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I. INTRODUCTION

Let X a nonempty set. A nonempty subfamily A of g(X) is called a generalized topology on X [1] if @ € A and A is closed
under arbitrary union. The pair (X, X) is called generalized topological space. A GTS (X, A) is said to be strong if X € .
Elements of A are called A -open sets and the complement of a A -open set is called a A -closed set. The largest A -open set
contained in a subset A of X is denoted by int, (A) [2] and is called the A -interior of A. The smallest A -closed set containing A
is called the A - closure of A and is denoted by cl; (A) [2]. A subset A is said to be A -dense if c[;(4) = X . A generalized
topology (X, M) is said to be a quasi topology [4] on X if M, N € A implies M N N € A. A hereditary class 7 is a honempty
collection of subset of X such that A c B, BE H implies A € H[2]. For each subset A of X, a subset A*(#) or simply A* of X
is defined by A* = {xe X | M n A & H for every M € X containing x} [2]. Let (X, A) be a generalized topological space and H
be a hereditary class of subset of X if cl;(4) = X then Ais called A" - dense. If #{ is said to be A-codense if AN H = {@} [2]
and is said to be strongly A-codense [2] if M, N € Land M N N € H, then M N N = @. Every strongly A-codense hereditary
class is A -codense but the converse is not true [2]. If cl;(A) = AU A* for every subset A of X, with respect to A and a
hereditary class 7 of subsets of X, then 2* = {A c X/cl;(X — A) = X — A} is a generalized topology [2]. Elements of " are
called A “-open sets and the complement of a A "-open set is called a X "-closed set. Int;(A) is the interior of Ain (X,1"). Let
(X, 1) be a generalized topological space and H be a hereditary class of subsets of X. If cl;(A) = X, then A is called A "-dense.

Lemma. 1.1[3].

Let (X, 1) be generalized topological space and ' be a hereditary class of subsets of X. If E,F c X then the following
hold

Q) IfE c FthenE* Cc F*

(i) (E*)* = E*ForeveryE c X.

(iii) E c F c X. implies that cl; (E) < cl; (F).

(iv) (EUE*)* C E* foreveryE c X

(v) (EUF)*=E*UF"

(vi) Acan.

(vii) If B={N—H:N€AHEeIH}isabase for 1*.

Definition 1.2[3].
A subset E of a generalized topological space (X, A) with a hereditary class H is said to be

1. A"-denseinitself if E c E*
2. A*closed if E*c E

OSE)
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Strong-B-H -open[10] if E < cl; (int, (cl;(E)),
Semi - H —open[3] if E < cl;(int, (E))
semi*-H —open[3]if E  cl, (int;(E)),

pre - 7 —open[3] if E c int, (cl;(E))
FHr-closed set[11] if E < cl; (int, (E))

No g b~ w

The complement of a strong B- - open (resp., Semi - H —open, semi* - H —open, pre - H —open,) set is said to a strong -
H-closed (resp., Strong-p- H -closed, Semi - £ —closed, semi* - H —closed, pre - H —closed,) set. The largest pre-H -open
set contained in E, denoted by pHint, (E), is called the pre-H-interior of E. The following lemma 1.3 will be useful in the
sequel.

Lemma. 1.3.

Let (X,A) be a quasi topological space, H be a hereditary class of subsets of X and E c X then pHint,;(E) = EN
inty(cl; (E)).

Proof.

Since, E ninty(cli(B)) < inty(cl(E)) = int, (inty(cl; (E)))=int, (cl;{(E) n intl(clj(E))) c inty(cl; (E n
intA(cl;(E)))), Enint,(cl;(E)) is a pre-H-open set contained in E and so E nint;(cl;(E)) © pHint,(E). Since
pHint, (E) is pre-H-open, pHint,(E) C int, (cl,*l(p}[int,l(E))) c inty(cl3(E)) and so pHinty(E) cEN int,l(cl/{(E)).

Hence pHint, (E)=E n int; (cl; (E)).
Theorem 1.4

Let (X, 1) be a generalized topological space, H be a hereditary class of subsets of X and E c X. Then, E is a strong § — H-
open if and only if cl; (E) is Hy-closed set.

Proof.

Let E be a strong 8 — #-open set. Then, we have E c cl;(int,(cl;(E))) and so cl;(E) cclj (clj{ (int,l(clj{(E)))) =
ctj (int; (cl3(B))) < cl;(E) which implies that cl; (E) = clj (int; (cl; (E)) ). Conversely, let cl;(E) = cl; (int; (ct; (E)) ),
since E c cl;(E) for every subset E of X. Therefore, by using hypothesis, we have E c clj (int,l(cl;(E))). This shows that
E is strong B — J-open set.

