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Abstract : In this paper, we propose and study a domain decomposition method for a system of coupled equations
with a nonlocal term in the stationary case. This algorithm combines an alternating direction scheme and a domain
decomposition. The underlying idea is that with a good domain decomposition, we can better describe for each point
the interaction neighbourhood. Moreover, the second step of this method is a good preconditioner of the first step. In-
deed, the matrices of the first step are poorly dimensioned because of the nonlocal term. Finally, although combining
the alternating direction scheme and the domain decomposition, our algorithm has a good degree of parallelism.

Keywords : Domain decomposition method; a coupled system equation with a nonlocal term; alternating direc-
tion scheme; preconditionner; a good degree of parallelism.

1 Introduction

The importance of the nonlocal term in the modelization of many phenomenas physics is best known in the sci-
entific world. Indeed it permits to take better the interactions between the different elements that contribute to the
realization of the phenomena (propagation of the epidemics, competition between two populations that occupying the
same territory, ...). But the introduction of the nonlocal term in the model gives many difficulties as soon as theo-
retically than numerically. Indeed for example on the theorie plan, it is very difficult to show the existence and the
uniqueness of the solution [2], [3], [5], [7], [21]. We can give as an example of works dealing with these questions [4],
[19], [36], [37]. The presence of the nonlocal term introduces for each point of the domain an interaction neighbour-
hood, i.e. a ball composed of the points which are in interaction with it. Numerically, the interaction neighbourhood
is not easy to describe because it is not the same for the different points of the domain. The domain decomposition
methods can be described as an artificial division of a given domain where a partial differential equation has to be
solved (see [14], [15], [16], [17], [24], [25], [39]). According to the subdomain division, domain decomposition meth-
ods are classified into two categories: overlapping and nonoverlapping methods. The well-known overlapping method
is the Schwarz method [26], [31], [32], [33]. The nonoverlaping methods are more recent than overlapping methods.
As works on nonoverlaping methods we have [8],[9], [10], [11], [12],[13],[18], [23]. The well-known nonoverlaping
methods is Lions method [27], [31], [34], [35]. Using domain decomposition methods, we propose an approach that
circumvents this difficulty. By reducing the study domain the domain decomposition method allows a better approx-
imation of the nonlocal term than the approximation made in the global domain. Indeed, with the decomposition of
the global domain into subdomains, the approximation that consists in taking the interaction neighbourhood of each
point as being the sub-domain of study is a good consideration. Moreover the second step of this algorithm by solving
two Neumann problems gives a good preconditioner for the first step of this method [28], [29], [38]. Indeed, with
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the presence of the nonlocal term, the matrices of the first step are badly conditioned. Finally our algorithm, although
combining the alternating direction scheme and the domain decomposition, presents a good degree of parallelism.

2 Existence and Uniqueness of the Local Solution

Let consider the nonlocal coupled system defined by:

—div(k(lr(w))Vu) + flu—v) = alu—v) in€, (2.1)
—div(k(l,(v))Vv) = flu—v) = alv—u) in€, (2.2)
u=v = 0 onTly. (2.3)

where u(z) and v(z) are real valued functions, {2 C R™ is a bounded domain. The boundary I'y = 052 is supposed to
be class C?. The real functions f and x, defined on R, are Lipschitz continuous such that

If(t) = f(s)] < mlt—s|Vs,teR (2.4)
|k(t) — k()| < Yot — s| Vs, t €R (2.5)

Moreover, the function x verifies that
0<m<ale) MVeeR (2.6)

with m and M two positive constants. And [,. : LQ(Q) — R is the continuous linear form. The problem ((2.1)-(2.3))
can be consider as an asymptotic case of the problem studied by C. A. Raposo et al. [37] in the evolution case. This
mathematical model have been used to describe many phenomenas in physical, chemical, biological and ecological
systems. The originality of this approach is in the term (I («)). Indeed some publications on the subjet assume that
the matrix of diffusion is a diagonal matrix so that coupling between the equations are present only through the term
f (see [36]). However, many problems could be treated as equation in which the diffusion matrix is not diagonal (see
[19], [22]). The new approach is to see the term «(l,-(u)) as a nonlocal quantity with

