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Abstract

In this paper | have introduced the concept of the inverse exponential transform, the inverse exponential
transform of some basic functions and some basic properties like linearity, shifting, convolution theorem
and some important results with application to initial value problem are discussed.

I. Introduction

Integral transforms have been successfully used for almost two centuries in solving
many problems in applied mathematics, mathematical physics, and engineering science.

The origin of the integral transforms including the Laplace and Fourier transforms
can be traced back to back to celebrated work of P. S. Laplace (1729-1827) on
probability theory in the 1780s and to monumental Treatise of Joseph Fourier (1768-
1830) on ‘La Theorie Analytique de la Chaleur’ published in 1822, Laplace classic
book on ‘La Theorie Analytique des Probabilities’ includes some basic results of the
Laplace transforms which is one of the oldest and most commonly used integral
transform available in the mathematical literature. This has effectively been used in
finding the solution of linear differential equations and integral equations

Several authors [2-15] discussed the applications of different integral transformations
along with its properties. Recently N. S. Ambarkhane, H. A. Dhirbasi, K.L. Bondar [1]
introduced an integral transform ‘Exponential Transform’ and proved its existence,
some properties like linearity, shifting, second shifting, change of scale. Moreover,
exponential transform of some basic functions are derived. Many finite transforms like
‘finite Laplace Transform’, finite Fourier’s sine and cosine transforms, finite Hankel
transforms have many more applications in applied mathematics, physics and in
different branches of engineering also. Main aim of this paper is to prove the further
results of the exponential transform for the development and application point of view.

Il. Preliminaries

EXPONENTIAL TRANSFORM [1]

Definition 2.1: Let f(t) be function defined for all positive values of t, then
f(s)= fa*st fh)dt, a>1,

provided the integral exists is called exponential transform of f (t). It is denoted
as
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AfO]= T = [a*fod, a>1

here A is called exponential transformation operator, the parameter s is real or complex
number.

In general, the parameter s is taken to be a real positive number.

Theorem 2.2 : [Existence of Exponential Transform][1] If f(t) is a function of class
A, then exponential transform of f (t) exists or Suppose f (t) is piece-wise continuous
in every finite interval and is of exponential order k as t — oo then f(s) exists for all
(sloga) > k, that is exponential transform exists.
Exponential transform of some functions [1]

1

ny_ n! -
) Al 1= Sigga 27t
my  Ae]=—

=——— a>1
(sloga-k)

IV)  AJcoshkt] = [(s |E)SgIZ?za_) kZJ ,a>1(sloga)’ > k>

_ k.
(sloga)? —-k?*’

k
(sloga)® +k?

V) Alsinh kt] = a>1(sloga)’ > k>

VI)  Alsinkt] =

_ (sloga)
VII) A[coskt]_—(sloga)2+k2

Properties of Exponential Transform [1]

1) Linearity Property
A[kl fl(t) + kz fz (t)] = klA[ f1 (t)] + sz[ fz (t)]
I1) Shifting Property

If A[f(t)]=f(s), then Ale“f(t)]= f_(s—L)
loga
I11) Change of Scale Property
If ALf(t)]=T(s), then A[f (kt)]:% f_[E]

IV) Second Shifting theorem
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Ft—k), t>k

If A[f(t)]= f(s) and G(t):{ 0 <k

then  A[G(t)]=a"f(s)

Exponential Transform of the derivative of a function [2]
Theorem 3.1: If A[f(t)]= f(s), then A[f'(t)]= (sloga).Al f (t)]— f (0)
Theorem 3.2: If A[f(t)]= f(s), then

ALT"(t)] = (sloga)® ALf ()] —(slog a). T (0) — T'(0)

Theorem 3.3: If A[f(t)]= f(s), then

ALT" ()] = (sloga)’ AL T ()] - (sloga)” f (0) —(sloga) f '(0) — f "(0)
Theorem3.4: If A[f(t)]= f(s), then

ALf" ()] = (sloga)" Al f (t)] - (sloga)™™ f (0) - (slog a)"? f '(0)
—(sloga)™ 2 f7(0) —--eveeveee- — £7%(0)

Exponential Transform of Integral of a function[2]

Theorem 3.5: If A[f(t)]= f(s), then A ]f(t)dt __ 1 f(s)
s (sloga)
Theorem 3.6: If A[f(t)]= f(s), then A[t”.f(t)]:lﬂ ﬁ[?(s)]
(loga)" |ds"

Theorem 3.7: If A[f(t)]= f(s), then A[% f(t)]: (log a)]?(s)ds

Theorem 3.8(Convolution Theorem )[2] :

If ALf,(t)]=f,(s) and Alf,(t)] = f,(s), then
A1f ACAE x)dx} = 1,(5).,(s)

I11.MAIN RESULTS

The Inverse Exponential Transform

Definition 3.1 : If the Exponential Transform of a function f (t)is f(s) i.e.

