International Journal of Mathematics Trends and Technology Volume 67 Issue 8, 38-44, August, 2021
ISSN: 2231 — 5373 /d0i:10.14445/22315373/IJMTT-V6718P504 © 2021 Seventh Sense Research Group®

Secure Super Domination in Graphs

Hemeh Luck M. Maravillas™, Enrico L. Enriquez™

“ITeacher I, Science and Mathematics Department, Malitbog National High School, Malitbog, Southern Leyte, Philippines
*2Faculty, Department of Computer, Information Science and Mathematics, University of San Carlos, Cebu City, Philippines

Abstract - Let G = (V(G), E(G)) be a connected simple graph. A subset S of V(G) is a dominating set of G if for every u €
V(G)\S, there exists v € S such that uv € E(G). A dominating set S is called a super dominating set if for very vertex u €
V(G)\S, there exists v € S such that N; (v) n (V(G)\S) = {u}. A super dominating set S is called a secure super dominating
set if for every vertex u € V(G)\S, there exists v € S such that (S\{v}) U {u} is a super dominating set of G. In this paper, we
investigate the concept and give some important results.

Keywords: dominating set, super dominating set, secure dominating set, secure super dominating set

I. INTRODUCTION
Suppose that G = (V(G), E(G)) is a simple graph with vertex set V(G) and edge set E(G). In simple graph, we mean, finite
and undirected graph with neither loops nor multiple edges. For the general graph theoretic terminology, the readers may refer
to [1].

A vertex v is said to dominate a vertex u if uv is an edge of G or v = u. A set of vertices S € V(G) is called a
dominating set of G if every vertex not in S is dominated by at least one member of S. The size of a set of least cardinality
among all dominating sets for G is called the domination number of G and is denoted by y(G). A dominating set of cardinality
y(G) is called y — set of G. Domination in a graph has been a huge area of research in graph theory. It was introduced by
Claude Berge in 1958 and Oystein Ore in 1962 [2]. Domination in graphs has been studied in [3, 4, 5, 6, 7, 8, 9, 10].

A dominating set S is called super dominating set if for every vertex u € V(G)\S, there exists v € S such that
N;(v) N (V(G)\S) = {u}. The super domination number of G, is the minimum cardinality of a super dominating set of G and
is dentoed by vy, (G) [11]. A super dominating set cardinality y;,,,(G) is called a ys,,, — set of G. Super domination has been
studied in [12, 13, 14, 15, 16, 17, 18, 19].

A dominating set S of V(G) is a secure dominating set of G if for each u € V(G)\S, there exists v € S such that uv €
E(G) and the set (S\{v}) U {u} is a dominating set of G. The secure domination number of G, is the minimum cardinality of a
secure dominating set of G and is denoted by y,(G). A secure dominating set of cardinality y,(G) is called y, — set of G. The
secure domination has been studied in [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

Motivated by the idea of secure [20] and super [11] domination in graphs, we initiate the study of a secure super
dominating set. A super dominating set S is called a secure super dominating set if for every vertex u € V(G)\S, there exists
v € § such that (S\{v}) U {u} is a super dominating set of G. The secure super domination number of G, is the minimum
cardinality of a secure super dominating set of G and is denoted by y,,,(G). A secure super dominating set of cardinality
Yssup (G) is called y,q,,,, — set of G. In this paper, we investigate the concept and give some important results. We further give
the characterization of a secure super dominating set in the join and corona of two graphs.

Il. RESULTS
Definition 2.1 [12] A set S € V(G) is called a secure dominating set of a graph G if for every vertex u € V(G)\S there exists

v € § N N;(w) such that (S\{v}) u {u} is dominating. It is super secure dominating set if N;(v) N (V(G)\S) = {u}.
Remark 2.2 A secure super dominating set need not be a super secure dominating set of a graph G.

Example 2.3 In Figure 1, the subset S = {v,,v3,v,} is a secure dominating set and a super dominating set. Hence, S is a
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super secure dominating set. But S is not a secure super dominating set of G since (S\S,) U {vs} = {v,,v3,vs} is not a super
dominating set of G.

U2 U3 Uy Us

U1

Figure 1: § = {v,, v, v,} is a super secure dominating set.