Ir(u) = /QT u(z,t) dx

where €2, C € (the diffusion depends on the global population in €2, but not on the global population in €2). In [4],
Andami and Rougirel studie the following nonlocal problem

Find u € H}(Q2) such that
— k(ly(u)Au=f in H Q) (2.7)

where

1 (u)(z) = /Q o SV

For the model problem (2.1)-(2.3), we have the following existence and uniqueness theorem.
Theorem 2.1. Assume (2.4), (2.5) and (2.6) hold true and r € (0, L). Then (2.1)-(2.3) admits a solution (u,, v,.) in
H(Q) x HE(Q). Ifin addition solution (u,.,v,.) of (2.1)-(2.3) satisfy

m—c(Q)(1+ 71 + 2a)

HU7.||H&(Q) < 72|Q‘1/2C(Q)1/2 (2.8)
m—c(Q)(1 4+ v + 2a)
||UT||H(}(Q) < Y2 Q[ 2¢(Q) 172 (2.9)

where c(§2) denotes the Poincaré Sobolev constante and |Q)| the measure of Q). Then the solution is unique.

Proof. Existence:
The proof can be obtained by a paper Galerkin scheme. We refer the reader to [20].
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Uniqueness:
Let (u1,v1) and (ug, vo) be solutions of (2.1)-(2.3). Setting

I U —uy Wy =y — vy
o= v -y Wy =y — vy
we have
~ div(k(ly(w))Veur) + fwn) = aws inQ
—div(k(l, (1) Vo) = fw) = —aw inQ
up=v1y = 0onl
and
— div(r(l (1)) Vuz)) + fws) = aws inQ
—div(k(l (1)) Vo)) — f(ws) = —aws inQ
uy=v9 = O0onT
By testing (2.10)-(2.12) and (2.13)-(2.15), we get
/Q(ff(lr(ul))vul = K(lr(u2))Vua)Vepr do - = —/Q(f(wl) — f(w2))prdx

+ a/g(wl —wy)prdr Vo € HY ()
/ (5l (01))Vor — (L (02)) Vor) Vipp dir = / (F(wn) — f(ws))ipa d
Q Q

+ a/(wszl)gpz dx Yoo € Hy(Q)
Q

Since
k(- (u))Vu — £(1:(v))Vv = (k(l(v)) — (1 (v)))Vu + £(1.(v))V(u — v),
if follows that

/Q(fi(lr(m))—%(lr(U2)))VU1V<p1d:c+/ (r(u2)) V(@) Veprde = — [o(f(w1) = f(wa))prda

K

Q

—|—oz/ (w1 — ws)prde, Vo1 € HE(Q),
Q

and

/Q (6L (01)) — (L (02)) Vo1 Vigad + / il (02))V () Vad = fo(f(wn) — f(ws))pade

Q
+Oé/ (’LUQ — wl)g02d:c, V(,OQ € H&(Q)
Q

Setting ¢; = @ and p = v, we get

mlilfy < [ In(t) = rlt ) [Vl Vilde + [ 1) = fwplfalde + o [ faPda

+ a/ 16|l dz
Q
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From (2.4), (2.5) and (2.21)
il gy <22 [ () = L) Vur[Valds + 0 [ [ade+ o [ folalds
Q Q Q

+ a/ || dx + a/ |9|||dz (2.22)
Q Q
We can easily get by using Cauchy-Schwarz inequality
11 ()] < 190 2e(0) 2 ul | 113 0 (2.23)
Using (2.21), (2.22) and (2.23), we obtain
ml[al[5s 0y < 12l 2e( )V al i o) lullmy@) + mllalZeg) + ol
+ allullfeq) + alloll2 @@l (224)
And also by Young inequality

~ 710( 71e(€)
mllal| Gy < I [al 3 o) 1wl ) + )l ) + ———

a()

191173 0

710( ) C( )

+ |lu ||H1(Q)+ac( )Hﬂ”?{g(g)"' v HH1 o T 5 H“”HI(Q) (2.25)

Using the same arguments, we also obtain

_ _ _ ne@),
mlol[Fay < 2l 2@ 0] Fa ol @) + Nl @) + 5 [l o)
716( ) _ ac(Q) ac(Y) |, _
1911723 0y + ac@llollFy o) + =5 Nally o) + 5 [10lly@)  226)

