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1. Introduction

We can propose an open problem as follows: Whether and how can the generalized Tetranacei sequence
117, at negative indices be expressed by the sequence itself at positive indices?
We present our main result as follows which completely solves the above problem for the generalized

Tetranacel sequence [17,.

THEOREM 1. Forn = E, we have
1 s i ) P " i . ,
W_, = E[_—:c_l_ N—6Wg, 6 W, —3H W, +3H, W, + N H, + 2 Hy, — 3N H, Ha )
e —r2 e ) 1, 4 i 1,4
= (-1)7" L (Wa — HoWa, + E[H;' - Hy, 1, — Euﬁ_H; + 2Hg,, — 3H., H, |117,).

Note that H,, can be written in terms of 117, using Remark 3 below.
The generalized (r, s, ¢ w) sequence {or generalized Tetranacci sequence or generalized 4-step Fibonacci

sequence) {115, (17, Wy, W, Wair st w)bnoo (or shortly {117, },-0) i3 defined as follows:

Wo=rWaog + W + 1 og + ull s, Wo=c. W=t Na=e. Wy=03, n=4 (1.1)
where 11, 117, 115, 115 are arbitrary complex {or real) numbers and ». 5.1, w are real numbers.
This sequence has been studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example [1,2.3.5,11,12,10] and references therein. The sequence {115}, ¢
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can be extended to negative subacripts by defining

- - 5 v 1 .
W n— _:'] —{n—1}) — :I'r' —[n—23) — TI] —in—31+ :'] —i{n—a)

for m=1,2.3. ... when # = 0. Therefore, recurrence (1.1) holds for all integers n.

In the following Table 1 we present some special cases of generalized Tetranacci sequence.

Table 1 A few special case of generalized Tetranacci sequences.

No  Sequences (Numbers) Notation

1 Generalized Tetranacci (.} = (W, (Wy, Wy, W, Wy;1,1,1,1)}
2 Generalized Fourth Order Pell (7.} = {(W,,(Wy, Wy, Wy, Wy; 2,1,1,1)}
3 Generalized Fourth Order Jacobsthal {7} = (W, (Wy, Wy, Wy, W5;1,1,1,2)}
4 Generalized 4-primes .} = {w,,(W,, W;, W,, Ws; 2,3,5,7)}

In literature, for example, the following names and notations (see Table 2) are used for the special case

of LU LU and initial values.

Table 2 A few special case of generalized (r,s,t,u) (generalized Tetranacci) sequence

No  Sequences (Numbers) Notation OEIS [6] Ref.
1 Tetranacci M,} = {(W,(0,1,1,2; 1,1,1,1)} A000078  [7]
2 Tetranacci-Lucas {R,} ={W,,(4,1,3,7;1,1,1,1)} A073817 [7]
3 fourth order Pell {Pn(‘l’)} — {Wn(0,1,2,5; 2’1,1’1)} A103142 [8]
4 fourth order Pell-Lucas {01(14)} — {Wn(4,2,6,17; 2,1'1'1)} A331413 [8]
5 modified fourth order Pell {Er(l4)} = {W,(0,1,1,3;2,1,1,1)} A190139  [8]
6 fourth order Jacobsthal {]154)} = {(W,(0,1,1,1;1,1,1,2)} A007909 [4]
7 fourth order Jacobsthal-Lucas {jgt)} = {(W,(2,1,5,10;1,1,1,2)} A226309  [4]
8 modified fourth order Jacobsthal {Kr(l4)} = {W,(3,1,3,10;1,1,1,2)} [4]
9 fourth-order Jacobsthal Perrin {qr(;t)} = {W,(3,0,2,8;1,1,1,2)} [4]
10  adjusted fourth-order Jacobsthal {5n4)} = (W,(0,1,1,2;1,1,1,2)} [4]
11  modified fourth-order Jacobsthal-Lucas {R1(14)} = {(W,(4,1,3,7;1,1,1,2)} [4]
12 4-primes (G} = (W,(0,0,1,2;2,3,5,7)} [9]
13 Lucas 4-primes {H,} = {W,(4,2,10,41; 2,3,5,7)} [9]
14  modified 4-primes {E,} = {W,(0,0,1,1;2,3,5,7)} [9]
Here, OEIS stand: for On-line Encyelopedia of Integer Secuences. For easy writing, from now on, we
crop the superscripiz from the seguences, for example we write J, for J;;:-_;:.

