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Abstract - The purpose of this paper is to study an analytical first order solution to the one-dimensional advection-dispersion

equation with adsorption term Coe_7t to study the transport of pollutant vary exponentially with time using a generalized

integral transform method to investigate the transport of sorbing but otherwise non-reacting solutes in hydraulic homogenous
but geochemically heterogeneous porous formations. The solution is derived under conditions of steady-state flow and
arbitrary initial and inlet boundary conditions. The results obtained by this solution agree well with the results obtained by
numerically inverting Laplace transform-generated solutions previously published in the literature. The solution is developed
for a third or flux type inlet boundary condition, which is applicable when considering resident solute concentrations and a

semi-infinite porous medium.
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I. INTRODUCTION

Recent field evidence shows that the classical form of the convection-dispersion equation is inadequate for describing
discipline-scale solute transport [Matheron and De Marsily (1980), Sposito et. al. (1986), Sudheendra (2012)] due, in part, to an
apparent increase in the dispersity as a function of the travel distance. This has inspired research to develop other techniques
for describing the sector transport behavior. Freeze and Cherry (1979) briefly discuss chemical adsorption and methods of
measurement. Charbeneau (1981) has shown how the method of characteristics may simply be used in the analysis of linear or
non-linear sorption and multi-component ion exchange. Finally, the transport solution from the dimensionless streamline and
the breakthrough curve are combined to yield the pollutant break-through curve.

In many ground water problems, this added complexity makes no sense considering the fact that molecular diffusion is
normally immaterial. neglecting molecular diffusion, Hunt (1998) established one-dimensional analytical solutions of a scale-
based dispersion equation for instable flow with an immediate supply, and for stable flow with a continuous source. however,
solutions acquired by Hunt (1998) are for infinite model areas, at the whereas few ground water problems require solutions for
semi-infinite areas.

Il. MATHEMATICAL MODEL
The Advection Dispersion Equations along with Initial and Boundary Conditions can be written as
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Consider a semi-infinite porous medium in a unidirectional flow field in which the input tracer concentration is Coef’4 , where

Co is a reference concentration and y is a constant as show in figure 1. Originally, saturated flow of fluid of concentration, C

=0, taking place in the permeable media. At t = 0, the concentration of the higher surface is instantly reformed to C= Coefﬂ
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Thus, the suitable Boundary Conditions for the given model
C(z,0)=0
C(,t) = Coe*}4
C(o,t)=0

The problem is describe the concentration as a function of z and t,
To reduce equation (3) to a more conversant form, we take

Clz t)=T(z 1) Exp{%—

Substituting equation (3) into equation (1) gives
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The Initial and Boundary Conditions (2) transform to
wt K,(1-n)t
ro,t)=C, Exp| — + -4+~ — t>0
0=, B o Kl
I'(z,0)=0 0
(o0, t)=0 >

C0, t) = C, e

C(oo, t) =0
(b}

z>0
t>0
t>0

wt K,(1-n)t
4D n

Equation (4) can be resolved for a time dependent arrival of the fluid at z = 0.
IfC=F (X, VY, Z, t), same has been explain the previous chapter, then the solution of the problem in which the surface is

maintained at temperature ¢(t) is
t

0

170

C :I¢(r)§ F(x,y,z,t-7)dr

@

©)

@)

®)



T.Ramesh et al. / [IMTT, 67(7), 169-177, 2021

Let us consider, the problem which Co is zero and the Boundary Condition is sustained at concentration unity. The Boundary
Conditions are

ro,t)=0 t>0
I(z,0)=1 z>0
[(0,t)=0 t>0

The Laplace transform of equation (4) is
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Henceforth, it is condensed to an Ordinary Differential Equation

27T
a_r= pf (6)

The solution of the equationis I = Ae ¥ +Be¥  where, q = +1/

1
The Boundary Condition as z — co requires that B = 0 and Boundary Condition at z = 0 requires that A=— thus the

specific
solution of the Laplace transform equation is
r= ie‘qZ
p

The transposal of the above function using table of Laplace transform. The outcome is

Z 2 —?
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2\/D_t) Jr !e 7

2./Dt

I'=1—erf(

Using Duhamel’s theorem, we have

F=j¢(r)§ 2 Te”zdn dr
0 z

T
2/D(t-7)
Since e_"2 is a constant function, , which gives
2 0 Ty z 72
e"dn= — Exp|
Jr ot I 2JzD(t-7)* | 4D(t f)}
2/D(t—7)
The solution to the problem is
t 27
z -z dr
I'= 7) Ex - ©)
LGt P e
Putting 4 = __r then the equation (7) becomes
Dit—7
r-2 T élt— Z e*d @®)
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Since ¢( ) C, Ex p(w ! M - ;/tj the particular solution of problem be written as
n
2C, 2t Ky(L-n £ @ £
(2. t)= 2R Ex —ﬂ]{ e - - Jou- e - - dﬂ} o
Jr n I " ! e
where a—; and &€ = ﬁ+w_7 (ij
- 2,/Dt 4D n 2D )’