Additing (2.25) and (2.26) , we get

m(|lallf @) + 10llF ) < (a2l 2@ lunll g o) + () + 11e(Q) + 2ae()|[allF; g
+ (2l 2e( )2 o] g o) + (@) + (@) + 2ae(@))][0] 5 ) (227

Using (Eq 1) and (F¢2) in (2.27), we deduce the uniqueness. O

3 Domain decomposition

Let u = (u,v) and

With the above notations, (2.1)-(2.3) can be written as

—div(k(l(uw))Vu)+ f(u) = 0 inQ 3.1
u = 0 inTy. (3.2)
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Let {Qy, 2} be a partition of 2. We set I'; = Q; N T'g. We set u; = (u;,v;) where u; = u|g, and v; = v|q,. In
each suddomain €;, we propose to solve

— div(k(ly(u1))Vur) + f(ur) = 0 inty (3.3)
u; = 0 only (3.4
u; = uy onl'ys 3.5)
and
— div(k(l,(u2))Vuz) + f(uz) = 0 inQy (3.6)
wy, = 0 inTy 3.7)
% = _% onTy (3.8)

where n;, (i = 1, 2) is the unit outward normal to §2;.
To show the equivalence between the multi-domain formulation (3.3)-(3.5) and (3.6)-(3.8), and the global formu-
lation (2.1)-(2.3), we needs to write weak formulations. We then introduce the following spaces, for u; € H& (€2;)?

Vl = {’UJ S (H&(Ql))z,w = U2 On Flg}
ow 6’[1,1
V2 o= Hi(922))?, ~— =———onT
{we ), 52 = -Gt onra
The variational formulation of the global problem (3.1)-(3.2) is
Find w € H}(2)? such that
k(I (w))a(u, w) +1(w) =0 Yw e (H}(Q))?, (3.9)
where u = (u, v) and
a(u,w) = / VuVw dz
Q
l(w) = / f(uw)wdx
Q
Setting
a;(u;,w) = Vu;w dz
Q;
Li(w) = fu)wdz
Q;
the weak formulations for multi-domain formulation is then
Find u; € V; such that :
k(lp(uw))a;(u;,w) + Li(w) =0, YVweV, i=12 (3.10)

Theorem 3.1. Problem (3.9) is equivalent to Problem (3.10).

Proof. If u = (u1, u2) is the solution of (3.10), we have

a(u,w) = / VuVwdr = / VuVwdr = / Vu,Vwi dz +/ VusVws dz,
Q Q1UQ Q Qo
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for all w € (Hg(9))?. Then, we get
a(u,w) = ai(u,wr) + az(us, ws).
We can show by using the same procedure that l(w) = l; (w1) + l2(w2). Then
k(l(u))a(u, w) +l(w) =0

is equivalent to
i@(lr(ul))al(u17w1) + ll(wl) + R(ZT(’UQ))GQ(UQ,’QUQ) + l2(w2) =0 (311)

Letw = (w1, ws) € (H}(Q))2. If we set wy = 0in (3.11) we get
&(lr(u1))ar(uy, wy) + 11 (wy) = 0.
In other words, u; is solution of (3.10) for ¢ = 1. If we set w; = 0, we get
K(lr(u2))az(ug, wa) + la(ws) =0
with the contitinuity condition on the normal derivatives on I'15. We then deduce that us is solution of (3.10) for

1=2.
If u; (i = 1,2) is solution of (3.10), then it is easy to see that u = (w1, u2) solution of (3.9). O

4 Domain Decomposition Algorithm

Algorithm

For the numerical resolution of the problems ((2.1)- (2.3)), we propose the following algorithm. Starting with
Given (u?) € (H}(92%))? and \g € H'/2(T;), we build a sequence of approximate solutions u¥, ., € (H(Q%))2,
for : = 1, 2 by solving the following three-step algorithm.

