International Journal of Mathematics Trends and Technology Volume 67 Issue 9, 65-71, September, 2021
ISSN: 2231 — 5373/d0i:10.14445/22315373/IIMTT-V6719P507 © 2021 Seventh Sense Research Group®

Solution of Nonlinear System of Fractional
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Abstract - In this paper, we apply the Adomian decomposition method (ADM) for solving nonlinear system of fractional
differential equations (FDEs) of sequential Riemann-Liouville sense. The existence and uniqueness of the solution are
proved. The convergence of the series solution and the error analysis are discussed.
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I. Introduction

Fractional Differential equations have many applications in engineering and science, including electrical networks, fluid
flow, control theory, fractals theory, electromagnetic theory, viscoelasticity, potential theory, chemistry, biology, optical and
neural network systems ([1]-[11]). In this paper, Adomian decomposition method (ADM) ([12]-[19]) is used to solve these
type of equations. This method has many advantages; it is efficiently works with different types of linear and nonlinear
equations in deterministic or stochastic fields and gives an analytic solution for all these types of equations without
linearization or discretization.

The paper is organized as follows: In section two ADM is applied to the problem under consideration. In section three
uniqueness, convergence; error analysis and stability are discussed. Finally, five numerical examples are presented by using
MATHEMATICA package.

Il. Formulation of the problem

Consider a system of nonlinear FDEs of the form,

onn}’i(t) + B G) = x: (), 1)
subject to the initial conditions,
0D YOm0 = cijy  LJj =12,..,n. 2)
where,
y = {yl(t),yz(t), ---:yn(t)}.
ODfn = OD:‘n Oszn—l ODL‘_xn—Z ODt‘_xl’
01)31;—1 = OD;xn—l Oszn—Z OD;xn—3 ODt‘_xl,
an=z a,, 0<a, <1,
k=1

The fractional derivative in this system can be of the sequential (Riemann-Liouville or Griinwald-Letnikov) sense. Now
performing subsequently the fractional integration of orders «a,,, a,,_4, ..., @1, thisreduces the system (1)-(2) to its equivalent
system of FIEs,

n Ci; ol 1 t ons
yi(t) = ;F(;}-)t j +r0_n)fo (t —1)n1x;(v)dr
1 t
T ) A @G @

Assume that x;(t) is bounded vV t €] =[0,T], T € R*, IB;(0)|<M; V 0<t<t<T, M, are finite constants and
fi(y) satisfy Lipschitz condition with Lipschitz constants L; such as,

i) - fi@)| < Lily -zl (4)
and has Adomian polynomials representation,
fiG) =) A Gio,Yias s Vo) )
k=0

where,
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1 d* N
A=z || 24
j=0

Substitute from equation (5) into equation (3), we get
C. .
®) = Y g f(t—r)“n x5 (0) dr
]Z rep' T

f B (2)(t = )7- 1ZAlk dr.

1=0

I'(ay)
Let y;(t) = XgloYu (t) in (7) we get,

Yio(t) = Z%t"f‘l + o )f (t — 1) 1x,(7) d1,
= On

f B (@)t~ D)1 Agry dt, k=1

Vi) =— (o)

Finally, the solution is,

yi(t) = Z Vi (£).
k=0

I11. Analysis of Convergence

A. The Uniqueness of Solution

(6)

()

®)

©)

(10)

In the previous section, we find the series solution (10) of the system (1)-(2) and here we want to prove the existence and

uniqueness of this series solution.
Theorem1If 0<a <1 where a = FL(M—l)
unique, where L = max {L,L,,...,L,}, M = max {M;,M,,...,M,}.

Proof For existence,
> Vi ®
k=0

= Ye®+ D yu®
k=1

yi(t)
RN
= WO-7gs O | BOC-Dm s
k=1
1 N
- yio(t)—m J, B @@=0m Y hiea
- 0 | ﬁl(r)(t—r)"nlelkdr

Z “U_yoja gy f (t — 1)°n-1x,(2)d
= I'(o;) r(e,) Jy

1 t
5 f B, (1)t — D)1 ()

then the Adomian’s series solution satisfy equation (3) which is the reduced system of FIEs to the system (1)-(2).
For uniqueness of the solution: Assume that y and z are two different solutions to the system (1)-(2) and hence,

Iy -zl = ‘1‘( )fﬁl(f)(t—f)‘fn AO) — fi(@)]dz

— [ (- 08 @Il - il

=T (Un)

