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Abstract - In this paper, we apply the Adomian decomposition method (ADM) for solving nonlinear system of fractional 
differential equations (FDEs) of sequential Riemann-Liouville sense. The existence and uniqueness of the solution are 

proved. The convergence of the series solution and the error analysis are discussed.  
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I. Introduction 
Fractional Differential equations have many applications in engineering and science, including electrical networks, fluid 

flow, control theory, fractals theory, electromagnetic theory, viscoelasticity, potential theory, chemistry, biology, optical and 

neural network systems ([1]-[11]). In this paper, Adomian decomposition method (ADM) ([12]-[19]) is used to solve these 

type of equations. This method has many advantages; it is efficiently works with different types of linear and nonlinear 

equations in deterministic or stochastic fields and gives an analytic solution for all these types of equations without 

linearization or discretization.  

The paper is organized as follows: In section two ADM is applied to the problem under consideration. In section three 

uniqueness, convergence; error analysis and stability are discussed. Finally, five numerical examples are presented by using 

MATHEMATICA package.  

II. Formulation of the problem 

Consider a system of nonlinear FDEs of the form,  

 0𝒟𝑡
𝜎𝑛𝑦𝑖(𝑡) + 𝛽𝑖(𝑡)𝑓𝑖(𝑦) = 𝑥𝑖(𝑡), (1) 

subject to the initial conditions,  

 [0𝒟𝑡
𝜎𝑛𝑦𝑖(𝑡)]𝑡=0 = 𝑐𝑖𝑗 ,  𝑖, 𝑗 = 1,2, … , 𝑛. (2) 

where,  

𝑦 = {𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑛(𝑡)}, 

0𝒟𝑡
𝜎𝑛 ≡  0𝐷𝑡

𝛼𝑛  0𝐷𝑡
𝛼𝑛−1

0𝐷𝑡
𝛼𝑛−2 ⋯ 0𝐷𝑡

𝛼1 , 

0𝒟𝑡
𝜎𝑛−1 ≡  0𝐷𝑡

𝛼𝑛−1  0𝐷𝑡
𝛼𝑛−2  0𝐷𝑡

𝛼𝑛−3 ⋯ 0𝐷𝑡
𝛼1 , 

𝜎𝑛 = ∑  

𝑛

𝑘=1

𝛼𝑘 ,  0 ≤ 𝛼𝑘 ≤ 1, 

 

The fractional derivative in this system can be of the sequential (Riemann-Liouville or Grünwald-Letnikov) sense. Now 

performing subsequently the fractional integration of orders 𝛼𝑛 , 𝛼𝑛−1, … , 𝛼1, this reduces the system (1)-(2) to its equivalent 
system of FIEs,  

𝑦𝑖(𝑡) = ∑
𝑐𝑖𝑗

𝛤(𝜎𝑗)

𝑛

𝑗=1

𝑡𝜎𝑗−1 +
1

𝛤(𝜎𝑛)
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑥𝑖(𝜏)𝑑𝜏 

 −
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1𝑓𝑖(𝑦)𝑑𝜏 (3) 

 

Assume that 𝑥𝑖(𝑡) is bounded ∀ 𝑡 ∈ 𝐽 = [0, 𝑇], 𝑇 ∈ 𝑅+, |𝛽𝑖(𝜏)| ≤ 𝑀𝑖  ∀ 0 ≤ 𝜏 ≤ 𝑡 ≤ 𝑇 , 𝑀𝑖  are finite constants and 

𝑓𝑖(𝑦) satisfy Lipschitz condition with Lipschitz constants 𝐿𝑖 such as,  

 |𝑓𝑖(𝑦) − 𝑓𝑖(𝑧)| ≤ 𝐿𝑖|𝑦 − 𝑧| (4) 

and has Adomian polynomials representation,  

 𝑓𝑖(𝑦) = ∑ 𝐴𝑖𝑘

∞

𝑘=0

(𝑦𝑖0, 𝑦𝑖1, … , 𝑦𝑖𝑛) (5) 

where,  
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 𝐴𝑖𝑘 =
1

𝑘!