Step 1.

find ¥ such that:
(b (uf ) ar (uf, v) + 1 (v) =0, Vo € (H5(QY))?, (4.1)

’U,]f = )\k,1 on Flg

find u% such that:
w(le(uy ™)) az(uf, v) +la(v) = 0, Vo € (Hy(Q%))?, (4.2)

’U,IQC = Ak’—l on Flg

Step 2.

find w¥ € (H'(92!))? such that
ai(wf,v) = %(al(ullc7v) —1i(v) + az(u3, B*(v)) — l2(R*(v))) (4.3)
Vv € Vi,

find wh € (H'(92))? such that
az(wh,v) = %(—al(ulfaRl(U)) +U(R! () — az(u3, ) + 12(v)) (4.4)
Vv € VE,
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where R : (H'/2(I;))? — (H'(Q4))?, i = 1,2 such that Vi € (H'/2(T;))2, R*(¢) = ; with 1; solution
of the problem

find w; € (H(9?))? such that
a;(w;,v) =0, Yv € V§ 4.5)
w; =¢ponly

and V§ = {v € (H* (%)% v=0onT;}.

Step 3. Update the interface
Ae = M1 — O(wh —wh) onTy,y (4.6)

with 6 € [0, 1] the relaxation parameter.

Convergence

To prove the convergence of this algorithm, we need to show that the sequences of functions {u¥}x>¢ and {w’},>o
converge if the sequence {\x, } ;>0 converges. We first rewrite the problem (4.1) as

find u!' such that @7
k(L (uy™!))as(uy, 0) +1i(v) =0, Vo € (Hy(QY)? '
and
find w3 such that
k(b (ui))a (uf, v) =0, Vo € (Hg(Q))?, 4.8)

ui‘ = )\k,1 on Pz

Indeed we have to separate the influence of the volume forces and the harmonic’s behavior of the domain ! (See
[30]). Then u¥ = ull1 + u3. Using the definition of the mapping R?, we get uy = R'(A\x_1). It follows that

uf =ult + R (M) (4.9)
By doing the same for the (4.2), we obtain

ub =ul + R2(\ 1) (4.10)
For (4.3)-(4.4), we have to use the definition of Steklov-Poincaré’s operator and we obtain

.1 .
wh = iSfl(Slu’f + Syub) onTy

1
wh = —552_1(5'11/1“ + Syub) onTy

“.11)

where S;, i = 1,2 is the Steklov-Poincaré’s operator define by S; : (H'/2(T;))? — (H~'/%(T;))?, such that Vu €

Ow.
(HY2(T)))2, Si(p) = a’wl with w; solution of the problem
Uz

find w; € (H'(£2;))? such that
a;(w;,v) =0, Vbv € (Hj())? (4.12)
w; = ponly

and S; ! the inverse operator of Steklov-Poincaré’s operator.
Using the mapping R;, i = 1,2, (4.9)-(4.11) lead to

1
wi = JRUSTH(S1u! + Spug + Sidem1 + S2Ak-1) “@13)
: .
wh = _532551(51#; + Souf + S1h—1 + Sade—1)
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Concerining S; and R?, we recall the following theorems
Theorem 4.1. The operators S;, S;* are linear, bounded, bijective, self-adjoint and coercive.

Proof. See, e.g., [1]. ]
Lemma 4.2. The mapping R?, i = 1,2 is linear, bounded and bijective.
Proof. See, e.g., [6], [28]. O

Lemma 4.3. Assuming the existence of 0,4, €)0, 1] such that for all 0 < 0,4, the sequence {\}r>0 converges in
(HY2(T;))2. Then {uf}>0, i = 1,2 converges in (H'(£2;))2.

Proof. We need to show that {u}},>0 is a Cauchy sequence in the Banach space (H'(£2;))?.
luf —uf i = [luf + R (1) = (uf + R (A1) L
IR (A1 = Ae=1) |ln

< || Rl Ak—1 — Ae—1 [lij2  (using the lemma 4.2)
O
Theorem 4.4. Using the same assumptions as in theorem 4.3, the sequence (w¥)y>o converges in (H*(Q%))2.
Proof. We need to show that (w¥);>0 is a Cauchy sequence in the Banach (H!(£2;))2.
| wf—wi |1 = % | R*S; M (S1(Ak—1 — Ae—1) + S2 (A1 — A1) |
< % FRSTHI- Sy I+ 1Sz ) I Ak—1 = Ae— [l
< O A=t = A1 fl1y2
with 1 ‘
C=g RS Sl + 15 1)
and by using the lemmas 4.1 and 4.2. O

