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I. Introduction and Main Results

In this paper by meromorphic functions we shall always mean meromorphic functions in the complex plane.
Let f(z) and g(z) be two non-constant meromorphic functions and let a € C. We say that f(z) and g(z)
share a CM, provided that f(z) —a and g(z) — a have the same zeros with the same multiplicities. Similarly,
we say that f(z) and g(z) share a IM, provided that f(z) —a and g(z) —a have the same zeros with ignoring
multiplicities. In addition we say that f(z) and g(z) share oo CM if ﬁ and ﬁ share 0 CM, and we say that
f and g share co IM, if ﬁ and ﬁ share 0 IM. We adopt the standard notations of value distribution theory
(see [6]). For a non-constant meromorphic function f(z), we denote by T'(r, f) the Nevanlinna characteristic
of f(z) and by S(r, f) any quantity satisfying S(r, f) = o{T'(r, f)} as r — oo possibly outside a set of finite
linear measure. We denote by T'(r) the maximum of T(r, f) and T(r,g). The notation S(r) denotes any
quantity satisfying S(r) = o(T'(r)) as r — oo, outside of a possible exceptional set of finite linear measure.
A meromorphic function a(z) is called a small function with respect to f(z), provided that T'(r,a) = S(r, f).

The order of f(z) is defined by

U(f)zl_mw.

r—oo  log T
Let f(z) and g(z) be two non-constant meromorphic functions. Let a(z) be a small function with respect to
f(z) and g(z). We say that f(z) and g(z) share a(z) CM (counting multiplicities) if f(z)—a and g(z)—a have
the same zeros with the same multiplicities and we say that f(z), g(z) share a(z) IM (ignoring multiplicities)
if we do not consider the multiplicities. We say that a finite value zy is called a fixed point of f(z) if f(z0) = 20

or zp is a zero of f(z) — z. For the sake of simplicity we also use the notation

0, if m=0

m, if m €N,
1
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Let f(z) be a transcendental meromorphic function, n be a positive integer. During the last few decades

many authors investigated the value distributions of f™f.

In 1959, W. K. Hayman (see [5]) proved the following theorem.

Theorem 1. [5] Let f be a transcendental meromorphic function and n (> 3) is an integer. Then ff' =1

has infinitely many solutions.

The case n = 2 was settled by Mues [14] in 1979. Bergweiler and Eremenko [I] showed that f™f’ — 1 has
infinitely many zeros. For an analogue of the above results Laine and Yang investigated the value distribution

of difference products of entire functions in the following manner.

Theorem 2. [I0] Let f be a transcendental entire function of finite order, and ¢ be a non-zero complex

constants. Then, forn > 2, f"f(z+ ¢) assumes every non-zero value a € C infinitely often.
Afterwards, Liu and Yang [I3] improved Theorem [2| and obtained next result.

Theorem 3. Let f be a transcendental entire function of finite order, and ¢ be a non-zero complex constant.

Then, forn > 2, f*f(z 4 ¢) — p(z) has infinitely many zeros, where p(z) is a non-zero polynomial.

Next we recall the uniqueness result corresponding to Theorem [1} obtained by Yang and Hua [I7] which

may be considered a gateway to a new research in the direction of sharing values of differential polynomials.

Theorem 4. Let f and g be two non-constant entire functions, n € N such that n > 6. If f™f' and g"g’
share 1 CM, then either f(z) = c1e*, g(z) = cae™* where c1, ca, ¢ € C satisfying 4(cic2)" ie? = —1, or

= tg for a constant t such that t"t! = 1.
[ =tg

In 2001, Fang and Hong [4] studied the uniqueness of differential polynomials of the form f(f — 1)f’ and

proved the following result.

Theorem 5. [4] Let f and g be two non-constant entire functions, and let n > 11 be a positive integer. If

™ (f—=1)f" and g"(g — 1)g’ share the value 1 CM, then f = g.
In 2004, Lin and Yi [I2] extended the above result in view of the fixed point and they proved the following.