𝑑𝑘

𝑑𝜆𝑘
[𝑓𝑖 (∑ 𝜆𝑗

∞

𝑗=0

𝑦𝑗)]

𝜆=0

 (6) 

Substitute from equation (5) into equation (3), we get  

𝑦𝑖(𝑡) = ∑
𝑐𝑖𝑗

𝛤(𝜎𝑗)

𝑛

𝑗=1

𝑡𝜎𝑗−1 +
1

𝛤(𝜎𝑛)
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑥𝑖(𝜏) 𝑑𝜏 

 −
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1 ∑ 𝐴𝑖𝑘

∞

𝑘=0

 𝑑𝜏. (7) 

Let 𝑦𝑖(𝑡) = ∑ 𝑦𝑖𝑘
∞
𝑘=0 (𝑡) in (7) we get,  

 𝑦𝑖0(𝑡) = ∑
𝑐𝑖𝑗

𝛤(𝜎𝑗)

𝑛

𝑗=1

𝑡𝜎𝑗−1 +
1

𝛤(𝜎𝑛)
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑥𝑖(𝜏) 𝑑𝜏, (8) 

 𝑦𝑖𝑘(𝑡) = −
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1𝐴𝑖(𝑘−1) 𝑑𝜏,  𝑘 ≥ 1. (9) 

Finally, the solution is,  

 𝑦𝑖(𝑡) = ∑ 𝑦𝑖𝑘

∞

𝑘=0

(𝑡). (10) 

 

III. Analysis of Convergence 

A. The Uniqueness of Solution 

In the previous section, we find the series solution (10) of the system (1)-(2) and here we want to prove the existence and 

uniqueness of this series solution.  

Theorem 1 If   0 < 𝛼 < 1 where 𝛼 =
𝐿𝑀𝑇𝜎𝑛

𝛤(𝜎𝑛+1)
, then the series (10) is the solution of the system (1)-(2) and this solution is 

unique, where 𝐿 = max {𝐿1, 𝐿2, … , 𝐿𝑛}, 𝑀 = max {𝑀1, 𝑀2, … , 𝑀𝑛}.    

Proof   For existence,  

𝑦𝑖(𝑡) =   ∑ 𝑦𝑖𝑘

∞

𝑘=0

(𝑡) 

 =   𝑦𝑖0(𝑡) +   ∑ 𝑦𝑖𝑘

∞

𝑘=1

(𝑡) 

 =   𝑦𝑖0(𝑡) −
1

𝛤(𝜎𝑛)
 ∑ ∫ 𝛽𝑖

𝑡

0

∞

𝑘=1

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1𝐴𝑖(𝑘−1)𝑑𝜏   

   =  𝑦𝑖0(𝑡) −
1

𝛤(𝜎𝑛)
 ∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1 ∑ 𝐴𝑖(𝑘−1)

∞

𝑘=1

𝑑𝜏  

  =   𝑦𝑖0(𝑡) −
1

𝛤(𝜎𝑛)
 ∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1 ∑ 𝐴𝑖𝑘

∞

𝑘=0

𝑑𝜏 

=   ∑
𝑐𝑖𝑗

𝛤(𝜎𝑗)

𝑛

𝑗=1

𝑡𝜎𝑗−1 +
1

𝛤(𝜎𝑛)
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑥𝑖(𝜏)𝑑𝜏 

−
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1𝑓𝑖(𝑦)𝑑𝜏   

then the Adomian’s series solution satisfy equation (3) which is the reduced system of FIEs to the system (1)-(2).  

For uniqueness of the solution: Assume that 𝑦 and 𝑧 are two different solutions to the system (1)-(2) and hence,  

|𝑦 − 𝑧| = |
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1[𝑓𝑖(𝑦) − 𝑓𝑖(𝑧)]𝑑𝜏 | 

    ≤
1

𝛤(𝜎𝑛)
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1|𝛽𝑖(𝜏)||𝑓𝑖(𝑦) − 𝑓𝑖(𝑧)|𝑑𝜏 

  ≤  
𝐿𝑖𝑀𝑖

𝛤(𝜎𝑛)
|𝑦 − 𝑧| ∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑑𝜏 
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≤  
𝐿𝑖𝑀𝑖𝑇

𝜎𝑛

𝛤(𝜎𝑛 + 1)
|𝑦 − 𝑧| 

  ≤  
𝐿𝑀𝑇𝜎𝑛

𝛤(𝜎𝑛 + 1)
|𝑦 − 𝑧| 

 

Let 
𝐿𝑀𝑇𝜎𝑛

𝛤(𝜎𝑛+1)
= 𝛼  where,  0 < 𝛼 < 1  then,   

|𝑦 − 𝑧| ≤ 𝛼 |𝑦 − 𝑧|  
(1 − 𝛼) |𝑦 − 𝑧| ≤ 0 

but, (1 − 𝛼) |𝑦 − 𝑧| ≥ 0 and since, (1 − 𝛼) ≠ 0  then, |𝑦 − 𝑧| = 0  this imply that,  𝑦 = 𝑧  and this completes the 

proof. ■  

B. Proof of Convergence 

Theorem 2 The series solution (10) of the system (1)-(4) using ADM converges if |𝑦𝑖1| < ∞  and 0 < 𝛼 < 1 ,  𝛼 =
𝐿𝑀𝑇𝜎𝑛

𝛤(𝜎𝑛+1)
, where 𝐿 = max {𝐿1, 𝐿2, … , 𝐿𝑛}, 𝑀 = max {𝑀1, 𝑀2, … , 𝑀𝑛}.  

