U,,0,0)
Theorem 2: If the parameter value b, passes through the value b, =b, , then the system at the predator free equilibrium point
E,(0,,0,,0,0) possesses:

= No saddle-node bifurcation

=  Transcritical bifurcation
= No Pitch-fork bifurcation

(by +bg)[b; 1-7) b, ]
b5
Proof: Let the variational matrix at the point E,(Q,,0,,0,0) be J(E,) . At b, =b,, the system has a zero eigen value A, =

where b =

and b,(1-%)>b,

and the variational matrix J(E,) with b, =b, becomes
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_ _ _ b,
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T .
Let X[ :(Xl[z], x1, x4, Xf]) be the eigen vector corresponding to the eigen value 4,, =0. Thus ( — g, | )X[Z] =

gives

xZ=|o,- b, x2 b, —by - ﬂ)xlzl X WhereX[Z];tO.
@+b)A-A)d, * " b(-2) ¢

.
Let W = (W[Z] w/ Ws[z],W‘l[z]) be the eigen vector associated with the eigen value 4,, =0 of the matrix

[jEZ ]T .Then by solving the matrix ([jEz T — g, 1 )W[Z] =0 we get

.
wla = (o, 0, & b . )W4[2] ,W}ZJJ where W@ = 0.
+ 6

oF

:
Now, O _F, (Y,b4)=[aF1 oF, oF, aa]_( UV, 0]

ab, ab, b, b, b, ) | u -+ Ky,

oF o T 27 oF o
Hence a—m(Ez,b4)—(O,0,0,0) and so [W ] E_Q(Ez’b4)_0'

Therefore, according to Sotomayor’s theorem, Saddle node bifurcation cannot occur. But the first condition for the
Transcritical bifurcation is satisfied.

.
Now, [W™ | DF (E, b;)x® =| 0 0— wAwa || x@ [ xEwE .o
(bs +b;) 4 (b, +by)

Now the second condition for Transcrltlcal bifurcation is satlsfled

X 20 b XX 4 22 K; X |
2b, X 12X 12

D*F, (E,.b;)(X 1, x) = LT

-2y

2b. K1 2Ky [2]]

(1Y

WO D, (B, 60X, X %) =~ ZERWIX T 0

Thus, according to Sotomayor’s theorem, the system experience Transcritical bifurcation at the point E, (0., U, ,0,0) when the
parameter b, crosses the value b, .
Also, the system does not experience Pitchfork bifurcation at E, when b, =b; .
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C. Local bifurcation Analysis near E,(G,,0,Y,,V,)

Theorem 3: If the parameter value b, passes through the value b, =b, where b; :bﬁs, then the system (1) at the infection

free equilibrium point E,(0,,0,V,,V,) possesses:
= No saddle-node bifurcation
= Transcritical bifurcation
= No Pitch-fork bifurcation

if w,=0.

Proof: Let the variational matrix at the point E,(G,,0,9,7,) be J(E,). At b, =h; , the system has a zero eigen value 4, =0

and the variational matrix J(E,)with b, =b; becomes

52 =2
126 -— 2KV aipyi o P4 AZR)
[0,0-1)+ K7, | [0,@-1)+ K, |
0 0 0 0
J(E) =13 (b, =b]) = b,K,V; 2 0 _(b.+b) b,UZ (L- %) 2
[0,(L-2)+KyY, | [0,(1-2) + Ky, |
b, K,v; bi(1-%)
~ ~ 72 ~ -~ T2
[0,@-1)+ K, | [0,0-1)+ K, |

T .

Let XU :<X1[3],X£3], Xf], xEﬂ) be the eigen vector corresponding to the eigen value 4, =0. Thus <353 — Ay, I)X[3] =0
T

gives X! :(W1X£3],WZXF],://3X£3],1//4XE]) where X 20 and
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[b,b, +b; (b, +b;)] K97

1

~ = 2 -
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- =72 ~5= = =
[0.0-0+K% ] | bbK -0 or b bO2A-%)
b, K,V (1+b,)a, [55(1_1)+Kl\72]2 ) [0,0-7%)+ K1\72]2 [ﬁs(l—K)+Kl\72]2 ’
Vs = ak:
[b,b, +b; (b, +b,)]
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Let W = () wi¥ Wi wf? )T be the ei iated wi i = ix [Je |
=W, W5 W, W, gen vector associated with the eigen value 4,, =0 of the matrix [JEJ . Then by
A T
solving the matrix ([JE3 T — g, | )W[3] =0 we get whl :(0,W2[31,o,o) where W2[3] 0.