It iz well known that the generalized (r,s.#, 2} numbers {the generalized Tetranacei t:uml}e:s:] can be

expressed, for all integers 1, wsing Binet's formula

Wy, = Aia™ + 43" + 4577 4+ 44"
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where
4 = My — (F+74+8)05 + (3 + 36+ 011 — 304107
’ [a— 3o —)a—23)
4, = We— (a+ v+ 80 + (a7 +ad + 81 — apdy
- (Z—a)di—")3—-2a) '
4, = Ma=(a+3+8)I+(as+ad +38)W1 ~asilly
(v —a)(y— )y —48)
A, = 11';.-—['a—3+']’|’-'g—-.’a3+a'+3'_f-]1']—a3*.11'.;..

(6—a)i6—3)a—1)

and o, 5.+, 0 are the roots of characteristic equation of 117, which is given by
S —rxt —srt —tr—u=10 (1.2}
MNote that we have the following identities

at+S+y+d=r

aft+tarvF+ad+ v+ 30+ b= —s

B (1.3)

adv+ald+ava+ 3 =1t

A
Qa7 = —u.

MNote that the Binet form of a sequence satisfying (1.2) for non-negative integers iz valid for all integera

1. Now we define two special cases of the generalized (r, 5. £, u) sequence {117 }. {r.s. ¢, u) sequence {G, }uo

and Lucas (r.s.t, u) sequence {H,.},-p are defined, respectively, by the fourth-order recurrence relations
Grey = :'.GI‘.+3 + 5Gpen + 1001 + uly,
Gy = 0.Gi=1G=rGy=1r"+s
Hpey = rHpez+csHoor+1tHao1 - uHs,
Hy = '—1.H1=.‘".I1":=?E+?":. '3=?"3—3."-i"+3¥.

The sequences {G, }-p and {H, }.-o can be extended to negative subscripts by defining

- Lo & r 1
Gon = _:f-'—[n—l_l - :‘G—-.'n—!_l - :G—-.’l'.—:i_l + TG—':""!—-'-_I'
. t 5 r 1
H_ ., = _TH—{“_—'_':. - :H—[n—!_l - _H—l_'ﬂ—ﬁ_l T :H—[n—d-';-
U I u I
for n=1.2,3. .. respectively.
Some special cases of (r.s.t. u) sequence {G.(0. 1.7 r? + s;r st u)} and Lucas (r. st u) sequence

{Ha(4.7 25 =77 v7 + 357 +3t;7. 5.1, u)} are a3 follows:
(1) Gn(0.1.1.2;1.1,1.1} = M,,. Tetranacci sequence,
(2) H.(4.1.3.7;1,1.1.1) = R,,, Tetranacci-Lucas sequence,
(3) Z.00,1,2.5;2,1,1,1) = F,, fourth-order Pell sequence,
(d) H.(4,2,6.17;2.1.1,1) = Q,., fourth-order Pell-Lucas sequence,
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(5) Gn(0.1.1.2;1.1.1.2) = 5,,. adjusted fourth-order Jacobathal sequence,
(6) H.(4.1.3.7;1,1.1.2) = R, modified fourth-order Jacobsthal-Lucas sequence.
For a]léﬂ?tegera n, {r, & t,

u) and Lucas (r. 2, t. u) numbers can be expresszed using Binet's formulasz as

a3 an+2 T ] cn42
. o o o
Gn = - = - ~ T T Py o D - - o + = o T
e — J)la —7)le—4d) |G —alld—"3—4d) V= )T _-\j_ll'.ﬂ-_l:__' (¢ —a)ld— F)a—7)
H, = a"+ 3"+ +4",

respectively.