Theorem 6. [12] Let f and g be two non-constant entire functions, and let n > 7 be a positive integer. If

f(f =1 f" and g™(g — 1)g’ share the value z CM, then f =g.
In 2010, Zhang [19] got a analogue result in difference

Theorem 7. [19] Let f(z) and g(z) be two transcendental entire functions of finite order and a(z) be a

small functon with respect to both f(z) and g(z). Suppose that ¢ is a non-zero complex constant and n > 7

is an integer. If f*"(f — 1) f(z 4+ ¢) and g"(g — 1)g(z + ¢) share a(z) CM, then f(z) = g(2).
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In 2010, Qi, Yang and Liu [I5] obtained the difference counterpart of Theorem 4 by proving the following

theorem.

Theorem 8. [I5] Let f and g be two transcendental entire functions of finite order, and ¢ be a non-zero
complex constant, let n > 6 be an integer. If f"f(z 4 ¢) and g"g(z + ¢) share z CM, then f = t1g for a

constant t| satisfies 7T = 1.

Theorem 9. [I5] Let f and g be two transcendental entire functions of finite order, and ¢ be a mnon-zero
complex constant, let n > 6 be an integer. If " f(z+c) and g"g(z+ c) share 1 CM, then fg =ts or f = t3g

for some constants to and t3 that satisfy tg“ =1.
In 2020, A. Banerjee and S. Majumder [20] proved the following result.

Theorem 10. Let f and g be two transcendental entire functions of finite order, ¢ be a non-zero complex
constant and let p(z) be a non-zero polynomial with deg(p) < n—1, n(> 1), m*(> 0) be two integers such that
n>m*+5. Let P(w) = amw™ +apm_1w™ 1 +...+a1w+ag be a non-zero polynomial. If f*P(f)f(z+c)—p
and g"P(g)g(z + ¢) — p share (0,2) then

(I) when P(w) = amw™ + am_1w™ 1+ ...+ a1w + ag is a non-zero polynomial, one of the following three
cases holds.

(I1) f = tg for a constant t such that t* = 1, where d = GOCD(n+m,...,n+m —i,...,n) and an,_; # 0
for somei=1, 2,...,m,

(12) f and g satisfy the algebraic equation R(f,g) =0, where R(wy,w2) = wi(amw?] +...+ag) — wa(amwi +
... Fao),

(I13) P(w) reduces to a mon-zero monomial, viz., P(w) = a;w® #Z 0, fori € {0, 1, 2,...,m} if p(z) is a
non-zero constant b, then we have f = e*?) and g = eP*) where a, B are two non-constant polynomials
such that a + B =d € C and a?e™ D = p2;

(II) when P(w) = w™ — 1, then f = tg for some constant t such that t™ = 1;

(III) when P(w) = (w—1)™, (m > 2) one of the following two cases holds:

(1) f = g,

(I112) f and g satisfy the algebraic equation R(f,g) = 0, where R(w1,ws2) = wi(amw +...+ag) —wa(amws +
..+ ap);

(IV) when P(w) = cg one of the following two cases holds:

(IV1) f =tg for some constant t such that t"*! =1,

(Iv2) f = e*®) and g = eP®) where o, B are two non-constant polynomials such that o + 3 = d € C and

c%e("Jrl)d = b2,

P
In this paper we are replacing f(z + ¢) by Z a; f(z + ¢;) and obtained the following result.
j=1
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Theorem 11. Let f and g be two transcendental entire functions of finite order, ¢ be a non-zero complex
constant and let p(z) be a non-zero polynomial with deg(p) < n —1, n(> 1), m*(> 0) be two integers such

that n > m* +p+4. Let P(w) = apw™ + apm_1w™ ' + ... + aqw + ag be a non-zero polynomial. If
fP(f) Zp: a; f(z+¢;) —p and g"P(g) Xp: a;g(z + ¢;) — p share (0,2) then

(1) whefi;(w) = Apw™ + QW™ ! —|—j._.1. + ai1w + ag 15 a non-zero polynomial, one of the following three
cases holds.

