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Abstract - This work investigates a deterministic inventory mathematical model for decaying items with a biquadratic
demand function over time. Shortages are also allowed in the model. It also demonstrates that the biquadratic demand
function is convex and provides the best solution. The convexity of this model is demonstrated via a three-dimensional
graphical representation. To double-check the model, an illustration is made. The ideal solution has been subjected to a
sensitivity analysis with regard to main parameters, and the results have been presented.
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I. INTRODUCTION
Inventory is defined as the stock of items kept on hand to ensure the efficient and smooth operation of a trade or business.
It also aids in the development of the company. Manufacturers, schools, farms, hospitals, and higher education institutions
all rely on it. Both merchants and wholesalers must keep their inventory of things or products at a minimum. It is made up
of a number of diverging conditions that can be turned into models. These circumstances could include deterministic
demand, demand changes over time, degradation, and so forth.

The mathematical model is distributed into two Kinds, i.e., Deterministic and Stochastic models. Deterministic and
stochastic mathematical models are the two types of models available. The demand rate is constant in the Deterministic
model. In inventory, demand is quite crucial. The demand rate was expected to remain constant in the basic inventory
model, however this isn't always possible.

For many inventory products or items, such as fashionable items, dairy goods, electronic items, fruits and vegetables, and
so on, the assumption of a constant demand rate is not suitable; the demand rate may be time-dependent, price-dependent,
and stock-dependent. Fruits, vegetables, medications, dairy products, and other items have a finite shelf life. They
deteriorate over time. Items or things that deteriorate are referred to as degrading items. The inventory system is plagued
by issues caused by the deterioration of items or products.

The change in demand rate could also be linear, i.e., demand might increase or decrease linearly with time. We employ a
linear polynomial as a demand function for linear demand. It should occasionally be a significant change in demand, i.e.,
demand is rapidly increasing with relevance time. A biquadratic polynomial demand function can be utilized to achieve
this increment. Biquadratic demand can help you reduce inventory costs and grow your business.

S.K. Ghosh and K.S. Chaudhuri (2004) created an order-level inventory model for a decaying item with Weibull
distribution degradation. An EOQ inventory mathematical model for deteriorating items with exponentially declining
demand was proposed by Liang-Yuh Ouyang, Kun-Shan WU, and Mei-Chuan CHENG (2005). In 2008, Ajanta Roy
created an inventory model for decaying items with price-dependent demand. He'd also added a time-based holding cost.
When the deterioration rate follows Weibull two-parameter distributions, C. K. Tripathy* and U. Mishra (2010) devised a
listing model. A list model for decaying products was presented by R. Amutha and Dr. E. Chandrasekaran (2012). Demand
was supposed to be a straight line in this model. The cost of holding is calculated as a linear function of time. Volume
Flexibility in Production Model with Cubic Demand Rate and Weibull Deterioration with Partial Backlog is shown by Dr.
Ravish Kumar Yadav and Ms. Pratibha Yadav (2013). R. Venkateswarlu and R. Mohan (2014) created a list model for
deteriorating products based on the assumption that demand is a quadratic function of time. This concept was created with
the goal of lowering total inventory costs (TIC). Shortages are permitted and are partially backlogged. Garima Sharma and
Bhawna Vyas (2018) suggested a deterministic inventory model for decaying products with a Weibull distribution.
Demand is considered to be a linear function of time, with shortages allowed and partially backlogged. Ganesh Kumar,
Sunita, and Ramesh Inaniyan (2020) proposed a listing model with time-dependent demand rate employing various factors.
It is assumed that the demand rate is a cubical polynomial of your time.
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The demand rate is treated as a biquadratic polynomial of time in this paper, and the deterioration rate fluctuates with time.
The cost of ordering is believed to be constant and does not fluctuate over time. This model's convexity is checked using a
three-dimensional graphical representation. To validate the model, an illustration is also created. The ideal solution has
been subjected to a sensitivity analysis with regard to important factors, and the results are displayed.

NORMS AND REPRESENTATIONS:

The following assumptions and notations are used to explain this mathematical model.

Norms

apwOOE

a, b, ¢, d, and e are constant.

