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Abstract - Let ¢ = (V(G), E(G)) be a connected simple graph. A subset S of VV(G) is a dominating set of G if for every u €
V(G)\ S, there exists v € S such that uv € E(G). A dominating set S is an inverse dominating set with respect to a
minimum dominating set D of G if S € V(G) \ D. An inverse dominating set S is called a super inverse dominating set of G if
for every vertex u € V(G) S, there exists v € S such that N;(v) n (V(G) \ S) = {u}. In this paper, we investigate the
concept of super inverse dominating set and give the domination number of some special graphs.
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I. INTRODUCTION

Suppose that G = (V(G), E(G)) is a simple graph with vertex set V(G) and edge set E(G). In simple graph, we mean, finite
and undirected graph with neither loops nor multiple edges. For the general graph theoretic terminology, the readers may refer
to [1].

A vertex v is said to dominate a vertex u if uv is an edge of G or v = u. A set of vertices S € V(G) is called a dominating set
of G if every vertex not in S is dominated by at least one member of S. The size of a set of least cardinality among all
dominating sets for G is called the domination number of G and is denoted by y(G). A dominating set of cardinality y(G) is
called y-set of G. Domination in a graph has been a huge area of research in graph theory. It was introduced by Claude Berge
in 1958 and Qystein Ore in 1962 [2]. Domination in graphs has been studied in [3-14].

A dominating set S is called a super dominating set if for every vertex u € V(G) \ S, there exists v € S such that
N;(w) n (V(G) S) = {u}. The super domination number of G, is the minimum cardinality of a super dominating set of G and
is denoted by s, (G) [15]. A super dominating set of cardinality ys,,, (¢) is called y;,,,-set of G. Super domination has been
studied in [16-23].

Let D be a minimum dominating set in G. The dominating set S € V(G) \ D is called an inverse dominating set with
respect to D. The inverse domination number of G, is the minimum cardinality of an inverse dominating set of G and is denoted
by y~1(G). A inverse dominating set of cardinality y~1(G) is called y~!-set of G. The inverse domination has been studied in
[24-34].

Motivated by the idea of super [15] and inverse [24] domination in graphs, we initiate the study of super inverse
dominating set. An inverse dominating set S is a super inverse dominating set if for every vertex u € V(G) \ S, there exists
v € S such that N;(v) n (V(G)\ S) = {u}. The super inverse domination number of G, is the minimum cardinality of a
super inverse dominating set of G and is denoted by y5,;,(G). A inverse dominating set of cardinality v, (G) is called yg,-
set of G. In this paper, we investigate the concept and give the domination number of some special graphs.

Il. RESULTS
Remark 2.1. The set S = V(G) is a super dominating set and an inverse dominating set.

Proof : If S = V(G), then every vertex in V(G) \ S = @ vacuously satisfies the definitions of a super dominating set and an
inverse dominating set. m

Remark 2.2. Every graph G has a super dominating set and an inverse dominating set.
Proof: By Remark 2.1. § = V(G) is a super dominating set and an inverse dominating set. m
From the definitions of super inverse dominating set and Remark 2.2 the following is immediate.

Remark 2.3. Let G be a nontrivial graph.Then 1 < y(G) < yq(G) < n.

The following results says that ys,;,(G) ranges over all integers from 1 to n.
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Theorem 2.4. Given positive integers k, m and n such that 1 < k< m < n—1, where n > 2, there exists a connected
graph G with [V (G)| = n, y(G) = k, and yz;,(G = m.

Proof: Consider the following cases.

Case 1. Supposethatl =k =m=n—1.
Then G = K, = [v;,v,] with D = {v,} a y-set of G and S = {v,} a y5,,-set of G. (see Figure 1).
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Figure 1: AgraphGwithl1 =k=m=n-1.
Thus, [V(G)| =2 =n, y(G) =1 =k, and y5,;,(G) = 1.

Case 2. Supposethat 1 < k=m < n—1.
Then G = P. o K, with n = 2k for all positive integer k (see Figure 2).
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Figure 2: AgraphGwith1< k=m< n—1.