(I1) f = tg for a constant t such that t¢ = 1, where d = GCD(n +m +p,...,n+m+p—i,...,n) and
m—; 7 0 for somei=1, 2,...,m,

(12) f and g satisfy the algebraic equation R(f,g) =0, where
R(wi,ws) = wi(amwi + ...+ ag) — we(amwy + ...+ ag),

(I3) P(w) reduces to a non-zero monomial, viz., P(w) = a;w® # 0, fori € {0, 1, 2,...,m} if p(z) is a
non-zero constant b, then we have f = e**) and g = eP*) where a, B are two non-constant polynomials
such that a + B =d € C and a?e™ P4 = p2;

(IT) when P(w) = w™ — 1, then f = tg for some constant t such that t™ = 1;

(III) when p(w) = (w — 1)™, (m > 2) one of the following two cases holds:

(1) f =g,

(I112) f and g satisfy the algebraic equation R(f,g) =0, where

R(wi,ws2) = wi(amwi + ...+ ag) — we(amwy + ...+ ag);

(IV) when P(w) = cg one of the following two cases holds:
(IV1) f =tg for some constant t such that t"t! =1,
(IV2) f = e*®) and g = eP*) where o, B are two non-constant polynomials such that o+ 3 = d € C and

cgemtp)d — 2,
II. Auxiliary Definitions

Definition 1. [7] Let a € CU {oco}. For a positive integer p we denote by N(r,a; f| < p) the counting
function of those a-points of f (counted with multiplicities) whose multiplicities are not greater than p. By

N(r,a; f| < p) we denote the corresponding reduced counting function. In an analogous manner we can

define N(r,a; f| > p) and N(r,a; f| > p).

Definition 2. [9] Let k be a positive integer or infinity. We denote by Ni(r,a; f) the counting function of

a- points of f where an a- point of multiplicity m is counted m times if m < k and k times if m > k. Then
Ni(r,a; f) = N(r,a; f) + Na(rsa; f) + ...+ N(r, a5 f).

Clearly, N1(r,a; f) = N(r,a; f).
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Definition 3. [§], [9] Let k be a positive integer or infinity. For a € CU {oo} we denote by Ex(a; f) the
set of all a-points of f where an a-point of multiplicity m is counted m times if m < k and k + 1 times if
m > k. If Ex(a; f) = Ex(a; g) we say that f, g share the value a with weight k. The definition implies that
if f, g share a value a with weight k, then zo is an a-point of f with multiplicity m(< k) if and only if it is
an a-point of g with multiplicity m(< k) and zg s an a-point of f with multiplicity m(> k) if and only if it
is an a-point of g with multiplicity n(> k), where m is not necessarily equal to n. We write f, g share (a, k)
to mean that f, g share the value a with weight k. Clearly, if f, g share (a,k) then f, g share (a,p) for any
integer p, 0 < p < k. Also we note that f, g share a value a IM or CM if and only if f, g share (a,0) or

(a,0) respectively.
III. Lemmas

Lemma 1. [16] Let f be a non-constant meromorphic function, and let a,(# 0), ap—1,...,a9 be meromor-

phic functions such that T(r,a;) = S(r, f) fori=0, 1,...,n. Then
T(T7 anfn + an—lfn71 + ...+ CL()) = nT(Ta f) + S(T, f)

Lemma 2. [2] Let f be a meromorphic function function of inite order o, and let c be fized non-zero complex

constant. Then for each € > 0, we have

m(r f(;(j)C)) +m(r f(i@@) =067,

Lemma 3. [2] Let f be a meromorphic function function of inite order o, ¢ # 0 be fixzed. Then for each

€ > 0, we have

T(r, flz+ c)) =O(ro o).