Proof  Define the Banach space (𝐶[𝐽], ‖⋅‖), the space of all continuous functions on 𝐽 with the norm ‖𝑓1(𝑡) − 𝑓2(𝑡)‖ =
max

𝑡∈𝐽
 |𝑓1(𝑡) − 𝑓2(𝑡)|  and a sequence {𝑆𝑖𝑛} such that, 𝑆𝑖𝑛 = ∑ 𝑦𝑖𝑘

𝑛
𝑘=0 (𝑡). We have,  

 𝑓(𝑆𝑖𝑛) = ∑ 𝐴𝑖𝑘

𝑛

𝑘=0

(𝑦𝑖0, 𝑦𝑖1, … , 𝑦𝑖𝑛) 

                       

Let, 𝑆𝑖𝑛  and 𝑆𝑖𝑚 be two arbitrary partial  sums with, 𝑛 ≥ 𝑚. Now, we are going to prove that {𝑆𝑖𝑛} is a Cauchy sequence 

in this Banach space.  
‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖ = max

𝑡∈𝐽
 |𝑆𝑖𝑛 − 𝑆𝑖𝑚| 

= max
𝑡∈𝐽

 | ∑ 𝑦𝑖𝑘

𝑛

𝑘=𝑚+1

(𝑡)| 

= max
𝑡∈𝐽

| ∑ −

𝑛

𝑘=𝑚+1

1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1𝐴𝑖(𝑘−1)𝑑𝜏| 

 

‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖ = max
𝑡∈𝐽

|
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1 ∑ 𝐴𝑖(𝑘−1)

𝑛

𝑘=𝑚+1

𝑑𝜏| 

= max
𝑡∈𝐽

 |
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1 ∑ 𝐴𝑖𝑘

𝑛−1

𝑘=𝑚

𝑑𝜏| 

= max
𝑡∈𝐽

|
1

𝛤(𝜎𝑛)
∫ 𝛽𝑖

𝑡

0

(𝜏)(𝑡 − 𝜏)𝜎𝑛−1[𝑓(𝑆𝑖(𝑛−1)) − 𝑓(𝑆𝑖(𝑚−1))]𝑑𝜏| 

≤
1

𝛤(𝜎𝑛)
max

𝑡∈𝐽
∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1|𝛽𝑖(𝜏)||𝑓(𝑆𝑖(𝑛−1)) − 𝑓(𝑆𝑖(𝑚−1))|𝑑𝜏 

≤
𝐿𝑖𝑀𝑖

𝛤(𝜎𝑛)
max

𝑡∈𝐽
|𝑆𝑖(𝑛−1) − 𝑆𝑖(𝑚−1)| ∫ (

𝑡

0

𝑡 − 𝜏)𝜎𝑛−1𝑑𝜏 

     ≤
𝐿𝑀𝑇𝜎𝑛

𝜎𝑛𝛤(𝜎𝑛)
‖𝑆𝑖(𝑛−1) − 𝑆𝑖(𝑚−1)‖ 

≤ 𝛼‖𝑆𝑖(𝑛−1) − 𝑆𝑖(𝑚−1)‖ 

 

Let 𝑛 = 𝑚 + 1 then,  

‖𝑆𝑖(𝑚+1) − 𝑆𝑖𝑚‖ ≤ 𝛼‖𝑆𝑖𝑚 − 𝑆𝑖(𝑚−1)‖ ≤ 𝛼2‖𝑆𝑖(𝑚−1) − 𝑆𝑖(𝑚−2)‖ ≤ ⋯ ≤ 𝛼𝑚‖𝑆𝑖1 − 𝑆𝑖0‖ 

 

Using the triangle inequality,  

‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖ ≤ ‖𝑆𝑖(𝑚+1) − 𝑆𝑖𝑚‖ + ‖𝑆𝑖(𝑚+2) − 𝑆𝑖(𝑚+1)‖ + ⋯ + ‖𝑆𝑖𝑛 − 𝑆𝑖(𝑛−1)‖ 