< n)ly—z|f(t—r>ffn dr
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then the series (10) is the solution of the system (1)-(2) and this solution is
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L;M;Tn -7l
o, +1)” 7%
< LMTOn -7l
= Te,+n"” "%
LMron _ a where, 0 <a <1 then,
I'(op+1)

y-zl<a |y-2Zl
1-a) ly-zl<o0
but, (1 —a) |y—2z| =0 and since, (1 —a) #0 then, |y —z| =0 this imply that, y =7Z and this completes the
proof. g

B. Proof of Convergence

Theorem 2 The series solution (10) of the system (1)-(4) using ADM converges if |y;;| <o and 0<a<1 ,a=

FL(IZT:L), where L = max {Ly,Ly, .,L,}, M = max {My,M,, ..., M,}.
n
Proof Define the Banach space (C[J], ll-l), the space of all continuous functions on J with the norm [|f; (t) — (Il =

max Ifi(®) — ()] andasequence {S;,} such that, S;, = X7_o ik (t). We have,

f(Sin) = Z Ay Wi Yitr -+ Yin)
k=0

Let, S;,, and S, be two arbitrary partial sums with, n > m. Now, we are going to prove that {S;,} is a Cauchy sequence
in this Banach space.

”Sin - Sim” = I'?ea]X |Sin - Siml
n

> ®

k=m+1
n

. t On-1/4 d
k;ﬂ N F(Un)Jo B (D —1) k10T

= max
te]

= max
te]

[1Si, — Sl = max

o [ Ao S s

k=m+1
1
@ [ @ Z Ayedr

= ax
tej

“ i f B ()t = D31 Sigury) = £ SigmldT
F(a) Rr f (t =D UB@If Sin-1) = f Sigm-1y)]d7
L;M; .

= I'(a,) t:?/XlS’(" DI i(m—1)|f0 (t —1)n1dt

< 1S ety = Sigmes |
—m i(n-1) — Qi(m-1)

< a”Si(n_l) - Si(m—l)”

Let n=m+ 1 then,
”Si(m+1) - Sim” = a”Sim - Si(m—l)” = “2||5i(m—1) - Si(m—z)” s s am”Sil - Sio”

Using the triangle inequality,
1S = Sim |l < ”Si(m+1) - Sim” + ”5i(m+2) - 5i(m+1)|| +-t+ ||5in - 5i(n—1)”
S [am + am+1 + ce + an_l]”Sil - Sm”
a™l+a+-+ a”‘m‘l]llsu - Sio”

B il T

67



E. A A Ziada. / IIMTT, 67(9), 65-71, 2021

Since, 0 < a < 1,and n =m then, (1 —a™ ™) < 1. Consequently,

am
ISin = Simll - < m”)’u(t)”
m

- s ()
=g max lya()

but, |y;;(t)] < o and as m — o then, |[|S;, —S;,|l = 0 and hence, {S;,} is a Cauchy sequence in this Banach space so,
the series X, Vi (t) converges and the proof is complete. g

IA

C. Error Analysis

For ADM, we can estimate the maximum absolute truncated error of the Adomian’s series solution in the following theorem.
Theorem 3 The maximum absolute truncation error of the series solution (10) to the system (1)-(2) is estimated to be,

m
m
. — . < .
max |y;(t) Z Yue O = T max lya®)l-
k=0
Proof From Theorem 2 we have,
m
ISin = Simll - = g max lya (Ol
But, S, = Xi-oYi(t) asn - oo then, S;, - y;(t) so,
1y:® = Simll - = g7 max lya (Ol
So, the maximum absolute truncation error in the interval | is,
m
m
. — . < .
max |y;(6) kz;ylk O] = Tgmax [ya®l

and this completes the proof. g

4. Numerical Examples

Example 1 Consider the following nonlinear system of FDEs,
D%y, = Fgl.S) +y2 —t4,

1.5 — 4 __ 42

24

2.5 — 3
Y3 = I'(2.5) Yi,
subject to the initial conditions,
D%y, |,.0 = 0,DY5 Ky, |,_o =0, k=12
D?5 ™My | =0, m=1.23.
which has the exact solution y, (t) = Vt, y,(t) = t2 and y,(t) = t*.
Using ADM to system (11) leads to the following scheme,

24
Y10 = t1/? — I'(5.5) t*2, V1,j+1 =]1/2(A1,j)' (12)
2 2
Y20 = ~Tas) 35, Yo = mlls(h;) +J5(4,,), (13)
24
V30=0, Y3j41= mlz's(/ls,j). 14)

where A, ;, A, ; and A5 ; represent the Adomian polynomials of the nonlinear terms yZ, yi and y; respectively.
Using relations (12)-(14), the first two-terms of the series solution are,
y, = t%° —0.458516t*5 + 0.0106171t75 + ---,
y, = —0.171943t35 + t2 4+ 0.171943t3° — 0.0752253t°® — 0.094092t7-5
+0.0334503t11> — 0.00647686t1>> + 0.000523436t1%5 + -, (15)
ys = t*—0.177317t® + 0.0269405t'2 — 0.00192082¢t° + ---.
A comparison between ADM and exact solutions of y,, y, and y; is given in figures 1.a-1.c (n = 10).
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Fig. 1.c: ADM and Exact Sol.

