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TRANS-SASAKIAN MANIFOLD AND HYPERSURFACE
DEEPA KANDPAL

ABSTRACT. Object of present paper is to study of trans-Sasakian manifold
with its hypersuface , considering some special condition satisfied by hyper-
surface. In addition , some theorems are given related to hypersurfaces of
trans-Sasakian manifold and its curvature tensor with induced connection.

1. INTRODUCTION

Oubina [6] introduced the notion of trans-Sasakian manifolds which contains
both the class of Sasakian and co-symplectic structures and are closely related to
the locally conformal Kahler manifolds. A trans-Sasakian manifold of type (0,0)
, («,0) and (0, B) are the cosymplectic , a-Sasakian and S-Kenmotsu manifold
respectively. In 1972 , Chen and Yano introduced the notion of manifold of quasi-
constant curvature [3]. Generalizing this notion , M.C. Chaki [7] introduced the
idea of a manifold of generalized quasi-constant curvature. In this paper , section
2 contains definition and some of its relations on trans-Sasakian manifold. Section
3 and 4 deals with some properties of hypersurface of trans-Sasakian manifold
together with its curvature tensor and theorems.

2. TRANS-SASAKIAN MANIFOLD

A (2n + 1) dimensional differentiable manifold M?"*! is said to be an almost
contact metric manifold [4] if it admits a (1,1) tensor field ¢, a contravariant
vector field ¢ | a 1-form 7 and a Riemannian metric g which satisfy

¢*°X = =X +n(X)E, ¢ = 0,7(¢X) =0 (2.1)
9(0X,0Y) = —g(0X,0Y),n(X) = g(X,§),n() =1 (2.2)
9(0X,0Y) = —g(X,Y) —n(X)n(Y) (2.3)

for all vector fields X , Y on M?"+!,

An almost contact metric manifold M?" (¢, & n, g) is said to be trans-Sasakian
Manifold [6], if (M x R, J,G) belongs to the class W, of the Hermitian manifolds,
where J is the almost complex structure on M x R defined by

d

I2,55) =67 ~ fen(2) %)
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for any vector field Z on M and smooth function f on M x R and G is the
product metric on M x R.
This may be defined by the condition [5]

(Vx@)Y = alg(X,Y)§ —n(Y)X] + Blg(6X,Y)E —n(Y)¢X] (2.4)
where a, 8 are smooth functions on M?"*! and we say that a structure trans-
Sasakian structure of type («, ). From Equation (2.4) it follows that

Vx€ = —agX + X —n(X)g] (2.5)
(Vxn)Y = —ag(¢X,Y) + fg(¢X, ¢Y). (2.6)
In trans-Sasakian Manifold M@+ (¢, £ 7, g) the following relation hold [9].
R(X,Y)s = (o = B)[n(Y)X — n(X)Y] — (Xa)oY — (XB)¢*(Y)
+2aB[n(Y)X — n(X)oY]+ (Ya)pX + (Y B)¢*X (2.7)
N(R(X,Y, Z)) = (o = g9)[g(Y. Z)n(X) — g(X, Z)n(Y)]

(Y,
—2aplg(¢X, Z)n(Y) — g(oY, Z)n(X)]

—(Ya)g(oX, Z) = (XB)[g(Y, Z) — n(Y)n(Z)]
+ (Xa)g(oY, Z) + (Y B)[g(X, Z) — n(Z)n(X)] (2.8)
R(€, X)€ = (o — 5" — 56)[ (X)€ - X] (2.9)
S(X,€) = [2n(a® = 5%) = €8n(X) — (#(X) —a) — (2n —1)(XB)  (2.10)
S(6.6) = 2n(a” — B* — ¢P) (2.11)
(& a)+2a8=0 (2.12)
o€ = [2n(a” — 7 = £B)JE + d(grada) + (2n — 1)(gradp) (2.13)

for all vector fields X [1] .

3. HYPERSURFACE OF TRANS-SASAKIAN MANIFOLD

Let M?"*! trans-Sasakian manifold with Riemannian metric g and Riemmanian
connection V. Also let M be a hypersurface of M?"*!. Let for a hypersurface M
of M*"*1 we have[§]

(Vxn)Y = (Vyn)X, (3.1)

9n(Y),2) = H(Y, Z) (3.2)
forall X, Y € M.
By (2.6) , we have

Also, by equation (2.2) we get ,
a(g(¢X,Y)) =0 (3.3)

Let V be Riemannian connection on trans -Sasakian manifold M?"*! and V be
induced connection on hepersurface M of trans-Sasakian manifold M2+ | then
by Gauss-Wiengarten equations , we have

VxY =VxY +h(X,Y) (3.4)
Vx€=Vx&{+h(X,Y)
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g(h(X,Y),N) = g(AnX,Y), (3.6)
for all X, Y € M, where h is the second fundamental form on M and A is shape
operator[2]. So we have the following results:

Theorem 3.1. If M?"*! is trans-Sasakian manifold and M be a hypersurface of
trans -Sasakian manifold M | then M is 3-Sasakian manifold if g(¢X,Y) # 0.

Proof. By equations (2.2) ,(2.6) , (3.1) and (3.2), we got the result. O

Theorem 3.2. The hypersurface M of a trans-Sasakian manifold M*"*' have
invariant structure iff g(¢X,Y) =0, a #0 ,58#0.