The demand rate f(t) at time t is assumed as f(t) = a + bt + ct? + dt3 + et*;a, b, c, d, e is constant.
Replenishment takes place.

Shortages are permitted.

6(t) = 6t Denotes the deterioration rate.

Representations

Shortage cost per unit per unit time.
Ordering cost per order.

Deterioration cost.

Holding Cost.

The maximum inventory level for each ordering cycle.
Shortage level for each cycle.

The order quantity (Q = W + s).
Inventory level at time t.

Time at which shortages start.

The total length of each ordering cycle.
Total inventory cost over the period (0, T).

MATHEMATICAL FORMULATION:

The graph below (Figure 1) shows how inventory changes over time. The ideal order gquantity, Q, and the total optimal
inventory cost, TC, are shown in this diagram.
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Figure 1: Inventory level (Q) vs Time

A 4

At t=0, the inventory level reaches its maximum and replenishment begins. Following that, the inventory level lowers over
the time range [0, t], until falling to zero at t=t,. Further, at t = t, shortages occur during the time interval [t,, T].

Now till the shortages are allowed at interval [0, t,], the differential equation is given by:
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dQl(t) +0tQ,(t) = —(a+bt+ct?+dt> +et*);0<t<t, (1)

And during the interval [t,, T], the shortage occurs, so the differential equation is given by:-
dQ, (1)
dt

= —(a+bt+ct?2+dt3+et*);t, <t<T (2)
With the boundary conditions: t=0, Q(0)=W

T=ty; Q(tl):O

T=T; Q(T)=S

Now, by solving the above equations (1), we get:

Q; (t) =

b d
alty =) +2(E — ) +5(E — )+ St -t + 5 — ) + 2 (6 — 63 + (-t +
Lt - )+ -t + 2 (] - t7)—< (6,62 = £3) + 22 (2 =t + T (12 — t9) +
ﬁ(tf‘t2 -t + e—(tftz t7) + (t1t2 t%) + (t1 t? —t®) + (t1t2 t7) + (t1t2

t8) + (t1t2 )>] (3)

By solvmg equation (2) we get:
Q) = alt, — ) +3 (¢ — ) +2 (68 — t3) + S (tf —tD) +2(£F — %)

(4)
Now, at t=0, the maximum inventory level for each cycle is given by:
Q(0)=w, t=0
4 5 3 4 5 6 7 5
W=Q1(0)=at1+bi+“1+dﬂ+ﬁ+ﬁ+bgi+&+dei ety ( )
4 5 6 8 10 12 14
And at t=T, the maximum amount of cubic demand per cycle is given by:
t=T, Qz(t)z -S
S=-— (a(z:1 “T) 4+ 2 T L@ T + S - T + 20 - TS))
Now, the order quantity per cycle is:
bt? ct1 atf | eti | a8tf  bott 6t | agtf | edt] b, 2
Q=W+S=at; +—+F+ 7+ +—+——+— "+ a(t,—T) + ~(t2-TH)+
4 5 6 8 10 12 14 2

d
S -TH+ (=T +;(tf - TS))

Holding cost per unit per unit time is given by:
51

Holding Cost per cycle = Cy¢ f Q,(bdt
0

o (D) e+ (B2 (G2 -2 )es 4+ (22 -

Holding Cost per cycle = CHC( . . 5 e Py " or

(ee ce) g do%t] ed%t %0)

———t; —

24 96 108 120

(6)
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Shortages cost per unit per unit time is given by:

T

Shortage Cost per cycle = (=) Cg¢ f Q,(®

Shortage Cost per cycle = —Csc[a(t1 —72—72)+b(i——3——3)+c(tf—T—i—i)+d(tf—T—T—s—§)+
T 16 t$
e(?‘%‘z)] (7)

Ordering cost per order is given by:
Ordering cost per order = Cqc (8)

Now, the deteriorating cost is given by:

Cost due to Deterioration = Cpc [W - fotl Q(t)dt]

adt3 | bOty  cOt} . dotd  e6t]
1+_1+_1+_1 _1]

Cost due to Deterioration = Cp [ . a m 5 ”

(9)