A[f (t)] = f (s)then f (t) is called an Inverse Exponential Transform of f (s).And is
writtenas  f (t) = A[f(s)]

Atis called the Inverse Exponential Transformation operator
Inverse Exponential Transform of some functions
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Using definition of inverse exponential transform we get

I]A‘{ ! }zl,a>1,(sloga)>0
(sloga)

1 A+ ;1 :t—,a>1,n:0,1,2,3,
(sloga)™ n!

4 1 _ ok
I”] A {W}—e ,a>1,(SIOga)>k

V] A™ {%} = cosh hkt,a >1, (sloga)? > k?

V] A” {%}:
(sloga)” —k

mal ot
(sloga)” +k

VIl A™ __(sloga) = coskt
(sloga)? +k?

Properties of Inverse Exponential Transform
Linearity property

Theorem 3.2 : If Tl(s) and f_z(s) are Exponential Transform of functions f,(t) and
f,(t) respectively, then A™ [kﬁl(s) + sz_z(s)] =k A [E(s)] +k,A [f_z(s)] where

k,,k, are any constants
Proof: We have

AT (D] = T,(),.. f,(t) = A [T (s)]

ALT, (0] = T,(9),.. F,(t) = A '[T,(5)]

A[kl f,(t)+k,f, (t)] =k A, ()]+k,ALf,(t)]

ALk, £ (1) +K, T, (0] = k . (8) +K, T, (5)

KO+ 0 = A K T (5)+k, F,(5) |
LK AT+ AT ()] = A K T (5) +k, F,(5) |

S AR T(S) K, () | = kA Fi(5) [+ KA ,(9) |

(sinhkt),a >1,(sloga)® > k?

k>0

x| X

(sinkt)k >0

Corollary 3.3: [First shifting property]
- - k
If A[f(s)]=f(t)thenA™| f|s——— [|=e“f(t
[f(s)]=f(1) [ [ Iogaﬂ (t)

Proof: We have by first shifting property of Exponential Transform
It ALT ()] = f(s)then A[e“f(t) |= ?(s —Lj

loga
.. by the definition of Inverse Exponential Transform,
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we get A {?(s - Lﬂ =e"f(t)
loga

Remark: The result of the corollary also expressible as
— - k
If AY[f(s)]="f(t),then A™"| f|s+——||=ef(t
[f(s)]=T() { ( Iogaﬂ (t)

Remark: With the help of first shifting property of Inverse Exponential Transform, we
have the following Important Results

ktgn
] A L Y hoo12.
(slogk —1)" n!

1 A™ { G Iosglig—ak;k— = } = e" cosh bt

1 1
1y A ==(e"coshbt),b>0
] {(slogk—k)z—bz} b(e coshbt),b >

V] A L |=L(e"coshbt)b>0
(slogk —k)=+b b

. sloga—k
V] A {(slogkg—k)z—bz}zem cos bt

Corollary 3.4: [Second shifting property ]
If A [T(s)] = f(t) then A [a-kST(s)] =G(t) where

G(t) = o™

Proof: We have by second shifting property of Exponential Transform,
If A[f(t)]=f(s), then

L f (t—k),t>k
G(t) = {5
.. by the definition of Inverse Exponential Transform,

we get A[G(t)]=a ™ f(s)
S AT [a’ks?(s)] =G(t)

Remark: Second shifting theorem can also be stated as
If A [T(s)] = f(t) then A [a-kS?(s)] = f(t—K)H(t—k) where

H (t) = { o5

Theorem 3.5: If A™ [T(s)] = f(t) and f(0)=0,then A [(s loga) f (s)] = % f(t)
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n

In general, A‘l[(s log a)“?(s)] = ((jjt”

Proof: We have A[f(t)]=f(s)and f(0)=0,

A[% f (t)} =(sloga) f(s)— f (0)