I1l. EVALUATION OF THE INTEGRAL SOLUTION

The integration of 1% term of equation (9) gives

2
IEX[{ 7, ——j du= \/2; e . (10)

For suitability the 2" integral can be stated in terms of error function

Noticing that
g’ & ’ & ’
SR Y S s
H H H

The 2" integral of equation (9) becomes

a 2 1 a 2 o 2
I =IExp[—ﬂ2 _g_zj dyz_{ezg_fExp[—[erfj }dy+e‘2“’jExp{—[,u—£J ]dy} (11)
o u 2| 9 yz 0 U

Then the system of reducing integral to a tabularized function is the same for both integrals in the right side of equation (11),
only the 1% term is considered. Let a = g/ A and the integral can be stated as

o 2
Ilzeng'Exp —(y+fj du
0 H

) 2 0 2
=—e2‘”_[ 1-% |exp|-| £ +a da+e2‘fj Exp| | £+al |da. (12)
ela a2 a ela a

& . & .
Further, let, f = (— + aj inthe f = —+a1% term of the above equation, then
a a

J'e-ﬂ dg+e? J'Exp[ ( +a)2}da. (13)

a+t
a a

Similar evaluation of the 2" integral of equation (11) gives
w 2 w 2
I2=e’2‘”I Exp —(f—aJ da—e’zgf Exp —(f—aj da.
ela a ela a

&
Again substituting — # = — — @ into the first term, the result is
a
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) 0 2
lo=e % J' e’ dp—e¥ j Exp{—(f—aj }da.
. a

ela
~—a
a

0 2 © 2
_[ Exp{—[aJrfj +25}da=.f Exp{—[f—a) —Zg:l da
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Substitution into equation (11) gives

Noticing that

0 00

_1 —2¢ -2 2¢ -p?
1=2le j e’ dp—e* [e”dp|. (14)
Thus, equation (9) becomes
2C wit K, (1-n)t NI | B T
I'(z,t)="22Exp| — +—4+—-— —e*_Zle*| e”dp-e* |e’d 15
()J;p(4D - ”‘Jz ; J,,a B Igﬂ (15)
Though, by definition,
e* je‘ﬂzdﬁzﬁezg erfc (a+£}
. 2 a
also, e je_ﬂzdﬂ:ﬁe_2£(1+ erf (Q—ED.
. 2 o

——a
a

Equation (15) in terms of error functions, we have

2
F(z,t)zﬁExp W—t+m—yt e*erfc| a+< |+eerfc| o= (16)
2 4D n a a

Hence, Substitute in Equation (3) the solution is

< _L Exp [E — }/t} e *erfc (a — fj +e*erfc (a + fj
C, 2 2D a a

Re-substituting for £ and o gives

) 2D
2 2
Exp Jw n+4D(-n)K, —4Dny | Z+ /W n+4D(-n)K, ~4Dny |
2D+/n 2+/Dnt
2n+4D(1-n)K, —4D —Juln+4D(1-n)K, —4D
Exp _\/u n+4D(1-n)K, 7 | ertel 2 Juln+4D(1-n)K, 7l
2DV/n 2+/Dnt
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IV. RESULTS AND DISCUSSIONS

In this paper, we accomplish that the mathematical results were advanced for forecasting the feasible concentration of a
given liquified constituent in unidirectional ejection flows through semi-infinite, homogeneous, and isotropic permeable media
subject to basis concentration that vary exponentially with time. The terms take into account the pollutants as well as mass
transmission from the liquid to the solid stage because of adsorption. For instant dispersion and adsorption of a solute, the
dispersion system is measured to be adsorbing at a rate related to its concentration.

The major limits of analytical techniques are that the applicability is only for simple problems. The geometry of the
problem must be consistent. The belongings of the soil inside the area taken into consideration should be homogeneous in the
sub area.

The analytical process is relatively more elastic than the usual form of different processes for one-dimensional
transference model. Figures 3 to 12 denotes the concentration contours v/s distance inside the adsorbing media for exclusive
values of time and permeability n . it's seen that for a static velocity w, dispersal coefficient D and distribution coefficient Kd,
C/CO decreases with depth as permeability n decreases because of the distributive coefficient Kd and if time increases the
concentration decreases for distinct depth and decay
Figures 4 to 12 represent the break-through-Curves for C/CO0, and is maximum on the surface z=0 and reduces to reaches
zero on the depth of a 100 meters. With an increase in most of the contaminants get absorbed by the solid surface and
thereby retarding the movements of the contaminants as evident from the graphs. maximum of the pollutants are
diminished within the unsaturated area itself and therefore the risk of ground water being polluted is minimize
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Figure (2): Effects of various processes on the break through curve for a continuous injection reactor and Ground
water contamination

w = 0.0111m¢hr, D= 11.24cm /e, m = 0.5, kd = 0.4 wa= 0.0T11mekr, D= 11.24em~hr, = 1, kd = 0.4
1
0.2
08
5 0.6 &
(] h o 0.6
£ .. §
g ° £ 04
= ' =
bat - s
5 5
S8 0.2 M O 0.2 )
o} 5 10 15 20 5 10 15 20
Depth (z) in meters Depth (z) in meters
Figure (3) Figure (4)