Theorem 1.5.

Let (X,1) be a generalized topological space, 7 be a hereditary class of subsets of X and E < X then the following are
equivalent.

Q) E is strong B — H -open set.
(i) There exist a pre-F£-open set M such that M c E < cl;(M).
(iii) cli(E) is Hy — closed set.

Proof.

(i) = (ii). Let E be a strong B —H-open set in X. Then, we have E c clj(int;(cl;(E))) and so cl;(E) c
clf (inty (cl3(8))) < el (el (B)) < cl;(E) which implies that cl;(E) = cl; (int; (cl; (E)) ). If M = E 0 int, (cl; (E)), then
by lemma 13 M = p¥Hint,(E) and so M is pre-F-open. Also, clj{(M)=cl,1*(Enint,1(cl,1*(E)))Dcl,’{(E)n

int, (cl;(E)) = int;(cl;(E)) which implies that cl; (M) > cl;(int,(cl;(E))) and so cl;(M) > cl;(E). Since M cE c
c;(E) c clz;(M).
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(ii) = (iii).  Suppose there exists a pre-H-open set M such that M c E c clj(M) then cli(E) =cl;(M) c
ct; (inty (ct; 1) ) < ety (inty(ci(ED)) < cl;(E) and so cl;(E) = clj(int; (cl; (E))) which implies that cL;(E) is Hp-
closed set.

(iit) = (i). By theorem 1.4
Theorem 1.6.

Let (X,1) be a generalized topological space, H be a hereditary class of subsets of X and E < X then the following are
equivalent.

(i) E is strong 8 — H -open.

(i) cl;(E) semi — F-open

(iii) E is 1*-dense in a Hy-closed subspace of X.

(iv) E is 1*-dense in a semi-F'-open subspace in X.
Proof.

(@) = (ii). Suppose E is strong  — H-open by theorem 1.5, cl;(E) is Hy-closed and since every Hp-closed set is semi-7 -
open, cl; (E) semi-H-open.

(it) = (iiD). cl3(E) is semi — H-open implies that cl;(E) c clj (int,l(cl;(E))) c cl;(E) which implies that cl;(E) is H-
closed. Therefore, E is A*-dense in a Hy-closed subspace of X.
(iii) = (iv). Since every H-closed set is semi-F -open, the result follows.

(iv) = (i). Let E is A*-dense in a semi-H -open subspace in X then there exists a semi-H-open set U such thatE c U c
cli(E). Now cl3(E) € cli(U) < clj(E) implies that cl;(E) = cl;(U) and socl; (inty(cl(E))) = clj (int; (cl; (1)) ) =
el (int, () = cli(U) = cli(E).  Also, cl; (inty(cly(E))) € el (E) and soclj(E) = clj (int(clj(E))).  Hence, by
theorem 1.4. E is a strong 8 — J{-open set.

Theorem 1.7.

Let (X, 1) be a generalized topological space, £ be a hereditary class of subsets of X and E, F c X such that E c F c cl;(E).
If E is strong B — F-open set, then cl; (E) = cl;(F) and hence F is a strong 8 — H'-open set.

Proof.

Let E c F cclj(E) and E is strong B — #-open. Then, we have cl;(E) c cl;(F) < cl;(E) which implies that cl;(E) =
c;(F). On the other handE c cl;(int,(cl;(E))). By hypothesis, SinceE c F c cl;(E), we obtain that F c

cl; (cl; (int,l(clj{(E)))) = cl; (int; (c;(B)) ) = clj (int; (cl3(F))). Therefore, we have F < cl; (in; (cl;(F))) and this
shows that F is a strong § — F -open set.

Theorem 1.8.

Let (X, 4) be a generalized topological space, H be a hereditary class of subsets of X and E,F c X. IfE c F c cl[;(E) and E
is pre-JH -open set then F is strong 8 — H'-open.

Proof.

Let E c F c cl;(E) and E is pre-H-open. Then, we have cl;(E) c cl;(F) c cl;(E) which implies that cl;(E) = cl;(F) .
Since F < clj(E) and E ¢ int; (cl;(E)) soF c cl; (int,l(cl;{(E))) =cl; (int,l(clj{(F))). This shows that F is strong g — H -
open set.
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Theorem 1.9.

Let (X,4) be a generalized topological space, ' be a hereditary class of subsets of X and E c X. If E is both strong 8 —
H —open and semi* — H-closed then E is semi-F-open.

Proof.

If E is semi* — H-closed, then int,(cl;(E) c E and so int,(cl;(E)) < int,(E). Therefore, cl;(int,(cl;(E)))
cli(int,(E)). Since E isstrong 8 — H-open, it follows that E c cl; (int; (E)) and so E is semi-H -open.
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