2. The Proof of Theorem 1

To prove Theorem 1, we need following lemma.

LEnmma 2. Forn = Z. denote

where a, 3.+ and ¢ are as in defined in Formula (1.8). Then the followings hold:
(a): Forn eI, we have 5, =(—w)"H__, and 5_, = (—u)""H,.

(b): 5. has the recurrence relation so that

o

o oy a2 O 3 o
m =S — UL TU S U Ty

- . mea - - - - a
with the initial conditions 5, = 4. 51 = ¢, 5, = % — 2su. 57 = t7 — Fotu 4+ Fru’. The sequence ot
negative indices 13 given by

. rit —5U _, T 1
s 7 F—(n—1} — " D e f—1T uj.r_ll -3 T Tg—i(n—d fﬂ: n=123

(e): 5, has the identity so that

1, \
Sp = Elﬁvf +2H5, —3H:. H, )
Proof.

{a): From the definition of 5, and 5., we obtain

. —n e S - et Sl T Sl B Bl T St Tt M S M T S
H ., .=a "+ "+~""4+4i" = — = -
| = l—".{_'l'

4]
L
-]

I
|
S:I.-
s
I

B
5]
=]
="
o
o

L

= (—u)""H,
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(b): With Formula (1.3) or using the formula 5, = (—u)"H_,.. we obtain initial values of 5, as

ED = ':'—UC.]DHD =—1

£
- .1 L
51 = (-uwHaa=-ux{-—)=t
- Y- U Vo Lk
2 = [—ul"H_a=u = 7 — 2su) =17 — 25,
ai

. o1 .. "

Sy = (—u)fH_;=—u" « (- 5 J#T — 3stu+ Bru®) = ¢ — Bstu + Iru?,

ay

o+
(9]
5
|
-
I
(%3]
-
[¥5]
|
-

S T e ani—1 inn—1 7 — m— =1 ann—1 —1 gre—1
nolgnTianol L gl g TN T p gn oyt T g nm T

S = tS._q1—suSa_a+ruTSa_g+u S._a
{c): From the definition of 5, we get

H = (0" +8" 47"+ 0" 0"+ 3"+ " +4")(a™ + 3" =7 =47
= 65, —2H;, +3H:, H,

1, .
= "H-:,. = EIHE +?Hﬁ11 - EH!:-.HRJ- O

Now, we shall complete the proof of Theorem 1.
The Proof of Theorem 1:

Note that for n £ Z, we have the following:

n - =T T - 1 a .
+ ol gt 4 3T e BT T = ;uj_H;: — Ha
A+ A+ A=A, = 115,

- R - P
87 4+ Aan™ 40 + Ay 3778 = [—u)"W_,

e

Now, for n £ . we obtain

1. .4 . . n n Y
", = EI__H;__ — Ha., o= I:_.'L'_ o+ AT+ AT+ _-14-;"ﬂ_|[ﬂ

.I.E _ﬂl'!_'l'!_ﬂ'l'!.j?"n._'_fl'!_l'!_-_‘ﬁ.én_'_n. I'l.,.!..'

(WanHy — Wan) + (5.5 — (—1)"1_y)
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Ey Lemma 2 (¢} { using 5, = £(H;, +2H;3, — 32, H,.)). it follows that
1 I i ) T . ) o . .
Wow = Sl 7T (=60 a, + 6H W — SHIIV, + 3Ha 11 + 1 oH? + 2 H;, — 3V H, Ha,y)
el —1n e . 1, . N 1 R
= (=17 TN T (W, — Ho WG, + El;H,:_ — H, )W, — E.:_H;f +2H;,. — 3H., H, )11, O

T

Next, we present a remark which presents how H, can be written in terms of 117,.