Remark 2.4 The set S = V(G) is a super dominating set and a secure dominating set.

Proof: If S = V(G), then every vertex in V(G)\S = @ vacuously satisfies the definitions of a super dominating set and a secure
dominating set. m

Remark 2.5 Every graph G has a super dominating set and a secure dominating set.

Proof: By Remark 2.4, S = V(G) is a super dominating set and a secure dominating set. m
From the definitions of secure super dominating set and Remark 2.5, the following is immediate.

Remark 2.6 Let G be a nontrivial graph. Then 1 < y(G) < ¥44,,(G) < 1.
For a nontrivial connected graph G, the following result says that y,,, (G) ranges over all integers from 1 ton — 1.

Theorem 2.7 Given positive integers k,m, and n suchthat 1 < k <m < n — 1, where n > 2, there exists a connected graph
G with [V(G)| = n, y(G) = k, and Y5, (G) = m.

Proof: Consider the following cases.
Case 1. Supposethat 1 =k <m=n—1.
Consider G = K,, = [vy,v,, ..., v, ] With D = {v;} ay-set of G, and S = V(G)\D a y,,-set of G (see Figure 2).

Figure 2: AgraphGwith1 =k<m=n-1.

Thus, [V(G)| = V(K )| =n,y(G) = ID| =1 =k, and 44, (G) = [V(G)\D| = [V(G)| = [D| =n—-k=n—-1=m.
Case 2. Supposethat 1l <k <m<n-—1.
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Then G = Py o B, withn = (k + 1)p for all positive integers k > 1 and p = 2. (see Figure 3).

I\ \w/’/

W,

uy,

wn

wy, Wy

Figure 3: AgraphGwith1 <k<m<n-1.

Let m = kp. The set D = {v,,v,, ...,

V()| = V(P o B,)| = IVEPIIV(B)| + IV(EPI

IV(OO\Dl=n—k =@+ 1Dk—k =pk

=m.n

Corollary 2.8 The difference between y,s,,, (G) — ¥ (G) can be arbitrarily large.

v} is a y-set of G and S=V(G)\D is & Vse,-set of G. Thus,
=kp+k=@+Dk=ny(G)=ID|

=k, and )/ssup(G) = |S| =

Proof: By Theorem 2.7, there exists a connected graph G such that y(G) = 1 and ¥4, (G) = n + 1. Then y,,,(6) —y(G) =
(n+ 1) — 1 = n. Hence, the difference between y;,,,(G) — y(G) can be made arbitrarily large. m

shows the super inverse domination number of a path graph P,.

Theorem 2.9 Let G = P, of order n = 2. Then,

Vssup (G)

Proof: Let G = P, of order n > 2.

ifn=30rn=6

if n=0(mod3),n+3,n+6
ifn=4
if n =1(mod 3),n + 4

if n=2(mod 3)

Case 1. n = 0(mod 3). Consider the graph G below (see Figure 4).

v — Ut —— vy — (5

Figure 4: A graph G with y,,,G = — n#3 andn # 6.

UVp—2 —{Up-1 — Up

tr

2n-3

Let B, = [vy,Vy,..., V] such that V(B,) = {vy,v,,...,v,} and E(B,) = {v,v,, v, V3, ..., Vy_ v, }. The next result

If n# 3 and n # 6, then the set S = {V3i:i =1,2, "7_3} U {V3i_1:i =1,2, 2} iS @ Yysup — set of G. Thus,

Vesup (G) = |S| —+2 =22 Ifn=30r n=6, then ¥su,(G) =2 OF Y45, (G) = 4 is clear (see Figure 4). Thus,

Vssup (G) = ?
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Case 2. n = 1(mod 3). Consider the graph G below (see Figure 5).

U1 v U3 U4 Us Vs vr Un—2 Un—1 Un

2(n-1)

,n*4.
3

Figure 5: A graph G with y,,,(G) =

If n=4, then the set S = {Va:i = 1,2,.., 2} U{Vy_yi = 1,2,., 22} s @ Y — st OF G. THUS, 5, (6) =

S| = nT_l+ "T_l = Z("T_l) If n = 4, then y,g,, (G) = 3 is clear.

