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Abstract - In this paper, patterns of subgraphs and some properties of Pyramid Fibonacci Graph(PFG) are analysed. Signed
cordial labeling of PFG and Ripples Hamiltonian Graph(RHG) are derived. Furthermore, signed product cordial labeling of
RHG is obtained.
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1. Introduction

The Graph labeling is one of the fascinating area of Graph Theory with wide range of applications. Graph labeling was first
introduced in the 1960's by Rosa[20]. A labeling (or valuation) of a graph is a map that carries some set of graph elements to
numbers, most often to the positive or nonnegative integers. The most common choices of domain are the set of all vertices
and edges (such labelings are called totallabelings), the vertex-set alone (vertex-labelings), or the edge-set alone (edge-
labelings). Labeled graph are becoming an increasingly useful family of mathematical models for a broad range of application.
According to Beineks and Hegde[6] graph labelling serves as a frontier between number theory and structure of graph.

The concept of cordial graph was introduced by Cahit [2]. Shee and Ho [16] proved that path union of cycles, Petersen
graphs, trees, wheels, unicyclic graphs is cordial. Vaidya et al. [17] proved that graph obtained by joining two copies of cycles
by a path of arbitrary length is cordial. Harary introduced S-Cordiality with the first letter of Signed Cordiality. Devaraj et
al.[4] proved that Petersen graph, complete graph, book graph, Jahangir graph and flower graph are signed cordial. The concept
of signed product cordial labeling was introduced by Baskar Babujee [3]. P.Lawrence et al. [13] proved that arbitrary super
subdivision of some graphs is signed product cordial.

2. Basic Definitions

In this section, some basic definitions are presented. If the vertices of the graph are assigned values subject to certain
conditions then it is known as graph labeling. Most of the graph labeling problems have the following three common
characteristics: a set of numbers for assignment of vertex labels, a rule that assigns a label to each edge and some condition(s)
that these labels must satisfy.

Definition 2.1:

A mapping f:V(G) — {0,1} is called binary vertex labeling of G under f(v), called label of vertex v of G under f. The
induced edge labelling f*: V(G) — {0, 1} defined by f*(uv) = |f (w) — f(v)|. Let v,(i) and e (j) are respectively the number
of vertices labeled with i and the number of edges labeled with j under f*. A binary vertex labeling of graph G is cordial
labeling if |v;(0) — v(1)| < 1 and |e;(0) — e;(1)| < 1. A graph G is cordial if admits cordial labeling[3].

Definition 2.2:

Agraph G = (V,E) is called signed cordial if it is possible to label the edges with the number from the set N = {+1, —1}
in such a way that at each vertex v, the algebraic product of the labels on the edges incident with V is either +1 or -1 and the
inequalities |v;(+1) — vy (—1)| < 1 and |eq-(+1) — ef-(—1)| < 1 are also satisfied, where v, (i), i belongs to {+1, -1} and
er(j), j belongs to {+1, -1} are respectively the number of vertices labeled with i and the number of edges labeled with j. A
graph is called signed cordial if it admits signed cordial labeling[3].
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Definition 2.3:

A vertex labeling of graph G f:V(G) — {—1, 1} with induced edge labelling f*: E(G) - {—1,1} defined by f*(uv) =
fW)f (v) is called a signed product cordial labeling if |v;(—=1) — v;(+1)| < 1 and |ef+(—1) — eq(+1)| < 1 where v;(—1)
is the number of vertices labeled with 1, v (1) is the number of vertices labeled with 1, e-«(—1) is the number of edges labeled
with —1 and eg~(+1) is the number of edges labeled with 1. A graph G is signed product cordial if it admits signed product

cordial labeling[3].
Definition 2.4:
PFG and RHG are defined in [21, 22].

3. Patterns of Subgraphs in PFG
In this section, patterns of subgraphs of PFG and connection between subgraphs of PFG are defined. Further, some of the
properties are Eulerian, Hamiltonian, k" level of average vertex degree, block and matching of PFG are studied.