 ≤ [𝛼𝑚 + 𝛼𝑚+1 + ⋯ + 𝛼𝑛−1]‖𝑆𝑖1 − 𝑆𝑖0‖ 

≤ 𝛼𝑚[1 + 𝛼 + ⋯ + 𝛼𝑛−𝑚−1]‖𝑆𝑖1 − 𝑆𝑖0‖ 

 ≤ 𝛼𝑚 [
1 − 𝛼𝑛−𝑚

1 − 𝛼
] ‖𝑦𝑖1(𝑡)‖ 
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Since, 0 < 𝛼 < 1, and 𝑛 ≥ 𝑚 then, (1 − 𝛼𝑛−𝑚) ≤ 1. Consequently,  

 

‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖  ≤   
𝛼𝑚

1 − 𝛼
‖𝑦𝑖1(𝑡)‖ 

 ≤   
𝛼𝑚

1 − 𝛼
max

𝑡∈𝐽
 |𝑦𝑖1(𝑡)|     

but, |𝑦𝑖1(𝑡)| ≤ ∞ and as 𝑚 → ∞ then, ‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖ → 0 and hence, {𝑆𝑖𝑛} is a Cauchy sequence in this Banach space so, 

the series ∑ 𝑦𝑖𝑘
∞
𝑘=0 (𝑡) converges and the proof is complete. ■  

C. Error Analysis 

For ADM, we can estimate the maximum absolute truncated error of the Adomian’s series solution in the following theorem.  

Theorem 3 The maximum absolute truncation error of the series solution (10) to the system (1)-(2) is estimated to be,                    

max
𝑡∈𝐽

 |𝑦𝑖(𝑡) − ∑ 𝑦𝑖𝑘

𝑚

𝑘=0

(𝑡)| ≤  
𝛼𝑚

1 − 𝛼
max

𝑡∈𝐽
 |𝑦𝑖1(𝑡)|. 

 

Proof   From Theorem 2 we have,  

 ‖𝑆𝑖𝑛 − 𝑆𝑖𝑚‖   ≤   
𝛼𝑚

1 − 𝛼
max

𝑡∈𝐽
 |𝑦𝑖1(𝑡)|. 

But,   𝑆𝑖𝑛 = ∑ 𝑦𝑖𝑘
𝑛
𝑘=0 (𝑡)  as 𝑛 → ∞ then, 𝑆𝑖𝑛 → 𝑦𝑖(𝑡)  so,  

‖𝑦𝑖(𝑡) − 𝑆𝑖𝑚‖   ≤   
𝛼𝑚

1 − 𝛼
max

𝑡∈𝐽
 |𝑦𝑖1(𝑡)|. 

So, the maximum absolute truncation error in the interval 𝐽 is,  

max
𝑡∈𝐽

 |𝑦𝑖(𝑡) − ∑ 𝑦𝑖𝑘

𝑚

𝑘=0

(𝑡)| ≤  
𝛼𝑚

1 − 𝛼
max

𝑡∈𝐽
 |𝑦𝑖1(𝑡)| 

and this completes the proof. ■  

4. Numerical Examples 

Example 1 Consider the following nonlinear system of FDEs,  

𝑫0.5𝑦1 = Γ(1.5) + 𝑦2
2 − 𝑡4, 

 𝑫1.5𝑦2 =
2

𝛤(1.5)
𝑦1 + 𝑦1

4 − 𝑡2, (11) 

𝑫2.5𝑦3 =
24

𝛤(2.5)
𝑦1

3,   

subject to the initial conditions,  

𝑫−0.5𝑦1|𝑡=0 = 0, 𝑫1.5−𝑘𝑦2|𝑡=0 = 0,    𝑘 = 1,2. 
𝑫2.5−𝑚𝑦3|𝑡=0 = 0,    𝑚 = 1,2,3. 

which has the exact solution 𝑦1(𝑡) = √𝑡, 𝑦2(𝑡) = 𝑡2 and 𝑦3(𝑡) = 𝑡4.  