Lemma 4. Let f be an entire function of finite order o, ¢ be a fized non-zero complex constant and let

n € N and P(w) be defined as in Theorem . Then for each € > 0, we have
T(r,f"P Zagf 2+¢) = T(r, [P P(f) + 071,
Proof. By Lemma [2] we have
T(r, f"P()f(z + ) = m(r, f"P(f Zagf 2+ ¢5)
Z a; f(z +¢;)

n Jj=0
m(r, f P(f)f)+m<r, e )
m(r, f*PP(f)) + O(r7~7)

< T(r, f*PP(f)) + O(r7~1).
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Also, we have

T(r, f*"PP(f)) = m(r, f"P(f Zajf (z+¢))

Hence
T(r, f*PP(f)) = T(ﬂ fP(f) Zaﬁf(z + cj>> oo 1+,
j=0

]

P
Remark 1. Under the conditions of Lemma by Lemma we have S(r, f"P(f) Z ajf(z—l—cj)) =S5(r, f).
=0

Lemma 5. ([3]) Let f be a non-constant meromorphic function of finite order and ¢ € C. Then
N(r,0; f(z 4 ¢)) = N(r,0; f) + S(r, f).

N(r,0; f(z+¢)) = N(r,0; f) + S(r, f).
N(r,00; f(2 +¢)) = N(r,00; f) + S(r, f).

W(noo;f(z—l—c)) :N(T,Oo;f)-‘rS(ﬁf).

Lemma 6. Let f be transcendental entire function of finite order o, ¢ be a fived non-zero complex constant,
n(> 1), m*(> 0) be two integers and let a(z)(# 0,00) be a small function with respect to f. If n > 1, then
p
f™P(f) Z a; f(z + ¢;) — a(z) has infinitely many zeros.
§=0
P
Proof. Let ¢ = f*P(f) Z a; f(z +¢;j). Now in view of Lemma [5{ and second fundamental theorem of small
§=0
functions (see [I8]) we get

T(r,¢) = N(r,0;¢) + N(r,00:6) + N(r,a;6) + (e + o(1)) + T(r, f)

< W0 P + T (10 S s ) + Flrvai ) + e+ of1)) + 7(r. )

j=0
<2N(r,0; f) + N(r,0; P(f)) + N(r,a; ¢) + (e + o(1)) + T(r, f)

<(p+m*+1)T(r, f) + N(r,a; ) + (e + 0o(1)) + T(r, f).
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for all € > 0. From Lemmas [T] and [i] we get
(n+m* +p)T(r, f) < (p+m" + 1)T(r, f) + N(r,a;6) + (e + 0(1)) + T(r, f).

Take € < 1. Since n > 1 from the above one can easily say that ¢ — a(z) has infinitely many zeros. This

completes the Lemma. O

Lemma 7. [9] Let f and g be two non-constant meromorphic functions sharing (1,2). Then one of the
following holds.

()T (r, f) < Na(r,0; f) + Na(r,0; g) + Na(r,00; f) + Na(r,00;9) + S(r, f) + S(r,g).

(i1)fg = 1.

(iii)f = g.

Lemma 8. [Hadamard Factorization Theorem]. Let f be an entire function of finite order p with zeros

ai, ... each zeros is counted as often as its multiplicity. Then f can be expressed in the form

f(z) = Q(2)e*®),

where a(z) is a polynomial of degree not exceeding p and Q(z) is the canonical product formed with the zeros

of f.

Lemma 9. Let f and g be two transcendental entire functions of finite order, ¢ € C\ {0} and p(z) be a
non-zero polynomial such that deg(p) < n — 1, where n € N. Let P(w) be a non-zero polynomial defined as

in Theorem[I0 Suppose
Zajfercj )g" P(g Zajngrcj =p
7=0

Then P(w) reduces to a nmon-zero monomial, namely P(w) = a;w® #Z 0, fori € {0, 1,...,m}. If p(z) =
be C\{0}, then f(z) = e*®), g(2) = P, where a(z), B(z) are two non-constant polynomials such that

a+ B =deC and atetitPd = p2,

Proof. Suppose

(0.1) Zajf z+¢;)9"P(g Zaﬂg Z4e)=p
7=0

We consider the following cases:
Case 1. Let deg(p(z)) =1 (> 1). From the assumption that f and g are two transcendental entire functions,
we deduce by (0.1) that N(r,0; f*P(f)) = O(log r) and N(r,0;¢g™P(g)) = O(log r). First we suppose that