[ ()] provided f (0) = f*(0) =.....= f"*(0) =0

Al d _ T
s A{a f (t)} =(sloga)f (s)

- d
. AL _v
A [(s loga) f (s)} =0
also, we have f(0)=f*(0)=....= f"*(0)=0
. by using Exponential Transform of derivative of n" order of a function f (t)

d" N
A{dt” f (t)} =(sloga)" f (s)

dn
dt"

AT [(s log a)“?(s)] =—f(t)

are AEION
Corollary 3.6: If A™?| f = f(t) then A —=1 = f(t)dt
orollary [ (s)] (t) then LWJ ! (t)
Proof: We have by theorem
f(s)

If A[f(t)]= f(s)then A" H f(t)dt} (sloga)

.. by using definitions of Inverse Exponential Transform

we get A‘l[ 1) }=jf(t)dt

(sloga)
Inverse Exponential Transform of Derivatives

Theorem: If A™ F(s)]z f (t) then A‘{%T(s)}: (-1)"(loga)" [t”f(t)} , for

n=1.2, ....
Proof: We have by theorem, If A™[f(t)]=f(s) then
1 d" r—
Alt".f()|=-D" : f(s
[t f®) ]=(-D o) 1]
for n=1,2,3,.........
.. by using definition of Inverse Exponential Transform, we get

A-l[ < [?(s)]}(—l)"(log )" [t'10]

ds"
Inverse Exponential Transform of Integrals

e e __ @)
Corollary 3.7: If A7[f(s)]=f(t), then A L[f(S)ds}— loga)
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Proof: We have by theorem,

If A[f(t)]= f(s) then A{@} = (log a)TT(s)ds

.. by using definition of Inverse Exponential Transform,
we get A J‘?(s)ds __fO
) (t.loga)
Theorem3.8: [Convolution Theorem for Inverse Exponential Transform]

If A [Tl(s)] = f,(t), A [f_z(s)] = f,(t) , then
A () T,(5) ] =j f,(x), ,(t—x)dx

Proof: We have by convolution theorem of Exponential Transform,
If A[f,(t)]=f,.(s), A[f,(t)]=T,(s) then

A{J f,(x), f,(t- x)dx} = 1,(5),(s)

.. by using definition of Inverse Exponential Transform,
t

we get A-l[ f,(5).1, (s)] = [ £,00 f,(t = x)dlx
0

Applications of Exponential Transform to finding solution of Initial
value problems

Example 1: Consider the initial value problem
y" —4y'+4y=64sin2t,y(0)=0,y'(0) =1
y"—4y'+4y =64sin 2t 1)
taking exponential transform of both sides of (1), we get

[(sloga)?y - (sloga)y(0) - y'(0) |-4[ (sloga)y - y(0) | + 4y = ——oxz

(sloga)®+4
on putting the values of y(0)and y’(0) in above equation, we get

(sIoga)zy_/—l—4(sIoga)§+4§:Lg2
(sloga) +4
- 128
sloga)® —4(sloga)+4 |y =1+ ————
[ (sloga)® —4(sloga)+4 |y Glogay+a
- 128
sloga) -2y =1+———
[(sloga)-2]"y (sloga)® +4

- 1 N 128
[(sloga)—2]* [(sloga)—-2]*[(sloga)® +4]
= 1 8 16 8(sloga)
-YE [(sloga)—2 (sloga—2) " (sloga—2)? " [(sloga)® +4]
.y = 17 8 8(sloga)

[(sloga)—2F (sloga—2) [(sloga)®+4]
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Al[ 17 8 . _8(sloga) }

Y77 |lsloga)—2F ~(sloga—2) " [(sloga)’ +4]

y:A{ 17 2 —+}—Al{ 8 }Al{ 8(s|ogza) }
[(sloga)-2] (sloga-2) [(sloga)” +4]

ny=t7at| ot gat| 1| g (sloga)
[(sloga)-2] (sloga-—2) [(sloga) +4]
oy =17te* —8e* +8cos 2t

Example 2: Consider the Initial Value problem

y"+y=sin3t,y(0)=0,y'(0)=0
y"+y=sin3t 2
taking exponential transform on both sides of equation (2) we get