Using ADM to system (11) leads to the following scheme,  

 𝑦1,0 = 𝑡1/2 −
24

𝛤(5.5)
𝑡4.5, 𝑦1,𝑗+1 = 𝐽1/2(𝐴1,𝑗), (12) 

 𝑦2,0 = −
2

𝛤(4.5)
𝑡3.5, 𝑦2,𝑗+1 =

2

𝛤(1.5)
𝐽1.5(𝑦1,𝑗) + 𝐽1.5(𝐴2,𝑗), (13) 

 𝑦3,0 = 0,  𝑦3,𝑗+1 =
24

𝛤(2.5)
𝐽2.5(𝐴3,𝑗), (14) 

where 𝐴1,𝑗 , 𝐴2,𝑗 and 𝐴3,𝑗 represent the Adomian polynomials of the nonlinear terms 𝑦2
2, 𝑦1

4 and 𝑦1
3 respectively.  

Using relations (12)-(14), the first two-terms of the series solution are,  

𝑦1 = 𝑡0.5 − 0.458516𝑡4.5 + 0.0106171𝑡7.5 + ⋯, 
𝑦2 = −0.171943𝑡3.5 + 𝑡2 + 0.171943𝑡3.5 − 0.0752253𝑡6 − 0.094092𝑡7.5 

 +0.0334503𝑡11.5 − 0.00647686𝑡15.5 + 0.000523436𝑡19.5 + ⋯, (15) 

𝑦3 = 𝑡4 − 0.177317𝑡8 + 0.0269405𝑡12 − 0.00192082𝑡16 + ⋯. 
A comparison between ADM and exact solutions of 𝑦1, 𝑦2 and 𝑦3 is given in figures 1.a-1.c (𝑛 = 10).  
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Example 2 Consider the following nonlinear system of FDEs,  

𝑫0.5(𝑫0.5𝑦1) = 1 + 𝑦2
3 − 𝑡6, 

 𝑫0.5(𝑫0.5𝑦2) = 𝑦1 + 𝑡, (16) 

𝑫0.5(𝑫0.5𝑦3) = 3𝑦1
2,   

subject to the initial conditions,  

𝑫−0.5𝑦1|𝑡=0 = 𝑫−0.5𝑦2|𝑡=0 = 𝑫−0.5𝑦3|𝑡=0 = 0 

which has the exact solution 𝑦1(𝑡) = 𝑡, 𝑦2(𝑡) = 𝑡2 and 𝑦3(𝑡) = 𝑡3.  

Using ADM to system (16) leads to the following scheme,  

 𝑦1,0 = 𝑡 −
𝑡7

7
,  𝑦1,𝑗+1 = 𝐽1(𝐴1,𝑗), (17) 

 𝑦2,0 =
𝑡2

2
,  𝑦2,𝑗+1 = 𝐽1(𝑦1,𝑗), (18) 

 𝑦3,0 = 0,  𝑦3,𝑗+1 = 3𝐽1(𝐴2,𝑗), (19) 

where 𝐴1,𝑗 and 𝐴2,𝑗 represent the Adomian polynomials of the nonlinear terms 𝑦2
3 and 𝑦1

2 respectively.  

Using the relations (17)-(19), the first four-terms of the series solution are,  

𝑦1 = 𝑡 −
𝑡7

7
+

𝑡7

56
−

3𝑡7(−52 + 𝑡6)

2912
+

3𝑡7(55328 − 1995𝑡6 + 26𝑡12)

3098368
+ ⋯, 

 𝑦2 =
𝑡2

2
−

1

56
𝑡2(−28 + 𝑡6) +

𝑡8

448
−

3𝑡8(−91 + 𝑡6)

40768
+ ⋯, (20) 

𝑦3 = 𝑡3 −
2𝑡9

21
+

𝑡12

245
+

𝑡9(35 − 3𝑡6)

2940
+

𝑡9(10192 − 973𝑡6 + 12𝑡12)

285376
⋯. 

A comparison between ADM and exact solutions of 𝑦1, 𝑦2 and 𝑦3 is given in figures 2.a-2.c (𝑛 = 5). 
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Example 3 Consider the nonlinear system of FDEs,  

𝑫3/2𝑦1 =
1

8
𝑦2

2 + 𝑡, 

 𝑫3/2𝑦2 =
1

6
𝑦1

4 + 𝑡2,      0 < 𝑡 ≤ 1, (21) 

subject to the initial conditions,  

𝑫1.5−𝑘𝑦1|𝑡=0 = 0, 𝑫1.5−𝑘𝑦2|𝑡=0 = 0,    𝑘 = 1,2. 
 