Now, —F=Fb3(Ylb3)= %%%@ =(0,—u,,O,O)T.
ob, ' b, ob, ' ob,

oF . T 517" OF .
Hence — (E.,b)) =(0,0,0,0)" andso [WF | & (E.,b})=0.
o, (E+2)=(0.0.00) REF~CLY

Therefore, according to Sotomayor’s theorem, Saddle node bifurcation cannot occur. But the first condition for the
Transcritical bifurcation is satisfied. Now,
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0
3]

T . X
[WET DF (E,,b5) X = (0w}, 0,0) ”’20 “ oy, XEW 20
0
Now the second condition for Transcritical bifurcation is satisfied.
_2(1+ 771)[X1[3]]2 - 2(1+ b1) X1[3] X£3] - Z(bl + bz)772 X1[3] XE’] + 2b2773[X£2]]2
2, X[ X1
_2b4771[xl[3]]2 + 4b4772 X1[3] X£3] - 2b4773[xz[13]]2
=20, [ X+ 4b, 3, X IXET — 20,7, [ X 72
WHT DR, (E;,b5)(X™, X)) =y W) 20

Thus, according to Sotomayor’s theorem, the system experiences Transcritical bifurcation at the point E, (ﬁS,O, \71,\72) when the

D’F, (E,,b;)(XF, xF) =

parameter b, crosses the value b .
Also, the system does not experience Pitchfork bifurcation at E, when b, =b; .

D. Local Bifurcation analysis near E, (U,,d,,V,,V, )
Theorem 4: If the parameter value b, passes through the value b; =h,, then the system at the axial equilibrium point
E, (0.0, ,9,V,) possesses:

=  Saddle-node bifurcation
= No Transcritical bifurcation
= No Pitch-fork bifurcation

~2 _
if o= 2B L | BAEH
b, +b [0, (1-7) + KV, ]
Proof: The characteristic equation of the variational matrix J(E,) is A +H,A* + H,A* + H,A+H, =0 has a zero eigen value
if and only if H, =0 which yields E, a non-hyperbolic equilibrium point with 4,, =0. Therefore, the variational matrix of

the system at the equilibrium point E, with parameter b, =b; is j(EA)

~2 ~2

120, -(eb)o, - — 2% qipyn o LN O

[0,(1-R)+ K.V, ] [0,(1-%)+ KV, ]
b, 0 0 0

Je, (b, =b)) = b,K,¥; 0 b +b) b, 07 (1- %)
[0, @-R)+ K9, ] T [0,@-%)+ K7, ]
b, K,V . 0 b, 3 b,b,0? (1- %) :
[0,@- %)+ K, ] (b +b,)[0, (L~ 1) + K9, | |

T .
Let XU :(XI[A], X£4], xg“l, XEA]) be the eigen vector corresponding to the eigen value 4,, =0. Thus (354 ~ A, I)X[“] =0

which gives
T

~ _ ~2 _
x4 =|o, b0, (= %) x4, PIAZ8) i x| where X[ %0
[0,0-%)+ K, @+b) ' (b, +b,) [0, A- %) + K., ]

T A T
Let W :(Wl[A],WZ[“],WS[“],WF]) be the eigen vector associated with the eigen value 4,, =0 of the matrix [354] . Then by

i ix (3. 7T [4 _
solving the matrix ([‘154] —/14us|)W =0 we get
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<2
_ K, [b,bs +b; (b +by)] 2W4[4], b, W4[4],W4[4] WhereW4[4]¢O.
blul(b5+b6)[ﬁs(1_x)+Kl\72] (b5+b6)
oF oF, oF, oF, oF ;
Now, — =F, (Y,b)=| —,—%,—,—%|=(0,0,0,—-v,) .
oby  (5) (5% b~ oby 5st ( 2)

aF Ny ~ \T [4] T aF N~ [4]
Hence a(Eg,bg)_(0,0,0,vz) and so [W ] a(Ed,bg)_vzw4 #0.

Therefore, according to Sotomayor theorem neither Transcritical nor Pitchfork bifurcation cannot occur at E,. But the first
condition for the Saddle node bifurcation is satisfied.

=20+ )X = 2L+ b) XPIXET = 2(by +b,)ip, XX + 2, [ X | &

[4]y [4]
D?F, (E, b;)(x 1, X 1) = o 2b X; i(z ) - _|%
_2b4771[x1[ ]] +4b4772X1[ ]let : _2b4773[xz[1 ]] 53
—2b7771[X1[4]]2 +4b7772X1[4]X4[14] _2b7773[xz[14]]2 54
. K72 [b,b. +b, (b, +b
[W[4]]T DZFbS(E4,b8)(X[4],X[4])=— 1 [ 405+, (b5 e)] W4[4]§2+b—5w4[4]§3 +W4[4]§4 20

bu, (b, +b,) [0, (L- %) + K7, | (b; +b;)

Thus, by Sotomayor’s theorem system (1) has a Saddle node bifurcation at the equilibrium point.

IV. CONCLUSION
Local bifurcation is observed at equilibrium points by fixing each time a distinct parameter as the threshold value such

that the jacobian matrix at that equilibrium point has atleast one zero eigen value. We also observed Transcritical bifurcation at
the equilibrium point E,E,,E; and E,. For the preferred bifurcation parameter we obtained Saddle node bifurcation at the
positive equilibrium point.
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