P(w) is not a non-zero monomial. for the sake of simplicity let P(w) = w — a where a € C\ {0} clearly
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O(0; f)+O(a; f) = 2 which is impossible for an entire function. Thus P(w) reduces to a non-zero monomial,
namely P(w) # a;w’ for some i € {0, 1,...,m} and so reduces to
P P

(0.2) a?f"“Zajf(z+cj)g”+i2ajg(z+cj) = p2.

j=0 j=0
From it follows that N(r,0; f) = O(log r) and N(r,0;g) = O(log r). Now by Lemmawe obtain that
f = hie®t and g = hoePt, where hy, ho are two non-zero polynomials. By virtue of the polynomials p(z),
from we arrive at a contradiction.
Case 2. Let p(z) =b € C\ {0}. Then from we ahve

P P
(0.3) PP aif(z+¢) =g"Plg9) > ajg(z+c;) =b°.
Jj=0 j=0

Now from the assumption that f and g are two non-constant entire functions, we deduce by (0.3) that
f"P(f) # 0 and g"P(g) # 0. By Picard’s Theorem, we clain that P(w) = aw® for i € {0,1,...,m},
otherwise the Picard’s exceptional values are atleast three, which is a contradiction. Then (0.3]) reduces to

P P
(0.4) a?f”“Zajf(z—kcj)g”“z:ajg(z+cj) =7

j=0 j=0

Hence by Lemma [§] we obtain that
(0.5) fo el g B

where «(z), B(z) are twow non-constant polynomials. Now from (0.4]) and (0.5 we obtain

(n+1i)(az) + B(2)) + i)aja(z +¢j) + z:ajﬁ(z +¢j) =di.
where d; € C, i.e.,
(0.6) (n+1)(o/(2)+ B'(2) + szoaja’(z +¢j) + szoajﬁ’(z +¢;) =0.
Let 7(z) = o(2) + B(2). Then from we have
(0.7) (n+4)y(z) + Ep: a;v(z+¢;) =0.

5=0
We assert that v(z) = 0. It is not suppose v #Z 0. Note that if v(z) = da € C, from (0.7) we must have
dy = 0. Suppose that deg(y) > 1. Let v(z) = Zbizi, where b, # 0. Therefore the co-efficient of z™ in

j=1
P
(n+)y(z) + Zaj'y(z +¢;) is (n +p+14)by, # 0. Thus we arrive at a contradiction from 1' Hence
=0
v(2) =0, ie., a+ B =dec C. Also from (0.4) we have a?e("+*+P)4 = p2. This completes the proof. O

137


ssrg 5
Text Box

137


ssrg 5
Text Box
Avinash B et al. / IJMTT, 68(1), 130-142, 2022



Avinash B et al. / IJMTT, 68(1), 130-142, 2022

Lemma 10. Let f and g be two transcendental entire functions of finite order, ¢ € C\ {0} and p(z) be a
non-zero polynomial such that deg(p) < n — 1, where n € N. Let P(w) be defined as in Theorem [1(] with

atleast two of a;, 1 =0,1,...,m are non-zero. Then
Za]f z+¢;)g"P(yg Za]g z+c;) #
7=0

Proof. Proof of the Lemma follows from Lemma [0 |

Lemma 11. Let f, g be two transcendental entire functions of finite order, ¢ € C\ {0} and n € N with
P

P

n>1. If f*P(f) Zajf(z +c¢;)=g"P(g) Zajg(z + ¢j) where P(w) is defined as in Theorem [L0| then
i=0 =0

(I) when p(w) = apmw™ + am_1W™ L + ...+ a1w + ag, one of the following two cases holds:

(I1) f = tg for a constant t such that t* = 1, where d = GCD(n+m,....,n+m —1i,...,n), Gm_; # 0 for
somei=1, 2,...,m,

(I2) f and g satisfy the algebraic equation R(f,g) =0, where
P P
R(w1,wz) = w1 P(wr) Z a;wi(z + ¢j) —waP(w2) Z ajws(z + ¢j).
j=0 j=0

(IT) when P(w) = w™ — 1, then f = tg for some constant t such that t™ = 1;
(III) when p(w) = (w — 1)™, (m > 2) one of the following two cases holds:

(1) f =g,
(I112) f and g satisfy the algebraic equation R(f,g) =0, where

R(wi,ws2) = wl(wy — 1)™ Zajwl z+¢j) —wy(we — 1™ Zaja@ z+¢);
=0

(IV) when P(w) = co then f =tg for some constant t such that t"*1 = 1.

Proof. Suppose

(0.8) Zajfercj =g"Plyg Za]ferc]

Since g is transcendental entire function, hence g(z Z a;g(z + ¢;) # 0. We consider following two cases.
7=0
Case 1. P(w) =c¢g. Let h = 5. If h is a constant, by putting f = hg in we get

A g™ (WP — 1) 4 a1 g™ (R — 1) + . Fag(R"T - 1) =0,

which implies that h? = 1, where d = GCD(n+m +p,....,n+m+p—i,...,n+ 1), ay_; # 0 for some
i €{0,1,...,m}. Thus f = tg for a constant ¢ such that ¢t = 1, where d = GCD(n +m +p,...,n+m +
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p—i,...,n+1), am_; # 0 for some i € {0,1,...,m}. If h is not a constant, we know by that f and ¢
satisfy the algebraic equation R(f,g) = 0, where

P P
R(w1,ws) = wlP(wy) Z a;wi(z + ¢j) — wy P(ws) Z a;wa(z + ¢j).
j=0 j=0

We now discuss the following subcases.

Subcase 1. P(w) =w — 1. Then from we have
P P
(0.9) FrUm =0 aifz+¢) =g g™ - 1) ajg(z +¢j).
§=0 7=0

Let h = %. clearly from we get

P P
(0.10) g ajh(z+ ) — 1 =" ajh(z+eg) — L
Jj=0 j=0
P
First we suppose that h is non-constant. We assert that A+ Z a;h(z + ¢;) is a non-constant. If not let
=0
) j
pmtn Zajh(z +¢j) =1 € C\ {0}. Then we have
=0
+m “
Z a;h(z + ¢;)
=0

Now by Lemmas [I] and refL3 we get

(TL + m)T(Ta h) < T(?“, Z ajh(z + Cj)) + S(T’ h)v
=0

which contradicts with n > m + p + 4. Thus from (0.10) we have

p
h" Zajh(z +¢)—1
§=0

(0.11) g" = - .
hmtn Z a;jh(z+c¢;)—1
§=0
P
Let zg be a zero of h™+" Z a;h(z+c;) — 1. Since g is an entire function, it follows that 2o is also a zero of
j=0

P
h" Z a;h(z + ¢;) — 1. Consequently zg is a zero of A — 1 and so
j=0

p
N(r,0; B> " a;h(z + ¢;)) < N(r,0;h™) < mT(r, h) + O(1).
=0
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So in view of Lemmas [T} [4 [f] and second fundamental theorem we get

(n+m+p)T(r,h) =T(r,h™" i a;jh(z+c¢;))+ S(r h)
j=0

P P
<N, 0,2 "aih(z + ) + N(r, LLR™™ Y " ajh(z + ¢;)) + S(r, h)
j=0 j=0
< N(r,0;h) + mT(r,h) + pT(r,h) + S(r, h)
< (m+p+1)T(r,h)+5(r,h),
which contradicts with n > 1. Hence h is a constant. Since g is transcendental entire funtion, from ((0.10)

we have

P P
h"J”"Zajh(z—i—cj) -1 EO(E)h"Zajh(z—i—cj) —-1=0
§=0 §=0
and so ™ = 1. Thus f = tg for a constant ¢ such that t"* = 1.