The set D = {w;, w;,...,w }isay-set of G and S = {v;,v,,..., v, } is a yg-set of G. Thus, [V(G)| = 2k = n, y(G) = |D| =
k, and yq,(G) = |S| = k = m.

Case 3. Supposethat 1 <k <m<n-—1.
Then G = P,0 P, where p = 1(mod4) and p # 1. (see Figure 3).

&
Wy — W —— Wy —— w4 —— wy —— we — Wp—1 — Wp
U o—— Uy —— Uy —— W —— Vg —— Vg — Up 1 — tp

Figure 3: AgraphGwith1 < k<m< n—1.

p+1

Let n=2p, k == and m = 2p — k. The set D ={W4r_3:1'= 1,2,...,”%3}U {U4-r—1:r= 1,2,.., ;74;1} is a y-set of G
+

and S =V(G)\ D isa ygh-setof G. Thus, |V(G)| =2p=mn,y(6) = ID| =22+ = =22 =k, and y54,(6) = 15| =
[V(G)\ D|=n—k=2p—k=m.

Case 4. Suppose that 1 =k <m =n— 1.
Then G = K, + K,,, where m > 2 (see Figure 4).
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Figure 4: Agraph Gwith1 =k<m=n-1.
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ThesetD = {x}isay-setof Gand S = {v;:i = 1,2,. m} isa ys;},-set of G.
Thus, [V(G)|]=m+1=n,y(G)=|D|=1=k,and ysup(G) = |S|

Corollary 2.5. The difference between y5,;,(G) — ¥(G) can be made arbitrarily large.

Proof: By Theorem 2.4, there exists a connected graph G such that y (G) = 1and yg,;,(G) = n+ 1. Then y5,;,(G) —y(G) =
(n + 1) — 1 = n. Hence, the difference between y;,},(G) —y(G) can be made arbitrarily large. m

Let P, = [v,,Vy,...,v,] such that V(B,) = {v,,v,,...,v,} and E(B,) = {v,v,,V,Vs,..., v, 1V, }. The next result
shows the super inverse domination number of a path graph B,.

Theorem 2.6. Let G = P, of ordern > 2. Then

2n

|( —,if n=0(mod 3)
YSup(G) 42(11 D ,if n = 0(mod 3)
an ! ,if n =0 (mod 3).

Proof : Let G = B, of order n > 2.
Case 1.n = 0(mod 3). Consider the graph G below (see Figure 5).

w —t — Uy — ty — U — Ug — Upg — Un

Figure 5: A graph G with y;1,,(G) =

Theset D = {v;;_;:i =1,2,... } is the minimum dominating set of G and the set S = V(G) \ D is the yg;,-set of G. Thus,

Youp(G) = 1S = [V(G) \ DI—IV(G)l |D|_n_§=2?n_

Case 2. n = 1(mod 3). Consider the graph G below (see Figure 6).

Uo— vy —— Uy —{ U —— v —— Ug —{ W V1 —{ Up

Z(n 1)

Figure 6: A graph G with y;1,,(G) =

n+2

Theset D = {v;;_,:i =1,2,..,, —} is the minimum dominating set of G and the setS V(G) \ D isthe yg,-set of G. Thus,
n+2 2n-2 _2(n-1)

Yaw(G) = IS = IV(G\ DI = V(@] = D] =n - T2 = == =21

Case 3. n = 2(mod 3). Consider the graph G below (see Figure 7).

Y — v — Uy — U — Uy — Ug — Up g — U

Figure 7: A graph G with y;1,,(G) =
ThesetD = {v;;_,:i = 1,2,...,"T+1} is the minimum dominating set of G and the setS =V(G) \ D isthe yg;-set of G. Thus,

n+1 3n-n-1 _ 2n-1

Yo (@) = IS| = V(@) \ DI = IV(6)] — ID| = n — "2 = 2t - 20t

Let C, = [vy,Vy,...,v,] such that V(C,) = {vy,v,,...,v,} and E(C,) = {v,V,, VyV5,..., U1 Up, U ¥y ;. The next
result shows the super inverse domination number of a cycle graph C,,.
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Theorem 2.7. Let G = C,, of ordern > 3. Then

2n

|( — ,if n = 0(mod 3)
Voo (6) = {2(” 2 if n = 0(mod 3)
k%,lfn = 0 (mod 3).