Therefore, the total cost per unit time per unit cycle is given by:

1
TC = T (Holding Cost per cycle + Shortage Cost per cycle + Ordering Cost per cycle + Cost due to Deterioration)

3 2 2 2:9
TC = 2 (CHC(“t1+bi+(5+ D+ (E+2) s+ (C+2- L) ep+(Z-2) 7 - (L-L) e - L5
) 2 3 ) 4 12 5 315 5 5 4‘72 . 214 845 s 24 596 . 1608
o ffr 2 2) (2 ) (2 D s e
adti = bott

bot} | cory | dotf | et] (10)
CDC[6+8+10+12+14])

This is the essential condition to minimize the total cost of inventory.

0o (s (4 )0 (D (4 2- L))+ (E-2) D+ (2 L) -

dT 4 72 84 24 96

ﬂ—ﬂ)—csc[a(tlT—T—z— t1)+ b(t%TT_T_B_ i)+ C(ﬂ_ﬁ_ i)+d(ti}_T_T_5_ i)+

108 120 6 3 3 12 4 4 20 5

(- D)+ oo +Cocfed ettt ) 2l (ae-myen (D)4 e T
a(§-D)+e(£-D))|

=1 {Cue (ot + o +4 (S @D +5 () @D +6(E+ T -T) D+ 7(5-57) 6D -
(ee c92) 7 de%d  es?t]

ey L1 _T_T)_Csc[a(T_tl)"' b(t,T—t7)+ (7T —t3) +d(tfT — t})] + e(tIT — t7) +

adt? | bOt;  cOtf  dotd ed t$
CDC [ 1 1 + 1 + 1 + 1]}
2 2 2 2 2

(12)

We get the optimal values of t; and T by solving equation (11) & (12) by using MAPLE 15.
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NUMERICAL ILLUSTRATION:

Now check the optimality of model with the help of numerical illustration and solve the illustration with the help of Maple
15.

To explain the model numerically, assume the following parameters of the inventory system are:
a=10, b=4, c=4, d=3, e=1, Cnc=4, Csc=15, Coc=100, Cpc=10, 6=0.01

Under the above-given parameters, by using Maple 15 get the optimal shortage value t, = 1.037414372 per unit time and
the optimal length of the ordering cycle is T=1.318536282 unit time. The total inventory cost is TC=114.8780155

3D representation
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Figure 2: 3-Dimensional Graphical representation of TC of Inventory Model

SENSITIVITY ANALYSIS:

Here we study the effect of changes in the model parameters such that a, b, c,d, e, Cy, Csc, Coc, Cpc , and 8.The outcome
is given in the below table:

Change in
Parameter | % change
T t Q TC
+20% 1.298678880 1.021844024 2478481732 119.0440829
a
+10% 1.308572915 1.029602025 23.80734555 116.9690262
-10% 1.328566032 1.045278809 21.81079968 112.7709394
-20% 1.338659113 1.053193015 20.79139215 110.6476908
+20% 1.306183237 1.027729503 23.10455655 116.1862892
b
+10% 1.312317785 1.032539069 22.96144154 115.5352456
-10% 1.324839934 1.042356357 22.66835465 114.2144838
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-20% 1.331229934 1.047365966 22.51824742 113.5445333

+20% 1.302371797 1.024741798 22.89028737 116.0297644

¢ +10% 1.310332616 1.030982984 22.85347013 115.4592332
-10% 1.326995693 1.044046064 22.77802668 114.2856425

-20% 1.335724691 1.050888904 22.73931690 113.6816136

+20% 1.303315202 1.025481991 22.76350839 115.6962820

d +10% 1.310774674 1.031329850 22.78883528 115.2919079
-10% 1.326624294 1.043754561 22.84537099 114.4540330

-20% 1.335065989 1.050371780 22.87696231 114.0193327

+20% 1.312128901 1.032406731 22.76615440 115.1520315

e +10% 1.315298199 1.034883752 22.79074800 115.0158581
-10% 1.321846215 1.040000971 22.84213537 114.7384500