Now, it remains to prove the existence of 6,4, such that the sequence { Ay } x>0 converges for § < 60,,,,,. Let be
Ty : (HY*(I;))? — (H/?(T;))? the mapping defined by

Ty(Ae) = M1 — O(w} — wh). (4.14)

with 6 €]0, 1]. To apply the Banach fixe point to Ty, let introduce the operator M define by M = S by S5 ! and
M~ the inverse operator of M. We are endow the space (H'/2(I';))? with the scalar product

<@, >py1=< M7, >=< o, M~ >, Vo, v € HY*(T;))?

and the norm
1/2

@ lla-1= (< M o, 0 >)
We are the following technical lemmas.

Lemma 4.5. The operator M is bijective, self-adjoint and coercitive. Moreover there exists a constant ¢ > 0 such
taht
I M o< ellull—1jo, Vi€ (HV2(T))?

Lemma 4.6. The norms || - ||y;—1 and || - ||1 /2 are equivalent.
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Proof. The operator S, 1 i =1,2, is bijective, sel-autoadjoint and coercive (see Theorem 4.1). Moreover

1

it (H73(T)) — (H2(L,))?

K3

(4.15)
—1 — 6’(1)1
p— S =Gt
with w; is the unique solution of the Neumann’s problem
ai(wi, v) =< p, G2t > 11 Vo € (H'(Q))?, (4.16)

where < -,- >_1 1 is the duality product between the spaces Hz(T,) and his dual H~2 (T,).
We have
157 ullyr, = 152,
Using trace theorem, we get
152y, < Cllwl

From (4.16), we obtain
8wi

8ni

w2 < Collall g r Ity 1, < Csllull_y . Il

So
157 ully ., < Cillall s .-
That is proove the Lemma 4.5.
The operator M ! is clairely bijective, self-autoadjoint, coercive as the operator M. The Lemma 4.6 is the conse-
quence of the continuty and coervicity of M 1. U

We have the following existence theorem.

Theorem 4.7. There exists O, €)0, 1] such that V0 < 0,4, the mapping Ty is a contraction.
Proof. Let A and p such that we have (dropping the iterations index k)

Tg()\) = - 9(’UJ1 - ’QUQ)

To(p) = p—0(wy —ws)
Using (4.11), we obtain that

0
To(A) = A — g(5;1 + S5 (S1ULL + SaU7s + (S1 + S2)N) win

Ty(B) = B — 5(ST" + 85 )(S1UL + SUEs + (81 + 52)8)

From (4.17) and the lemmas 4.5 and 4.6 there follows

0
1To(N) = To(B)l[3g+ = lIX = B = (ST +.851)(S1 + 52)(A = Bl
02
<IA =Bl =0 < (S1+S2)(A = B), A= B> +ZII(S{1 + 55 1)(S1 4 52)(A = B)l[3-+

_ 62
< (1= Cs,48,0 + 151 + Sal|[-[[1S7 ! + 55 1H\Z)HA — Bl
where Cy, 1 g, is the constante of coercitivity of the operator S7 + Sa2. Then Ty is a contraction if

9 < 4csl+521 — =
IS+ Sel[l11ST T+ S5

amaz
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S Numerical experiments

In this section, we shall compare performancies of domain decomposition method and the global resolution. All
computations are performed in Matlab 7.

Let us consider the problem ((2.1)-(2.3)) in the two dimensional space 2 defined by © = (0,1) x (0, 1). We choose
to work with uniform mesh for the simplicity of simulated models. We take f(s) — a(s) = Bs(g — s) Vs € 2 with
B = 1 and ¢ = 10. For the beginning of the algorithm, we need to have ug and vy. So, we supposed that V(z,y) €

uop(z,y) = 0.01
vo(z,y) = 0.01cos(z — ) cos(y — yo)

where xy = 0.25 and yo = 0.25.
For the nonlocal term a(l,.(u)), we defined [, by

1 1
I(uw(X)) = Ws(Q) /0 u(X)dX
with X = (z,y).

To compare the behaviour of Domain Decomposition Method and the global resolution, we have to do two tests:
in the first numerical test, we take a constant i.e a(¢) = 1, V¢ and in the second test a() = 0.1¢p. The table gives the
number of iterations before the convergence of the algorithm.