Using ADM to the system (21), we get  

𝑦1,0 = 𝐽3/2(𝑡),   𝑦1,𝑗+1 =
1

8
𝐽3/2(𝐴1,𝑗), 

 𝑦2,0 = 𝐽3/2(𝑡2),   𝑦2,𝑗+1 =
1

6
𝐽3/2(𝐴2,𝑗), (22) 

From the relations (22), the first two-terms of the series solution are,  

𝑦1 = (
8𝑡5/2

15√𝜋
) + (

1048576𝑡17/2

1206079875𝜋3/2
) + ⋯, 

 𝑦2 = (
32𝑡7/2

105√𝜋
) + (

2147483648𝑡23/2

3388222963125𝜋5/2
) + ⋯. (23) 

Figures 3.a and 3.b show ADM solution of 𝑦1 and 𝑦2 (𝑚 = 5). 

 

 
 
 

Now, we will use Theorem 3 to evaluate the maximum absolute truncated error of the series solution (23).  

 𝐿1:    |𝑓1(𝑦) − 𝑓1(𝑧)| = |𝑦2 − 𝑧2| = |𝑦 + 𝑧||𝑦 − 𝑧|  

    ≤ 2|𝑦 − 𝑧|    ⇒   𝐿1 = 2.  

 𝑀1:    |𝑔1(𝜏)| ≤
1

8
  ⇒  𝑀1 =

1

8
.  

 𝐿2:     |𝑓2(𝑦) − 𝑓2(𝑧)| = |𝑦4 − 𝑧4| = |𝑦2 + 𝑧2||𝑦 + 𝑧||𝑦 − 𝑧|  

                                 ≤ 4|𝑦 − 𝑧|    ⇒   𝐿2 = 4.  

 𝑀2:    |𝑔2(𝜏)| ≤
1

6
  ⇒  𝑀2 =

1

6
.  

 𝛽:      𝛽 =
𝐿𝑀𝑇𝛼

𝛤(𝛼+1)
=

1

𝛤(5/2)
.  

 max
𝑡∈𝐽

 |𝑦11(𝑡)| =
1048576

1206079875𝜋3/2,  max
𝑡∈𝐽

|𝑦21(𝑡)| =
2147483648

3388222963125𝜋5/2.  

The maximum error of 𝑦1: max
𝑡∈𝐽

 |𝑦1(𝑡) − ∑ 𝑦1𝑘
𝑚
𝑘=0 (𝑡)| ≤  

𝛽𝑚

1−𝛽
 max

𝑡∈𝐽
 |𝑦11(𝑡)|, 

1. For 𝑚 = 5:     max
𝑡∈𝐽

 |𝑦1(𝑡) − ∑ 𝑦1𝑘
5
𝑘=0 (𝑡)| ≤ 0.000151813,  

2. For 𝑚 = 10:   max
𝑡∈𝐽

 |𝑦1(𝑡) − ∑ 𝑦1𝑘
10
𝑘=0 (𝑡)| ≤ 0.0000365703,  



E. A. A. Ziada. / IJMTT, 67(9), 65-71, 2021 

 

71 

3. For 𝑚 = 15:    max
𝑡∈𝐽

 |𝑦1(𝑡) − ∑ 𝑦1𝑘
15
𝑘=0 (𝑡)| ≤ 8.80942 × 10−6,  

4. For 𝑚 = 20:   max
𝑡∈𝐽

 |𝑦1(𝑡) − ∑ 𝑦1𝑘
20
𝑘=0 (𝑡)| ≤ 2.1221 × 10−6.  

The maximum error of 𝑦2:  𝑡 ∈ 𝐽 max |𝑦2(𝑡) − ∑ 𝑦2𝑘
𝑚
𝑘=0 (𝑡)| ≤  

𝛽𝑚

1−𝛽
max

𝑡∈𝐽
 |𝑦21(𝑡)|,  

 For 𝑚 = 5:     max
𝑡∈𝐽

 |𝑦2(𝑡) − ∑ 𝑦2𝑘
5
𝑘=0 (𝑡)| ≤ 0.0000352284,  

 For 𝑚 = 10:  max
𝑡∈𝐽

 |𝑦2(𝑡) − ∑ 𝑦2𝑘
10
𝑘=0 (𝑡)| ≤ 8.48618 × 10−6,  

 For 𝑚 = 15:  max
𝑡∈𝐽

 |𝑦2(𝑡) − ∑ 𝑦2𝑘
15
𝑘=0 (𝑡)| ≤ 2.04424 × 10−6,  

 For 𝑚 = 20:   max
𝑡∈𝐽

 |𝑦2(𝑡) − ∑ 𝑦2𝑘
20
𝑘=0 (𝑡)| ≤ 4.92437 × 10−7.  
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