174



Concentration C/Cg

Concentration ( CIC, )

‘A
0.8
06 o
|0
. el
04 L v G
kil
"", ko= 10
0.2+ N
0 20 40 60 80 100
Depth (7} in meters
Figure (5)
w=0.011mitr, D=11.24 emfyr, n=0.5,kd =1
1 =
Adsoring Medium
0.8 |
0.6
‘!
0.4 .
0.2
0 5 10 15 20
Depth (2} in meters
Figure (7)

T.Ramesh et al. / [IMTT, 67(7), 169-177, 2021

w=0.04095m/hr, D= 8551cm~hr,n=09,1=1C

Concentration { C/C, )

Concentration { CIC, )

175

w=0.0111 mite, D=11.24 cmlyr, n=1,kd =1

‘l\.

Adserbing Medium

0.8
0.6
0.4 _'I'::
0.2
05101 =
Depth (z) in meters
Figure (6)
w=0.0111mibr, B =11.24 cm*fyr, y= 0.0
1 \ -
h Mon-adsorbing Medium
0.8
06
0.4 N\
0.2
0 5 10 15
Depth (z) in meters
Figure (8)



T.Ramesh et al. / [IMTT, 67(7), 169-177, 2021

w=0.111minr, D = 11.24cm’fhr, n = 0.9,1 = 50 2 w=0.0111 miw, D= 11.24 o'y, 1= 0.5
. .
MNen-adsorbing Medium
10
0.8 —_
S 5 8
‘E’ 0.6 — !
g . £ s
© . @
S 04 T |
§ . 8 41
[y
Q - Q
o - L} [,
0.2 . 5|
0 20 40 60 80 100 0 5 10 15 20
Depth (z) in Meters Depth (2} in meters
Figure (9) Figure (10)
W= 011 mib, D= 11.240m77rr, 0= 0.9, 1= 50 w = 0.04095mitr, D = 85.51cmilhr, n = 0.9,t =10
1 1
0.8
J o
O Q
c O 06 g el
Q = !
B S .
c i -
g g 0.4 .
S 5 "
O
0.2
0 20 80 100 ' ' ' ' B

0 20 40 60 80 100
Depth (z) in meters
Figure (12)

Depth (z) in Meters
Figure (11)

V. REFERENCES
[1] B. Hunt, Contaminant source solutions with scale-dependent dispersivities, J. Hydrologic Engg., 3 (4) (1998) 268-275.
[2] J.L Hutson, and A. Cass, A retentively functions for use in soil-water simulation models, J. Soil Sci., 38 (1987) 105 - 113.
[31 R. A Freeze, andJ. A. Cherry, Groundwater, Prantice Hall, Inc., New Jersey, USA (1979).
[4] G.E. Grisak, and J. F. Pickens, Cherry, Solute transport through fractured media, @ common study of fractured till. Water Resour. 16(4) (1980) 731-
739.

[5] G. W. Sposito, A. Jury, and V.K. Gupta, Fundamental Problems in the stochastic convection-dispersion model of the solute transport in aquifers & field
soils, Water Resource Res., 22 (1986) 77- 88.

176



T.Ramesh et al. / [IMTT, 67(7), 169-177, 2021

[6] S. R. Sudheendra, A solution of the differential equation of longitudinal dispersion with variable coefficients in a finite domain, Int. J. of Applied
Mathematics & Physics, 2(2) (2010) 193-204.

[7]1 S. R Sudheendra, A solution of the differential equation of dependent dispersion along uniform and non-uniform flow with variable coefficients in a
finite domain, Int. J. of Mathematical Analysis, 3(2) (2011) 89-105.

[8] S. R. Sudheendra, An analytical solution of one-dimensional advectiondiffusion equation in a porous media in presence of radioactive decay, Global
Journal of Pure and Applied Mathematics, 8(2) (2012) 113-124.

[9] S. R.Sudheendra, J. Raji, C.M. Niranjan, Mathematical Solutions of transport of pollutants through unsaturated porous media with adsorption in a finite
domain, Int. J. of Combined Research & Development, 2(2) (2014) 32-40.

[10] S. R. Sudheendra, M. Praveen Kumar, and T. Ramesh, Mathematical Analysis of transport of pollutants through unsaturated porous media with
adsorption and radioactive decay, Int. J. of Combined Research & Development, 2(4) (2014) 01- 08.

[11] S.R. Sudheendra, Raji, and C.M. Niranjan, 2014. Mathematical modelling of transport of pollutants in unsaturated porous media with radioactive decay
and 114 comparison with soil column experiment, Int. Scientific J. on Engineering and Technology, 17(5)(2014) 23-34 .

177



	Figure 1