Proof. Let M be a hypersurface of trans-Sasakian manifold M?**! | then by
equation (3.3) , let us take av # 0,4 # 0 , this implies

9(¢X,Y) =0,
for all X, Y in M.
= Since M is a hypersurface of trans-Sasakian manifold A/?"+'. Conversely, if
9(0X,)Y)=0= g(X,0Y) =0. -

Theorem 3.3. If M is a hypersurface of M*"*' and if M is invariant then we
have

(@)(Vx9)Y = a[g(X,Y)E —n(Y)] = An(Y)pX (3.7)

and
O)(Vxn)Y = Bg(¢X, ¢Y) (3.8)
Proof. By equations (2.4) , (2.6) and (3.1),we got results (a) and (b). O

Theorem 3.4. If M is hypersurface of a trans-Sasakian manifold M 24l and if
ag(¢X,Y) =0, then hypersurface M is co-symplectic if
9(¢X,Y)§ = n(y)pX =0
and
g(6X,0Y) = 0 (3.9)
or
9(X,Y)E = n(Y)oX =0,
n(Y)eX =0, (3.10)
forall X )Y € M.

Proof. By equations (2.4) , (2.6) and (3.3) , we have the results (3.9) and (3.10).
0J

Theorem 3.5. Let M is hypersurface of a trans-Sasakian manifold M>" ', then

(Vxo)Y = a[g(X,Y)E —n(X)Y]+ B[n(X)pY — g(oY, X)E]

—d(VxY) — h(X,Y) — g(8Y, h(X, §))E, (3.11)
and
Vxn)Y = ag(X,¢Y) + Blg(X,Y) = n(X)n(Y)] + n(h(X,Y)) + g(Y, h(Xé)g)

for all X,Y € M.
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Proof. With the help of equations (2.2) , (2.3) ,(3.4) and (3.5), we got both
results. O]

Theorem 3.6. On hypersurface M of trans-Sasakian manifold M*"*' | we have

()(Vx9)Y = (Vxo)Y
of

n(X)oY +n(Y)pX =0
and

O(VxY) +h(X,Y) + g(oY, h(X, £))§ =

forall X, Y € M.

(i6)(Vxn)Y = (Vxn)Y.
of

hMX,Y) +g(h(X,§),Y)§ =0
Proof. With the help of equations (2.4) , (3.11) and (3.12) ,we got both results.
OJ

Theorem 3.7. If M invariant hypersurface of trans Sasakian manifold then if
X and & are conjugate then X and Y are also conjugate in M.

Proof. The result followed by previous theorem. O

Theorem 3.8. If M invariant hypersurface of trans Sasakian manifold M2t
then if X and & are conjugate then all X and Y are asymptotic in M.

Proof. The proof is trivial. 0

4. RIEMANNIAN CURVATURE TENSOR OF HYPERSUFACE WITH CONNECTION
E

If R is Riemannian Curvature in trans-Sasakian manifold M?"*! given by

R(X,Y,Z) =VxVyZ +VyVxZ +Vxy|Z

then the Riemannian curvature tensorR on hypersurface M is given by

R(X,)Y,Z) = R(X,Y, Z) + alg(AzY, X )¢ — g(Az X, pX)E + 9Xn(AzY) — n(AzX) Y]
—Blg(Az X, $°Y)E — g(AZY, ¢* X)E —n(AzX)*X] + [g((Evyh)(X,€), Z)
—g((Exh)(Y, &), Z2)]€ + n(h(X, ))n(AzY)E — n(AzX)n(h(Y, £))E
+1(AzX)9*Y +n(Az[X, Y])E + [n(Az(Vy Z)) — n(Az(VxY))E
+n(Ay X)n(AzE) + n(AxY )n(AzE)JE]
where
9(AzVxY, &) = g(h(VxY),N)
ExY =VxY —g(h(X,§),Y)¢,
and we have the following relations:

}_%(va7 Z) = R(X,S,Z) +Oé[g(Azé', ¢X> —g(AzX, ¢X)§
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+Xn(AzE) —n(AzoX)] — Bl—g(AzE, ¢*X)E —n(AzX) ¢’ X]
+g(Exh)(X,€), Z) — g((Exh)(§,§), Z)I€ + n(h(X, §))n(AzE)E
— [n(Az(Ve2))]§ + (A X)n(AzE) + n(AxE)n(AzE)]E (4.1)

and

R(&,€,2) = (M€, €))n(Az)E — n(Ae&)n(h(s, €))E
(N(Az(VeZ))] + n(Acf)n(AzE) + n(Ae&)n(AzE)]E (4.2)

Theorem 4.1. If £ is conjugate along any X € M of trans-Sasakian manifold
M2+ then

R(X,Y,Z) = R(X,Y, Z) + [9((Exyh)(X,§), Z) — g((Exh)(Y,€), 2)]§ (4.3)

Proof. If ¢ is conjugate along any X € M that is on trans Sasakian manifolds
M?*"+1 then by conjugate property h(X,¢) = 0, we got the equation (4.3). O

Theorem 4.2. If M?"*! is trans-Sasakian manifold and M is a hypersurface of
M2+ then

R(X,§,Z) = R(X,&, Z) + alg(AzE, 6X) — g(AzX, 6X)§ + 6 Xn(AzE) — n(Azo X))
— Bl=9(Az&, ¢’ X)€ — n(AzX)$*X] (4.4)
if

l9((Exh)(X,€), Z) — g((Exh)(&,§), Z)] = —n(h(X, §))n(AzE)
+ [1(Az(VeZ))] = n(AeX)n(AzE) — n(AxEn(AzE)]- (4.5)
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