Subcase 2. Let P(w) = (w — 1)™. Then from we have
(0.12) f( Zayf (z+¢)=9"(9g Za]gz—l—cj
7=0

Let h = g. If m = 1, then the result follows from Subcase 1. For m > 2: first we suppose that h is
non-constant. Then from (0.12)) we can say that f and g satisfy the algebraic equation R(f,g) = 0, where
R(wi,w2) = wl(wy — )™ Zajwl (z4¢) —wy(we — )™ Zang (24 ¢j);
7=0

Next, we suppose that h is a constant, then from (0.12)) we get

p m P m
(0.13) i Z a; f(z+¢j) Z "Cmi f = g" Z a;9(z + ¢;) Zm m—ig "
§=0 =0 §=0 =0
Now substituting f = gh in (0.13) we get
S (1) C g™ (P = 1) =0,
=0

which implies that h = 1. Hence f = g.
Case 2. P(w) =¢p. Let h = 5. Then from we have
1

(0.14) h'(z) = 55—
> ajh(z+c))
7=0

Thus from Lemmas [1] and Bl we have

P
nT(r,h) = T(r, ) ajh(z+¢;)) + O(1) = pT(r,h) + S(r, h),
j=0
which is a contradiction since n > 2. Hence h must be a constant, which implies that h"*P = 1, thus f = tg

and t"*P = 1. This completes the proof. O
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IV. Proof of Main Results
Proof of Theorem 11.

p p
P Y aif(z+ ) a"Plo) »_a;g(z + ¢;)

Proof. Let F = jzop and G = j:Op . Then F and G share (1,2) except

the zeris of p(z). Now applying Lemma | we see that one of the following three cases holds.

Case 1. Suppose
T(r,F) < No(r,0; F) + Na(r,0; G) + S(r, F) + S(r, G).
Now by applying Lemmas [I] and | we have

T(r,F) < Na(r,0; F) + Na(r,0;G) + S(r, F) + S(r,G)

< Nao(r, 05 f" P( Zagf z+¢;)) + No(r, 09" P(g 2%9 z+¢;)) +S(r, f)+ S(r9)
j=0 7=0

< N2(T70; fnP(f>) + N2(T’O;gnp(g)) + N2(r70; Za’jf(z + Cj)) + NQ(T,O; Za’jg(z + cj)) + S(’I“, f) + S(’I“, g)
j=0 j=0

< 2N(r,0; f) + N(r,0; P(f)) + N(r,0; 3 _a; f(z +¢;)) + 2N(r,0;g) + N(r, 0; P(g))
j=0

N(r,0; ) azg(z+¢;) + S(r, f) + 5(r,9)

§=0
< @+m"+p)T(r, f) + N(r,0; f) + (2+m* +p)T(r,g) + N(r,0:9) + S(r, f) + S(r. 9)
<@+m"+p)T(r, )+ 2+m" +p)T(r,g) + S(r, f) +5(r,9)
< (44 2m* 4 2p)T(r) + S(r).
From Lemmas [[l and Lemma H] wwe have
(0.15) (n+m*+p)T(r,f) < (4d+2m" +2p)T(r) + S(r).
Similarly, we have
(0.16) (n+m*+p)T(r,g) < (44 2m* + 2p)T(r) + S(r).
Combining the inequalities (0.15) and (0.16)), we get
(n+m*+p)T(r) < (4+2m*+2p)T(r)+ S(r),

which contradicts with n > m* + p + 4.
Case 2. F'= (. Then we have

Zajf z+c¢;)=g"Plyg Zajg zZ+cj).

3=0

and so the result follows from Lemma [I1] O
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Case 3. FG = 1. Then we have

Zajfz—i—cj )g" P(g Zajgz—i—cj =p

and so result from Lemma [9] This completes the proof.

(1]

2]

(3]
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