3.1. Subgraphs of PFG

Construction of PFG defined in [22] and is depicted in figure 2. Let GE (n) denotes the joint nt" level of PFG. The total
number of vertices and edges at k" level of GE (k) are ¥, fioz and YK, fi,s + 2(k — 1) respectively. There are atmost
three level patterns in this graph and the patterns are shown in figure 1. It is interested to note that, the subgraph in 1(d) (figure
1) follows the famous Fibonacci sequence from level 4 successively. Also the first 3 level patterns follows cycle graphs, where
the number of vertices in each patterns follows the Fibonacci sequence f,, fs, fs. The vertices of all levels, except level 1 and
level 3 are placed in three horizontal parallel lines. H]-i denotes the number of vertices at the it" level on the j¢" lines where
Jj = 1,2,3. H; satisfies the following equations

Hi*' = H} + H/™" wherei>4,j=1,2,3

H} follows the Fibonacci Sequence 1,1,2,3,5, ... where fo,1 = fi + fa_1.

™ » » » L 2 & ]
\ l\
=, / e Y .
\ '/ , . . & & . ¥ »
) (b) (c) (d)

Fig. 1 Subgraphs Patterns

Theorem 3.1.
GF (n) has the following properties.
1. GF(n)isaHamiltonian forn > 1.

2. GF(n)is not Eulerian forn = 2.
3. Each level of PFG is block.

Proof:

1. Consider in figure 2. PFG is a connected graph, therefore there exists a path between any vertices of PFG. Since
V1, Vg, V3, Vs, Uy, U7, Vg, Vg, V12, V11, V10) Vo» V13, V14» V15, V16 1S @ Hamiltonian path.

2. Given PFG is a connected graph.

Assume that, PFG is Eulerian.
By definition of Eulerian, every vertex of PFG has even degree. But some vertices of PFG has odd degree (see in figure.
2). Therefore, our assumption is wrong. Hence PFG is not Eulerian.

3. Given that, PFG be a connected graph. That is, there exists a path between any two vertices of PFG. We know that, the
construction of PFG follows by the levels. The first level of PFG is a 3-cycle. If we remove any vertex in C; then PFG is
connected. That is no cut vertex and hence PFG is block. Next consider the second level of PFG, if we remove any vertex
then PFG is connected and block, that is, doesn't have cut vertex. The process following for each levels of PFG then each
level of PFG is connected. Therefore, each level of PFG is block.
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Theorem 3.2.
Let PFG is a connected planar graph . Then
(). The average vertex degree of k" level of PFG is

2Ty fis +2(k— 1)
Y firs

(ii). The average vertex degree at any level of PFG is lies between 2 and 3. That is

_2Chfus t 20— 1)

2 <
i1 firs

Proof:
(). We know that, for any graph G satisfies the following condition

z d(V(6)) = 2E(G)
VEV(G)
Therefore the average vertex degree of k" level of PFG
2E(PFG)
" V(PFG)
_ 20K, firs+2(k-1)
- K fira
(ii). Further, in PFG has a minimum degree 2 and the maximum degree 3. Hence the average vertex degree in k" level lies
betwee 2 and 3.

Example 3.3.
The average vertex degree of 5" level of PFG is

— Z(Z?=1fi+3 + 2(5 - 1))
X2 firs

=269 _ 732
50 T

Theorem 3.4.
Let PFG be a connected graph and M its matching. Then PFG is a perfect matching if 3i" or 3(i — 1)**level, where i > 1.
Proof:
Assume that, the total number of vertices in k" level of PFG is odd and is a perfect matching. Therefore,

|[V(PFG)| =2n+1
By definition of a perfect matching is which covers every vertex of the graph PFG. Each eadge in PFG have two end vertices.
Since 2n + 1 must divided by 2, but it is not true. Therefore our assumption is wrong. Hence the cardinality of PFG must
have even.

U
Us Uy
Uy U Uy
) ,
Uy ® ¢ V19
Ui Ui
U3 V16

U4 U5
Fig.2 GF(3) Perfect Matching

In figure 2, the total number of vertices in 37¢ level of PFG is 16. Hence it has a perfect matching and the matching are

{viva, V3Vs, V4V, VeVs, VoVig, Vi1Viz, Vi3Via VisVie)

10
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4. Signed and Product Cordial Labeling PFG and RHG
In this section, we have proved that PFG and RHG admit signed cordial labeling. And also we obtained signed product
cordial labeling of RHG.