Case 3. n = 2(mod 3). Consider the graph G below (see Figure 6).
U1 va U3 Uy Us g vy Un—2 Un—1 Un

Figure 6: A graph G with ¥,,,(6) = ?

n+1

The set § = {Vyri =1,2,., 2} U{Vary:i = 1,2, "2} is @ yyqpy — set of G. ThUS, Yyp0p (6) = IS =2+

%1 = 2n3_1' Ifn = 4 then yssup(G) =3isclear. m

Let C, = [vy,v,,...,v,] such that V(C,) = {vy,v,,..., v} and E(C,) = {v,v,, V03, .., Up_qVp, VpV1}. The next
result shows the super inverse domination number of a cycle graph C,,.
Theorem 2.10 Let G = C,, of order n = 3. Then,

( 2n

3 if n=0(mod 3)
2n+1

3 if n=1(mod 3)
2n—1

T if n=2(mod 3),n + 8

6, ifn=8

Proof: Let G = C,, of order n > 3.

Case 1. n = 0(mod 3). Consider the graph G below (see Figure 7).

vy U U3 Uy Us Ug

Un Un—1 ———{ 10 Vg Us v7
Figure 7: A graph G with y,,,(6) = 2?"

Theset S = {V3i:i =1,2, g} U {V3i_2:i =12, g} iS @ Y5up — Set Of G. Thus,
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yssup(G) =S|
. n . n
=|{vei=12, §} U{vipi=12, §}|
=|vi=12, g| +[Vaari=1,2, ;—l|
_n+n_2n
"3 '3 3
Case 2. n = 1(mod 3). Consider the graph G below (see Figure 8).
vy Vg U3 Uy Us g vz
Up Un—1 Up-2 Un-3 Un—4 g Uy

2n+1

Figure 8: A graph G with y,,,(G) = -

n+2
3

Theset S = {V3i: i=1,2, 713;4} V] {V3i_2: i=12.., } U {u,_,} is @ Ysqy, — set of G. Thus,

Vssup (G) = 5|

. n—4 . n+2
{V3i: i=1,2, ,T} U {V3i_2:l =1,2, ,T} U {un_z}
n—4 n+2 2n+1
= +1=

3 + 3 3
Case 3. n = 2(mod 3). Consider the graph G below (see Figure 9).

o (20] Vs U4 Us Vg vr

Un Un-1 Un—2 Un—3 —— V10 Vg

Figure 9: A graph G with y,,,(6) = ?,n + 8.

If n # 8, then the set S = {V3i: i=12, "T_z} U {V3i_2:i =1,2, "3;2} U {v,} IS @ ¥geu — Set OF G. Thus,

yssup(G) = |S|
n—2 n—2
= {V3i: i= 1, 2, ...,T} V] {V3i_2:i = 1, 2, ...,T} (V] {un_z}
_n—2+n—2+ _2n—1
3 3 3

If n=28, then the set §={vy,v3v,,VsVVg} IS @ Vsup—set of G. Hence, V5, (G)=IS|=
|{v1f v3lv4l v51v61v8}| = 6 u

A complete graph on n vertices, denoted by K,,, is a simple graph that contains exactly one edge between each pair of distinct
vertices. The next following result shows the domination number of K; + H where H is a nontrivial graph.
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Theorem 2.11 Let G = K; + H be a connected graph of order n = 2. Then, ¥,s,,(G) =n — 1.

Proof: Let G = K, + H be a connected graph of order n > 2. Clearly, S = V(G)\V(K;) = V(H) is a secure super dominating
set of G. Hence, ¥4, (G) < IS|. Let V(K;) = {v} and x € S. Then x € V(H). Since H is nontrivial, V(H)\{x} # 0. Let y €

V(H)\{x} = S,.

Case 1. If xy € E(G), then there exists x € V(G)\S, and y € S; such that N;(y) n (V(G)\S;) = {v,x}. Hence, S, is not a
super dominating set of G.

Case 2. If xy € E(G), then there exists x € V(G)\S, that is not dominated by any elements of S;. Hence, S;is not a dominating
set of G.

In any case, S; is not a secure super dominating set of G. Similarly, any proper subset of S’ of V(H) is not a secure super
dominating set of V(G). Therefore, S = V(H) must be a s, — set of G, that is,

YSsup(G) =S|
= [V(O\V(KDI
=V -IVE) =n—1m

Corollary 2.12 If a graph G is a wheel W, =K, + C,_,, orastar S, =K, + K,,_,, or afan E, = K, + P,,_,, or a complete
graph K, then 4, (G) =n — 1.