Case 1: a(p) =1

The behaviour of the Domain Decomposition Method is seen in Table 1. The results demonstrates the numerical
scalability and robustness for various values of the relaxation parameter #. The figures 1 shown that with the constant
diffusion the behaviour of the population that the density is given by u(x,y) are symmetric and similar in each sub-
domain. The axis y = 0.5 is clearly the axis of symmetrize. It is the same thing for the population that the density
is given by v(z,y). For the global method, the Table 2 shown that the global resolution is less performante than the
Domain Decomposition Method. Indeed the number of iteration for the convergence of the global resolution varies
with the step of discretization. Global resolution is not numerical scalability.

N,/N. | 6=01]60=02]6=03|60=04|6=07|6=09
9/8 11 11 11 11 11 11
16/18 11 11 11 11 11 11
25/32 11 11 11 11 11 11
81/128 11 11 11 11 11 11
625/1152 11 11 11 11 11 11
2500/4802 11 11 11 11 11 11
5625/10952 11 11 11 11 11 11

Table 1: Results of the Domain Decomposition Method in the case of a(y) = 1
where N, N, are the number of vertices and the number of elements on each subdomain respectively.
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vl &2

ALV SO

Figure 1: Evolution of the population of u(x,y) and v(x,y) in the two subdomains for the case with a(y) = 1

The figures | shown that with the constant diffusion the behaviour of the population that the density is given by u(x, y)
are symmetric and similar in each subdomain. The axis y = 0.5 is clearly the axis of symmetrize. It is the same thing
for the population that the density is given by v(x, y).

N, /N, | iterations

9/8 7
16/18 12
25/32 19

81/128 66

625/1152 1436
2500/4802 1049
5625/10952 1028

Table 2: Global algorithm in the case of a(¢) = 1
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Figure 2: Evolution of u(x,y) and v(x,y) for case with constant diffusion

The figure 2 obtain with the global method in the case of the constant diffusion confirms that the behaviour of the
population that the density is given by u(x, y) and v(z, y) are symmetric and similar in each subdomain.

Case 2: a(p) = 0.1p

The numerical results shown that the behaviour of the population u(z,y) and v(z,y) are symmetric and similar in
each subdomain. If we compare to the numerical results with constant diffusion, we can see that the axis y = 0.5 is
not the axis of symmetrize in the case of the nonlocal diffusion. The density of the population u(x,y) and v(x,y)
are more or less important in the center of each subdomain. In the nonlocal diffusion case, the results confirms the
numerical scalability and robustness of the Domain Decomposition Method. Indeed with the presence of the nonlocal
term, the matrix are badly scaled but the Domain Decomposition Method needs the same number of iterations for the
convergence than the case of constant diffusion. The global resolution needs a preconditionner in the case of nonlocal
diffusion.

N,/N. | 6=01]60=02]6=03|60=04|6=07|6=09
9/8 11 11 11 11 11 11
16/18 11 11 11 11 11 11
25/32 11 11 11 11 11 11
81/128 11 11 11 11 11 11
625/1152 11 11 11 11 11 11
2500/4802 11 11 11 11 11 11
5625/10952 11 11 11 11 11 11

Table 3: Results for Domain Decomposition Method in the case of a(¢) = 0.1¢
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Figure 3: Evolution of u(x,y)and v(x,y) in the first subdomains for case with a(p) = 0.1¢

The numerical results shown that the behaviour of the population u(x,y) and v(z,y) are symmetric and similar in
each subdomain. If we compare to the numerical results with constant diffusion, we can see that the axis y = 0.5 is
not the axis of symmetrize in the case of the nonlocal diffusion. The density of the population u(x,y) and v(z,y)
are more or less important in the center of each subdomain. In the nonlocal diffusion case, the results confirms the
numerical scalability and robustness of the Domain Decomposition Method. Indeed with the presence of the nonlocal
term, the matrix are badly scaled but the Domain Decomposition Method needs the same number of iterations for the
convergence than the case of constant diffusion. The global resolution needs a preconditionner in the case of nonlocal
diffusion.
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Figure 4: Evolution of u(x,y)and v(x,y) in the first subdomains for case with nonlocal diffusion
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