)= , - 3
[ (sloga) y—(sloga)y(O)—y(O)]+y=m
on putting the values y(0)and y'(0) in above equation, we get
2
(sloga)’y+y= (sloga)®+9
3
(sloga)®+9
- 3
Y= [slogay’ +1(sloga)’ +9]
- 3 1 1
= 5{[(3 loga)’ +1] [(sloga)’ +9J
taking inverse exponential transform

3 1[ 1 } 3 1{ 1 }
Y=o A o 73 A | ez o
8 [(sloga)“+1] | 8 [(sloga)” +9]

3. 3,1.
=—sint——=(=sin 3t
y 3 8(3 )

[(sloga)® +1]y =

3. 1.
S y=y==sint—=sin3t
y=y 3 3
Example 3: Consider the Initial value problem
y"+2y"-y'-2y=0,y(0)=y'(0)=0, y"(0)=6

ylrl+2yl!_ y!_2y — O
taking the exponential transform of both sides, we get
[ (sloga)’y—(sloga)® y(0) - (sloga)y'(0) - y"(0) | +2] (sloga)*y —(slog @) y(0) - y'(0) |- (sloga)y — y(0) | -2y =0

©)

Using the given conditions, we get
[(s loga)®y+(sloga)’y —(sloga)— 29] =6
[ (sloga)’ +2(sloga)—(sloga) -2 |y =6
T 6
[(sloga—1)(sloga+1)(sloga+2)]
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6 6 6
+ +
6[(sloga)-1] (-2)[sloga+1] 3[sloga+2]
taking inverse exponential transform

! S P B S P S
sloga—-1 sloga—1 sloga—2

y=e'-3e"'+2e*
Example 4: Consider the Initial value problem
y"+25y =10cos5t, y(0) =2,y'(0)=0
y"+ 25y =10cos 5t 4
taking exponential transform on both sides, we get

. , - 10(sloga)
[ (sloga) y—(sloga)y<0)—y(0)]+25y=m
Putting y(0)=2,y'(0)=0

y=

10(sloga)
(sloga)® +25
10(sloga)
(sloga)®+25
2(sloga) N 10(slog a)
(sloga)’+25 [(sloga)® +25
taking inverse exponential transform we get,

y=A‘1{ 2(s|og‘;]a) }rA‘l 10(sloga) 2 )
(sloga)” +25 [ (sloga)® +25]

(sloga)®y—2(sloga)y + 25y =

[(sloga)® +25]y =2(sloga) +

y=

Now

Altsin5t] = >

(sloga)®+25

. -1 d 5
s AtsInbt] = —
Altsint] Iogads{(sloga)2+25}

-, Altsin5t] = -1 —5><2(s|oga).|ogza
loga [(sloga)2+25]

10(sloga)
[(s loga)® + 25]2

Al 10(sloga) =tsin5t
[ (sloga)’ + 25]2

Putting this value in equation (5) we get
y =2cos5t +tsin5t

Example 5: Consider the Initial VValue problem

- Altsinbt] =
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2
M+2d—y+5y:e‘xsinx ,y(0)=0,y'(0)=1

dx?  dx
2
%+2%+5y:e‘xsinx (6)

taking the exponential transform of both sides we get,
[(s loga)?y —(sloga)y(0) — y'(O)] + 2[(5 loga)y — y(O)] +5y = A[e™sinx]
Using conditions
[(sloga)2§—1]+2[(s Ioga)ﬂ+5§: ! .
(sloga+1)° +1
1
(sloga)® +2(sloga) +2
(sloga)® +2(sloga)+3
(sloga)® +2(sloga)+2
= (sloga)® +2(sloga) +3
- [ (sloga)® +2(sloga)+5 || (sloga)* +2(sloga) +2 |
on solving using partial function, we get
- 2 1 1 1
Y73 [(sloga+1)*+2° | "3 [ (sloga+1)*+1° |
taking inverse exponential transform, we get

[ (sloga)® +2(sloga)+5 |y =1+

[ (sloga)’ +2(sloga)+5 |y =

gL 2 a1
3| [(sloga+1)’+2° || 3 |[[(sloga+1)’+1"]
1, . 1 ..

y=—-e".sin2x+—-e "sinx
3 3

y :%ex [sin x+sin 2x]

1. Conclusions

In this work I introduced inverse exponential transform and proved some
properties like linearity, shifting and some important results with application to
initial value problem have been discussed. Moreover, convolution theorem for
inverse exponential transform is verified.
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