Proof: Clearly, K,, = K; + K,,_;. Thus, if G isW,,, S,,, F,, or K, then y,,,,(G) =n — 1 by Theorem 2.11. m

A complete bipartite graph K, ,, is a graph that has its vertex set partitioned into two subsets of m and n vertices,
respectively with an edge between pair of vertices if and only if one vertex in the pair is in the first subset and the other vertex
is in the second subset.

Remark 2.13 If a graph G is a complete bipartite K, ,, withm > 2 andn = 2, then 4, (G) =n — 1.

I1l. CONCLUSIONS
In this paper, we introduced the concept of secure super domination in graphs and prove that given positive integers
k,mandnsuchthat 1 <k <m <n-—1, wheren > 2, there exists a connected graph G with |[V(G)| =n, y(G) = k, and
ysup((;)‘1 = m. Further, we prove the domination number of a path graph B,, a cycle C,, a wheel graph WW,,, a fan graph F,, a
star graph S,,, a complete graph K, and a complete bipartite K, ,,. Some related problems on secure super domination in graphs
are still open for research.
1. Characterize the secure super dominating sets of the join, corona, Cartesian product, and lexicographic product of two
graphs.
2. Find the secure super dominating sets of the join, corona, Cartesian product, and lexicographic product of two graphs.

REFERENCES

[1] G. Chartrand and P. Zhang. A First Course in Graph Theory, Dover Publication, Inc., New York, (2012).

[2] OreO., Theory of Graphs, American Mathematical Society, Providence, R.1., (1962).

[3] Dayap, J.A. and Enriquez, E.L., Outer-convex domination in graphs, Discrete Mathematics, Algorithms and Applications, 12(01) (2020) 2050008,
https://doi.org/10.1142/S1793830920500081

[4] Enriquez, E.L. and Ngujo, A.D., Clique Doubly Connected Domination in the Join and Lexicographic Product of Graphs, Discrete Mathematics,
Algorithms and Applications, 12(05) (2020) 2050066, https://doi.org/10.1142/S1793830920500664

[5] Enriquez, E.L. and Canoy, Jr., S.R., On a Variant of Convex Domination in a Graph, International Journal of Mathematical Analysis, 9(32) (2015)
1585-1592.

[6] G.M. Estrada, C.M. Loquias, E.L. Enriquez, and C.S. Baraca, Perfect Doubly Connected Domination in the Join and Corona of Graphs, International

43



[71
(8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

[23]
[24]

[25]
[26]
[27]
[28]
[29]
[30]
[31]

[32]
[33]

Hemeh Luck M. Maravillas & Enrico L. Enriquez. / IIMTT, 67(8), 38-44, 2021

Journal of Latest Engineering Research and Applications, 4(7) (2019) 11 - 16.

E.L. Enriquez, V. Fernandez, Teodora Punzalan, and Jonecis Dayap, Perfect Outer-connected Domination in the Join and Corona of Graphs, Recoletos
Multidisciplinary Research Journal, 4(2) (2016) 1 — 8.

B.F. Tubo and S.R. Canoy, Jr., Restrained Perfect Domination in Graphs, International Journal of Mathematical Analysis, 9(25) (2015) 1231 — 1240.
Enriquez, E.L., Fair Restrained Domination in Graphs, International Journal of Mathematics Trends and Technology, 66(1) (2020) 229 — 235.

Galleros, DH.P. and Enriquez, E.L., Fair Restrained Dominating Set in the Corona of Graphs, International Journal of Engineering and Management
Research, 10(03) (2020) 110 — 114, https://doi.org/10.31033/ijemr.10.3.17.

Lemanska, M., Swaminathan, V., Venkatakrishnan, Y. B., Zuazua, R., Super Dominating Sets in Graphs, Proceedings of the National Academy of
Sciences, 85(3) (2015) 353 — 357.

M.P. Baldado Jr, E.L. Enriquez, Super Secure Domination in Graphs, International Journal of Mathematical Archive, 8(12) (2017), 145 — 149.