Theorem 4.1:
PFG at level k > 1 admits signed cordial labeling.
Proof:
Let G be a Pyramid Fibonacci Graph at level k > 1 with n vertices and m edges, where
n= %5 fies
m= Z;{=1 firs +2(k = 1)
and f; is the i*" term of the Fibonacci sequence.
Let vy, vy, ..., Vg, Uy @Nd e, €5, ..., €1, €4, Are respectively vertices and edges of PFG.
The labels are assigned for the vertices as follows
f:v(G) - {-1,1}
f(v) = {ti j ii zzzn where 1 <j <n.
Case (i): nis even
Hence g vertices are labeled +1 and the remaining g vertices are labeled —1.
Thus v¢(+1) = vp(—1). Therefore it satisfied the condition

Case (ii): n is odd
Hence "T_l vertices are labeled +1 and the remaining "T_l + 1 vertices are labeled —1.
Thus ve(+1) = vp(—1). Also it satisfied the condition
|vf(+1) - vf(—1)| <1

1 Vas Uz Uag Uz

Fig. 3 Signed cordial labelling of G£ (4)

The labels are assigned for the edges as follows
fEG) - {+1,-1}

_(+1 ; jisodd )
fle) = {_1 [ liseven WeE1<j<m.

Case (i): m is even
The number of % edges are labelled +1 and the remaining % edges are labelled —1.
Thus e+ (+1) = er+(—1). Hence it is satisfied the condition

11
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leq+(+1) —ep+(-1)| < 1
Case (ii): mis odd
The number of mT_l edges are labelled +1 and the remaining mT_l + 1 edges are labelled —1.
Hence it is satisfied the condition

leq+(+1) —ep(-1)| < 1

Theorem 4.2:

RHG with level k > 1 admits signed cordial labeling.

Proof:

Let G be a Ripples Hamiltonian Graph at level k = 1 with p vertices and q edges, where

b= Zi'{=1 fix3
q= Z§=1fi+3 +2(k—1)
and f; is the i*" term of the Fibonacci sequence.
Let vy, vy, ..., Vp_q, Vp ANd €4, €5, ..., €41, €4 are respectively vertices and edges of PFG.
The labels are assigned for the vertices as follows

f:V(6) - {-1,1}
flv) = {t} ﬁ iz Zzzn where 1 <1 <p.

Case (i): p is even
Hence § vertices are labeled +1 and the remaining g vertices are labeled —1. Thus vy (+1) = vs(—1). Therefore it satisfied
the condition
|vf(+1) - vf(—1)| <1
Case (ii): p is odd
Hence p7-1 vertices are labeled +1 and the remaining pT_l + 1 vertices are labeled —1. Hence it is satisfied the condition
|vf(+1) - vf(—1)| <1

The edges of RHG are assigned for the labels as follows

f“EG) - {+1,—_1}
flep) = {+1 ; lisodd

<l<
—1; liseven where1 <1< g.

Case (i): g is even
The number of % edges are labelled +1 and the remaining g edges are labelled —1. Thus ef«(+1) = ef+(—1). Hence it is
satisfied the condition

lef(+1) —ep+(—1)| < 1

Case (ii): q is odd
The number of q7—1 edges are labelled +1 and the remaining qz;l + 1 edges are labeled —1.
Hence it is satisfied the condition
Theorem 4.3:
RHG at level k > 1 admits signed product cordial labeling.
Proof:
Let G be a Ripples Hamiltonian Graph at level k > 1.
Letthe verticesbev;;, 0<i<k—-1, 0<j < f;,3—1,wheref; isthe it" term of the Fibonacci Sequence.
The vertex labelling as follows
fv(@) - {-1,1}

Case (i): i —even

0<i<k—1 0<j<fis—1

12
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_(+1 ; jiseven
Vij = {—1 ; jis odd
Case (ii): i-odd
_(—1; j iseven
Vi = {+1; j isodd
Label the edges as follows
Case(i): i-even

—1; j iseven
Cijid+1) = {+1; j isodd
Case(ii): i-odd

_(+1; j iseven
GG+ =\=1;  is odd

Label the joined edges as follows

P {—1; i is even
U0 T +1; i isodd

Label the level i and level i 4+ 1 connected edges as follows
-1; j—n
eii’(i_'_l)(jin) = {+1 . ] +n Where new
The graph RHG satisfies the condition

lvr(+1) —vp(-D)| <1

Hence RHG is admits Signed Product cordial.

134

24

(a) Edge labeling (b) Vertex labeling

Fig. 4 Signed Product Cordial labeling of RHG at level - 3
5. Conclusion

In this research article, subgraph patterns of PFG and Signed cordial labeling of PFG and RHG are studied. Further Signed
product cordial labeling of RHG is derived.

13
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