Example 2 Consider the following nonlinear system of FDEs,
D°'5(D°'5y1) =1+ }’i?’ _ t6,
D*3(D*y,) =y, +1t,
o DOS(D"y;) = 3%,
subject to the initial conditions,
D%y, | = D75y, e = D7%5y5lo = 0
which has the exact solution v, (t) = t, y,(t) = t? and y;(t) = t3.
Using ADM to system (16) leads to the following scheme,
t7
Yio=t 7 Y =J' (A1),
t2
Y20 = K Y2,j+1 =]1(y1,j)'

Y30 =0, V3,j+1 = 3]1(A2,j)'

where A, ; and A, ; represent the Adomian polynomials of the nonlinear terms y3 and y{ respectively.

Using the relations (17)-(19), the first four-terms of the series solution are,
t7 t7 3t7(-52+1t%) 3t7(55328 —1995t° + 26t'?) N

=t—— _— ,
7 7+ 56 2912 ] 836098368 o
t 1 t 3t°(—91 +t
=— — —t2(=28 + t° —_— .
Y2 =5~ gt (72840 + 70 20768 T
. 2t7 t' t°(35—-3t°) (10192 —973¢t°® + 12t"?)
y3=t3——+-—+
21 245 2940 285376
A comparison between ADM and exact solutions of y,, y, and y; is given in figures 2.a-2.c (n = 5).
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Fig. 2.b:ADM and Exact Sol.
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Fig. 2.c:cADM and Exact Sol.
Example 3 Consider the nonlinear system of FDEs,
1
D%y, = 2yi+t,
1
D32y, = gyf +t2, 0<t<1, (21)
subject to the initial conditions,
D1.5—ky1|t:0 — O;Dl's_kyzlt:() — 0‘ k = 1‘2_
Using ADM to the system (21), we get
1
Y10 = J32(@), Yij+1 = §]3/2 (A,
1
V2,0 = 32 (%), Y2,j+1 = 813/2 (Az2)), (22)
From the relations (22), the first two-terms of the series solution are,

8t%/2 1048576t17/2
V1= + + -
15vVm 120607987573/2

_ (320772 | (2147483648732 \ | 23)
Y2 = \Tosvr) " \33882229631257572) 7 "
Figures 3.a and 3.b show ADM solution of y; and y, (m =5).
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Fig. 3.a: ADM Sol. Fig. 3.b: ADM Sol.

Now, we will use Theorem 3 to evaluate the maximum absolute truncated error of the series solution (23).

. Li: 1A -A@]=I1y? =2 =y +zlly - z|
<2y-z| = L, =2
. My g (@)l Sé = M, = é.
. Ly: I0) — L@ =ly* =z =ly* + 2*[ly + zlly — zI
<4ly-z| = L,=4.

o M,: Igz(‘[)IS% = Mzzé.
. _LmMT* 1

¢ B B = r(a+1)  r(/2)’

. max |y, (£)] = —1248576 maxly,, (t)] = —2Li7483648
e Y1 120607987573/2 e Y21 338822296312515/2"

The maximum error of y,: max [y (&) — 2o v O < f_—ﬁ max [y, (O,
1. For m = 5: max |y: () — Z3-0y1x ()] < 0.000151813,
2. For m = 10: max ly1(®) = X320 y1k (©)] < 0.0000365703,
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3. For m=15:  max [y () = T30 vax ()] < 8.80942 x 1076,
4. For m=20:  max lyy(t) = ZiZo yue (O < 2.1221 X 107,
B

The maximum error of y,: t € Jmax |y,(t) — X7t Var (O] < B max ly21 (O],
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[16]
[17]

[18]
[19]

[20]
[21]

[22]

1-B tej

. For m = 5: max |y2(8) = Zioo¥ar ()] < 0.0000352284,
. For m = 10: max [y, (8) — 220 yar ()| < 848618 x 1076,
. For m = 15: max [y, (6) — ZhS 0 o (£)] < 2.04424 x 107,
. For m = 20: max ly,(t) — 222, var (0)] < 4.92437 x 1077.
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