E.L. Enriquez, Super Convex Domination in the Corona of Graphs, International Journal of the Latest Engineering Research and Applications
(IJLERA) ISSN: 2455 — 7137, 3(5) (2018) 1 — 06.

E.L Enriquez, Super Restrained Domination in the Corona of Graphs, International Journal of Latest Engineering Research and Applications (IJLERA)
ISSN: 2455 — 7137, 4(7) (2019) 11 — 16.

E.L. Enriquez, R.A. Bacalso, Super Weakly Convex Domination in graphs, Journal of Global Research in Mathematical Archives, 6(11) (2019) 1-7.
P.P. Fedellaga, E.L. Enriquez, C.M. Loquias, G.M. Estrada, M.L. Baterna, Super Connected Domination in Graphs, 6(8) (2019) 1 —7.

E.L. Enriquez, G.T. Gemina, Super Fair Domination in the Corona and Lexicographic Product of Graphs, International Journal of Mathematics Trends
and Technology (IIMTT), 66(4) (2020) 203 — 210.

G.T. Gemina, E.L. Enriquez, Super Fair Dominating Set in the Cartesian Product of Graphs, International Journal of Engineering and Management
Research, 10(3) (2020) 7 — 11.

E.L. Enriquez, Super Fair Dominating Set in Graphs, Journal of Global Research in Mathematical Archives, 6(2) (2019) 8 — 14.

E.J. Cockayne, P.J.P. Grobler, W.R. Griindlingh, J. Munganga and J.H. van Vuuren, Protection of a Graph, Util. Math., 67 (2005) 19 — 32.

E.L. Enriquez, Fair Secure Domination in Graphs, International Journal of Mathematics Trends and Technology, 66. 2(2020) 49 — 57.

Gomez, L.P., and Enriquez, E.L., Fair Secure Dominating Set in the Corona of Graphs, International Journal of Engineering and Management Research,
10(03) (2020) 115 - 120, https://doi.org/10.31033/ijemr.10.3.18.

J.A. Dayap and E.L. Enriquez, Disjoint Secure Domination in the Join of Graphs, Recoletos Multidisciplinary Research Journal, 4(2) (2016) 9 — 20.
E.M. Kiunisala, and E.L. Enriquez, Inverse Secure Restrained Domination in the Join and Corona of Graphs, International Journal of Applied
Engineering Research, 11(9) (2016) 6676 — 6679.

E.L. Enriquez, E.M. Kiunisala, Inverse Secure Domination in the Join and Corona of Graphs, Global Journal of Pure and Applied Mathematics, ISSN:
0973 — 1768 12(2) (2016) 1537 — 1545.

E.L. Enriquez, E.M. Kiunisala, Inverse Secure Domination in Graphs, Global Journal of Pure and Applied Mathematics, ISSN: 0973 — 1768 12(1)
(2016) 147 — 155.

Kiunisala, E.M. and Enriquez, E.L., Inverse Secure Restrained Dominations in the Join and Corona of Graphs, International Journal of Applied
Engineering Research, 11(9) (2016) 6676 — 6679.

M.P. Baldado, G.M. Estrada, and E.L. Enriquez, Clique Secure Domination in Graphs Under Some Operations, International Journal of Latest
Engineering Research and Applications, 3(6) (2018) 8 — 14.

E.L. Enriquez, E. Samper-Enriquez, Convex Secure Domination in the Join and Cartesian Product of Graphs, Journal of Global Research in
Mathematical Archives, 6(5) (2019) 1 -7.

T.J. Punzalan, and E.L. Enriquez, Restrained Secure Domination in the Join and Corona of Graphs, Journal of Global Research in Mathematical
Archives, 5(5) (2018) 1 - 6.

C.M. Loquias, and E.L. Enriquez, On the Secure Convex and Restrained Convex Domination in Graphs, International Journal of Applied Engineering
Research, 11(7) (2016) 4707 — 4710.

E.L. Enriquez, Secure Restrained Convex Domination in Graphs, International Journal of Mathematical Archive, 8(7) (2017) 1 5.

Enriquez, E.L. and Canoy, Jr. S.R., Secure Convex Domination in a Graph, International Journal of Mathematical Analysis, 9(7) (2015) 317 — 325.

44