REMARK 3. To express 1W_,, by the sequence itself at positive indices we need that H,, can be written in

terms of W, For this, writing
H,o=ax Woeg+bx Wogateox W +d =W,

and solving the system of equations

Hy = axWy+bxWatex Witdx
H = axWitbxWitexWatdx W
Hy = axWytbxWytex Watdx
Hy = axWetbxlWs+ex Watdx s
or
. Wy Wa Wi Wy H,
b We Wy Wa WA H,
: Wy Wi Wy W H,
Va) \we s wyowa ) \ &)

we find o, b, c,d so that H, can be written in terms of W, and we can veplace this H, in Theorem 1.
Uszsing Theorem 1 and Remark 3, we have the following corollary.

COROLLARY 4. Forn £ Z, we have
(a): G_, = —(3ru® + 17 — Jotu)?G — (Dou — :EFG;{_HG,, — (—rt? —tu+ 2rsu)?G2 LG, — (—st? +
. Am 2 TR J v s O +F ata 1 e 23 S + G PR, f b
e u4dus+riu) G“_'_-JG,._— ZIE u ittt —Fatul((=3su+t G aig i —rtt —tu+2rau e+ —st" +
2ty du? S rtu) G 1G22 2eu—t ) =t —tu s ) G g Graaa G 2 2su—1t7) (—st? = 26w +
Ao 2 ek al LT 432 2, g2 I 22 4 T ) al L T |
du® +rtu)GoaesGar1 Gy — 2 —st° + 26%u + 4o + riu)(—rt® —tu+ 2rsu)Gnea G G — 2G5, 0" +
L. PR v - R et b TS . L2 I y
Lt |~—2.--u +t __'f_'r;"_.,_gf_;,._ Ut =Tt —Tu+ 2rew|Fa, s, +ut(—st u+du + ?"ILIJIf_rg,.__HGn -
203 2eu — 1 G e Gy = 203 —rt? —tu + Do G G = 20—t
Fu?(Fru? 87 — Fotu) G G

(b): H_, =g (-u)"" (HI + 2H;, — 3H. H..|

Using Theorem 1 and Remark 3 (or using the last corollary for (a) and (b)'s in the next corollaries), we
can give some formulas for the special cases of generalized Tetranaci sequence (generalized (r,5,t,u)-sequence)

a3 follows.
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We have the following cerollary which gives the connection between the special cases of generalized

Tetranaccl sequence at the positive index and the negative index.

COROLLARY 3. Forn £ Z, we have the following recurrence relations:

(a): Tetranaocei sequence:

"

M_p = g (— M2 = M2 s M — 3602 My~ 2M2 Mg+ 12M2 Moy — 2 Mo — Mansa Mo+
ﬁ.‘l'fgn.,_]__‘b;', — 204, -‘lfr+3 + 1206, M. — 30 M. + 1?_1fr+3 W1 M, |
(b): Tetranacci-Lucas sequence:

F_,= (R +2R;, @ERn, AL

6 —

The following corcllary illusirates the connection between the special cases of generalized fouth-order

Pell sequence at the positive index and the negative index.

COROLLARY 6. Forn £ Z. we have the following recurrence relations:

(a): fourth order Pell sequence:

P, =2 (-16PI-_F?

| 2 P.—P! \P.—49P) P, 8PP, ;+8P P, 1 +56PIP, .1~ 2P —

P!n+345;'._P311—3-Fn +T*DS11—'.P|1 —IF Ind 11—3+2- In+ 1'.—3+ 145 3114 n+l" IEP!*-'P +2F nt *—!-':'1 =3 T
14Pr.Pn+]Pr.+J‘ - l‘l'Pn *:'11—'.-:'|1+3\.|-

(b): fourth order Pell-Lucas sequence:

Q—n = El_j- = |._|:}?- =+ 2'@3:’. - 3'@!5'@?’.]-
(c): modified fourth order Pell sequence:
E_n = gpige(—9E — B2 gEn — 9E2. By — 484E2 41 Ep + 6E2 Epag + 18E2 Epyy — 132

EE.-E?.+1 —32E3, —4E;,. . 3E,— ]-EE'E|1+'2-E:-'. +88Ea, 11 E, —8Es, E|1+3 —2M4E.E. 2+ "IE-E!:-'.L?.+1_
36 Ey.E —GE.EpenEpey +4E.E, 1 E. 3+ 132E,E, 1 E,..2).