-20% 1.325231270 1.042646096 22.86900316 114.5971053

+20% 1.278837419 9657937607 21.56317032 119.8902808

Cuc +10% 1.297450129 .9999202468 22.14290714 117.4868420
-10% 1.342685363 1.078963534 23.60899658 112.0292607

-20% 1.370706930 1.125494840 24.55949979 108.8960382

+20% 1.296604943 1.057676639 22.12341571 116.8658988

Csc +10% 1.306665462 1.048355479 22.43881374 115.9469022
-10% 1.332756088 1.024389978 23.27534164 113.6191280

-20% 1.350101848 1.008623224 23.84668000 112.1143168

+20% 1.384613950 1.089193853 25.03443058 129.6690645

Coc +10% 1.352868577 1.064320225 23.94610650 122.3638112
-10% 1.281115353 1.008081698 21.63745281 107.1858159

-20% 1.239937796 9757967341 20.40135224 99.25409940

+20% 1.317862357 1.036325002 22.79428591 114.9283552

Coc +10% 1.318198828 1.036869008 22.80515633 114.9032076
-10% 1.318874724 1.037961099 22.82700634 114.8527788

-20% 1.319214158 1.038509196 22.83798629 114.8274969

+20% 1.317685572 1.036047932 22.79519292 114.9385364

o +10% 1.318110094 1.036729996 22.80560586 114.9083118
-10% 1.318964150 1.038101076 22.82656496 114.8476476

-20% 1.319393707 1.038790123 22.83711178 114.8172077
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4

With an increases in a, b, ¢, TC and Q will decrease.

With the increase in d, e, TC increase and Q decrease.

If Csc (Shortage Cost), Cpc (Deterioration Cost) and Cuc (Holding Cost) increases, TC increases and Q will
decreases.

If Coc (Ordering Cost) increases, Q and TC will increase.

If 0 increases, Q will decrease and TC will increase.
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On the basis of supposition of biquadratic demand and constant deterioration function different cases are arise:

ASE 1: Variable Holdin

e Holdin

ty
HC =f (A + Bt) Q,(t)dt
0

GG (e S B S
(e (e )it (e i) o (o2 )+ (2 e+ (2 -2

1
C=?(HC+SC+0C+DC)

re =G (a(S et G s (Gt + (o - 0)et + (50 -0 - 450 -
a

21 84 108

6230 b 6 ae  bo 6 62 de?ti®
P (L () () (s ) (g (o
120 6 112 64 128 72 144 160
e62 )+C [(t _ﬁ_t_1)+b(ﬂ_T_3_t_1)+C(ﬂ_T_4_t_1)+d(tf_T_T_s_£)+e(tf_T_T_6_£)]+
176 S¢ 41 J2 2 2 6 3 3 12 4 4 20 5 5 30 6

adti = pot}  cOt? d6t1 e6t1] )
CDC[ 6 + 8 + 10 Tz 12 + Coc

This is the essential condition to minimize the total cost of inventory.

dT T2 2 3 72 21 84 24

d
5
e62t10 at bt c d b c6 ab? do  bo? e6  cH? do2¢}0
) (St (G e+ (40 + (52300 (-2 (i)t -
120 8 10 12 48 112 64 128 72 144 160

+
) ~Csc[a(tT-F - t1)+ p(EI-T_ )y (AL _C_d)g(dr_D_d) (4 _T_

176 2 6 3 3 12 4

w*i[f‘(ﬁ“—tﬁ(% e+ (F+2) s+ G+ et + (-0 - S-Sy - 22E -

abt] = bot}  cot?

st +oelefle ety oyl e (we-myen (§-5)+ o ($-)
(5-7)

d(TC b d . bo 0 62 de b2 0 02 dae?t?
10 (2 (2 )+ (S 5+ (42— e+ (D20 -2 Ly L0
dty T 2 3 4 12 5 15 6 18 72 21 84 24 108

62t1° 3, bt? d 62 do  bo? 6 co? do?t1°
L) 4B(E4+ S (S D)+ (S D)+ (- + (L (L )y -
120 6 8 10 40 12 48 112 64 128 72 144 160

ef?tit aot?  botd  cott
T;)—Csc[a(T—t1)+b(t1 —tH+ ET-) +dET-tD]+eIT—t§) + Cpc|[5-+—-+—5—+

ot e t8
1,0y ]}
2 2

NUMERICAL ILLUSTRATION:

Now check the optimality of model with the help of numerical illustration and solve the illustration with the help of Maple
15.