Proof : Let G = C,, of ordern > 2.
Case 1.n = 0(mod 3). Consider the graph G below (see Figure 8).

Uy ] ] Uy Uy g

Ur -1 ———— 0 Uy g Uy

Figure 8: A graph G withy;L,(6G) =

Theset D = {v;;_,:i =1,2,.. } is the minimum dominating set of G and the set S = V(G) \ D is the yq;,-set of G. Thus,

Yab(G) = 1SI = V(6) \ D| = IV(G)I IDl=n-2=2.

Case 2. n = 1(mod 3). Consider the graph G below (see Figure 9).

Ui Vs Vs Uq Uy Vg

Un U1 ——— 10 Ug ] U

Figure 9: A graph G with y55,(G) = z(n L
Theset D ={v;;_,:i=12,.., ﬂ} is the minimum dominating set of G and the set S =V(G)\ D isthe yg)- setof G.
Thus, ¥25(6) = IS = IV(6) \ DI = IV(6)| - ID| = n— 22 = 222 - 202l
Case 3. n = 2(mod 3). Consider the graph G below (see Figure 10).
an Uy Ug Ug U g
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Figure 10: A graph G with y5,(G) =
The set D = {vg;_,:i = 1,2,...,"T+1} is the minimum dominating set of G and the set S =V(G)\ D is the yg},- set of G.

Thus, ¥55(6) = IS| = IV(6)\ DI = IV(G)| - ID| = n - "= = F0—= = 2,

The following result is an immediate consequence of Theorem 2.6 and Theorem 2.7.

Corollary 2.8. LetG = B, of ordern > 2 or G = C, of ordern > 3. Then y5;,(G) = n —y(G).
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Theorem 2.9. Let G = K; + H be a connected graph of order n > 2. Then yg;(G) =n—1.
Proof : Let G = K, + H be a connected graph of order n > 2. The V(K )is ay-set of G and S = V(G) \ V(K;) isa ygp-set
of G. Thus, ¥ (G) = V(G \ V(K)| = V(&) - [V(K)|=n—-1.m

Corollary 2.10. If a graph G is a wheel W, =K, + C,_,, or astar S, = K, + K,_;, or afan E, = K, + P,_;, or a complete
graph K, then y5,(G) =n — 1.

Proof : Clearly, K,, = K, + K,,_;. Thus, if G isW,,, S,,, E,, or K,,, then yS‘L}p(G) =n—1DbyTheorem2.9. m

A complete bipartite graph K, ,, is a graph that has its vertex set partitioned into two subsets of m and n vertices, respectively
with an edge between every pair of vertices if and only if one vertex in the pair is in the first subset and the other vertex is in
the second subset.

Remark 2.11. If a graph G is a complete bipartite K,,, , withm > 2andn > 2, then y5;,(G) =n — 2.

VI. CONCLUSIONS

In this paper, we introduced the concept of super inverse domination in graphs and prove that given positive integers
k,mandnsuchthat1 < k< m < n—1, wheren = 2, there exists a connected graph G with |V (G)| = n, y(G) =k, and
Ysup(G) = m. Further, we prove the domination number of a path graph P,, a cycle C,, a wheel graph W}, a fan graph F,, a
star graph S,,, a complete graph K, and a complete bipartite K, ,,.

Some related problems on super inverse domination in graphs are still open for research.
1. Characterize the super inverse dominating sets of the join, corona, Cartesian product, and lexicographic product of two
graphs.
2. Find the inverse domination number of the join, corona, Cartesian product, and lexicographic product of two graphs.
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