The following corollary presents the connection between the special cases of generalized fouth-order

Jacobsthal sequence at the positive index and the negative index.

L

CoOROLLARY 7. Forn € E, we have the following recurrence relations:
(a): fourth-order Jacobsthal Perrin sequence:
Q—n = erea—ry(—1250%.5+5832Q7 685907 1 +12 96007 +135002 5 Qns2—142502 5 Qrns1 +

205002 50, —436002 . 10,ns 5~ 18 4690% Q=1+ 2656802 1,0, —541502 11 Qg+ 1940407 1 Oz —
1002005 Q15 + 3628305 Qnez — 3520407 Qres + 296020710, — 676005,-5 + 2433605,+2 —
256880 5,01 1352003, — 19500 2,230+ +T0200 2,2 50000 — 4100 2004 301 H 106600 5, 30 +
T02000 20 w3y — 202720 20020 en + 20676020120 s — F8FT00 2000 — 741002501 Qg +
266760 21 P nen—281380) 2, 1 @ oey +40508 0 20, 0 @ +T2800 1, 0o e3— 202080 1, o2 T 276040 2, O —
2808002, Qn+102600 o1 Qs 0 Qe g — 147600 Qe 2 D3 185800 41 Q3 — 6085 QD1 s ).

(b): adpusted fourth-order Jacobsthal sequence:
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ol

S_. = T —4057 — 9352 .5, — 5% .5, — 441545, — 42525, 5 + 14525, ., + 204
" q__1 — 3253, — 12500 +35n + 45+ 5n — M50 Sheg + 850 Snen + 8453, 415, + 1685 n+1 —
G450, 5, + 65, 51 Sneg + 1265, 5,41 5wy — 425, 5,41 5042
ie): modified fourth-order Jecobsthal-Lucos sequence:

R_,.= '-?3 + 2Rz, — 3R )

Bl —

Ihc 'Fﬂl.]l}“'i.llg Gﬂ]‘l}..lﬂr:;' :.l-.LL?trfl‘lt-'G t]lf. L‘GH!‘IL‘E-TEG!‘I bf‘t“’ffn ‘”:’TIG EPGG:.EI.. chags C-'F gcl:frn]i:cd gcncmﬁzcd

4-primes sequence at the positive index and the negative index.

(1

[2]
(3]

[4]
[5]
(6]
[7]

(8]
[9]
[10]

[11]
[12]

COROLLARY §. Forn £ Z. we have the following recurrence relafions:
(a): 4-primes sequence:
G_n= s-s_i.‘: .l;—EaGf:+3G.: —1444G2 .G, — "EQG'_?.._,_-_G;,_ — 170G G, g~ 1202G2 G, 1n — 015
GLG —EEQGﬂ.—QSG;“—3553;1_3{?.1—?E€Ggﬁ+: Gn—180G, 1 G —T0G 2, G es +532G 0, Glsa —
TG, Gt — TG G + 380G, GhsaGrgs — TG, G Gres + 20626, G 1 Gtz ).

(b): Lucas {-primes sequence:

H_,.=—L_(H?+2H;, —3H,.H,)

F—
(c): modified 4-primes sequence:
E_. = ﬁ’—]EQE:_jE - E-'EI'EEIE': JE. —400E2 +1En — 286ELE,. 5 + 1804E°E, ., +

440EIE, 4 — 121E% — 512E;, — 208E.,-3E, + 12325, - E, + 320E,, 1 E, — 416E:,. E,. .5 +
MB4E, Eoyz +640E, B, .y —B28E, E, +2002E FE, oF, .7 +b62E . E, 1 E, 17— 3080E. E, |

by

n+al
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