To explain the model numerically, assume the following parameters of the inventory system are:
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a=10, b=4, c=4, d=3, e=1, Csc=15, Coc=100, Cpc=10, 6=0.01,A=0.5,B=0.5

Under the above-given parameters, by using Maple 15 get the optimal shortage value t, = 1.668388711per unit time and
the optimal length of the ordering cycle is T=1.765832726unit time. The total inventory cost is TC=76.84492665

ASE 2: Variable Orderin
. rderin

Coc
oc = T

2 pt3 0 d , bo 0 62 d9 b2 0 62 ao?t3
TC=2(Cuc (L + 2+ C+ D) et + (24 2) 5+ B+ 2D )ep + (-2 )t - (2-L)ep -2
T 2 3 4 12 5 15 6 18 72 21 84

T e folar - Do (E T D) (L) i

120 2 2 6 3 4 20
Coc adt3 bott coty | det?  eot]
——+ Cp¢ + —+ —+—+—

T 6 8 10 12 14

This is the essential condition to minimize the total cost of inventory.

== (e (54 5+ G ) e+ () ah+ G+ 5-30) an+ (-5 (D + (G- 50)u -

@) o (7T g ) p(E T ) (T Ty i T ) e

108 120 6 3 3 12 4 4 20 5 5 30
D))+ ey [aet%+%+ﬁ+%+ﬂ])—1<Csc<a(t—T)+b(ﬁ—ﬁ)+ c(E-D)+a(E-0)+
6 T 6 8 10 12 14 T 2 2 3 3 4 4

e(i_T_s) _ Coc_
5 5 T2

aTo _ 1 2 €423 3 bo L dY (4 e, 0 a0 s 40 0% ey
dt, _T{(CHC(at1+bt1+4(4+12)(t1)+5(15+5)(t1)+6(6+18 72)(t1)+ 7(21 84)(t1)
e co? de?t§  e0?t?
8(S-)t] — L1 L) Cgefa(T—t,) + b, T— ) + (BT—) +dET—t))] +e(t! T—t]) +
a0t | bot] | cot] | dOtf | e0tf])d(TC) _ 1 2 €4 a0 3 bo L dY 4 e,
CDC[ T3 5+ 2 ]} dty _T{(CHC (atl+bt1+4(4+12)(t1)+5(15+5)(t1)+6(6+18
29%) (s 40 bO%Y gy g0 _c0?) ; _ do%]  e0’]) _ _¢2 27 _ 3
72)(t1)+7(21 84)(t1) 8(24 296)t13 12 125) CSGC[a(T t)+ bt T—t)) + (T—t) +
AT —t)] +e(t T —t]) + Cpg [ob + 20 4 20 L8 L8]}

NUMERICAL ILLUSTRATION:

Now check the optimality of model with the help of numerical illustration and solve the illustration with the help of Maple
15.

To explain the model numerically, assume the following parameters of the inventory system are:
a=10,b=4,c=4,d =3,e =1,Csc = 15,Cyc = 100,Cp, = 10,6 = 0.01

Under the above-given parameters, by using Maple 15 get the optimal shortage value t; =1.131847710 per unit time and
the optimal length of the ordering cycle is T = 1.439065451 unit time. The total inventory cost is TC = 94.82011160

CONCLUSION
The sensitivity analysis found that in the case of biquadratic demand (a function of time), the model predicts that the rate of
deterioration will alter over time. It can be shown that the parameters a, b, and c are inversely proportional to TC and Q,
whereas the parameters d, e, Crc, Csc, and Coc are inversely proportional to Q. It also demonstrates that this technique can
be used to determine the total inventory cost. This model also concluded that Total cost minimize in case of variable
holding cost. Finally, a graphical depiction is used to verify the model. The model's stability is determined by the obtained
findings. This model can be expanded or replaced with a different demand rate.
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