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Abstract - In this paper, a new class of sets called z/*-closed sets is introduced and its properties are studied. The
relationships among closed, r-closed, r*-closed, o-closed, z/*-closed and other generalized closed sets are investigated.
Several examples are provided to illustrate the characterizations of these new classes of sets.
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I. INTRODUCTION

In 1937, Stone [18] introduced the notion of regular open sets. In 1963, Levine [7] initiated s-open sets. In 1965, Njastad
[13] introduced the concept of a-open sets. In 1968, the notion of w-open sets were introduced by Zaitsev [20] which are
weaker form of regular open sets. Velicko [16] proposed &-open sets which are stronger than open sets. In 1970, Levine [8]
initiated the study of generalized closed (briefly g-closed) sets. In 1982, Mashour [9] introduced the concept of p-open sets. In
1983, Abd EI-Monsef et al [1] introduced the notion of B-open sets. In 1996, Dontchev and Ganster [4] introduced the notion
of dg-closed sets. In 2000, Dontchev and Noiri [5] introduced the concept of ng-closed sets. In 2006, Park [14] introduced the
notion of mgp-closed sets. Aslim et al. [3] introduced the concept of ngs-closed sets. In 2009, Arockiarani and Janaki [2]
introduced the notion of nga-closed sets. In 2010, Sarsak and Rajesh [17] introduced the concept of mgsp-closed sets. In 2012,
Sudha and Sivakamasundari [19] introduced the notion of 6g*-closed sets. In 2016, Pious and Annalakshmi [15] introduced the
notion of regular*-open sets. In 2019, Meenakshi et. al [10, 11] introducedthe concepts of n*-open and J-closed sets. In 2020,
Meenakshi et. al [12] introduced a new class of sets namely J*-closed and J**-closed sets. Recently, Kumar [6] introduced a
new class of sets namely ngn-closed sets and obtained their properties.

Il. PRELIMINARIES
Throughout this paper, spaces (X, 3), (Y, o), and (Z, y) (or simply X, Y and Z) always mean topological spaces. Let A be
a subset of a space X. The closure of A and interior of A are denoted by cl(A) and int(A) respectively. A subset A is said to be
regular open [18] (resp. regular closed [18]) if A = int(cl(A)) (resp. A = cl(int(A)). The finite union of regular open sets is said
to be m-open [20]. The complement of a w-open set is said to be m-closed [20].

Definition 2.1. A subset A of a topological space (X, 3J) is said to be
(i) pre-open [9] (briefly p-open) if A < cl(int(A)).

(ii) semi-open [7] (briefly s-open) if A < int(cl(A)).

(iii) a-open [13] if A < int(cl(int(A))).

(iv) B-open [1] if A < cl(int(cl(A))).

The complement of a pre-open (resp. semi-open a-open, 3-open) set is called pre-closed (briefly p-closed) (resp. semi-
closed (briefly s-closed), a-closed, B-closed). The intersection of all p-closed (resp. s-closed, a-closed, B-closed) sets
containing A, is called p-closure (s-closure, a-closure, B-closure) of A, and is denoted by p-cl(A) (resp. s-cl(A), a-cl(A), B-
cl(A)). A subset A of a topological space (X, 3) is said to be clopen if it is both open and closed in (X, 3J).

Definition 2.2. A subset A of a topological space (X, 3) is said to be generalized closed (briefly g-closed) [8] if cl(A) c U
whenever A — U and U € 3. The complement of a g-closed set is called g-open.

The generalized closure of A is defined as the intersection of all g-closed sets in X containing A and is denoted by cl*(A). The
generalized interior of A is defined as the union of all g-open sets in X contained in A and is denoted by int*(A).
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Definition 2.3. The &-interior of a subset A of X is the union of all regular open sets of X contained in A and is denoted by &-
int(A). The subset A is called d-open [16] if &-int(A) = A. i.e. a set is 3-open if it is the union of regular open sets, the
complement of a d-open set is called d-closed. Alternatively, a set A < X is 6-closed if A = 3-cl(A), where 5-cl(A) is the
intersection of all regular closed sets of (X, J) containing A.

Definition 2.4. Let (X, 3) be a topological space. A subset A of (X, 3) is called regular*-open [15] (or r*-open) if A =
int(cl*(A)). The complement of a regular*-open set is called regular*-closed. The union of all regular*-open sets of X
contained in A is called regular*-interior and is denoted by r*-int(A). The intersection of all regular*-closed sets of X
containing A is called regular*-closure is denoted by r*-cl(A).

Definition 2.5. A subset A of a topological space (X, 3) is called n*-open [10, 11] set if it is a union of regular*-open sets (r*-
open sets). The complement of a n*-open set is called n*-closed. A subset A of a topological space (X, 3) is called n*-interior
of A is the union of all n*-open sets of X contained in A and is denoted by n*-int(A). The intersection of all n*-closed sets of
X containing A is called as the n*-closure of A and is denoted by n*-cl(A).

Remark 2.6.

(i) regular open = n-open = 5-0pen = n*-0pen = open = a-0pen = s-open = (3-open

(ii) regular closed = n-closed = 6-closed = n*-closed = closed = a-closed = s-closed = [-closed
(iii) regular open = m-open = &-open = n*-open = open = o-0pen = p-open = B-open

(iv) regular closed = n-closed = 3-closed = n*-closed = closed = a-closed = p-closed = p-closed

Remark 2.7. For every subset U of X,

(i) B-cl(VU) < s-cl(VU) < a-cl(U) < cl(U) = n*-cl(U) < é-cl(U) < n-cl(U) < r-cl(U).
(i) g-cl(U) = cl(U) ) = n*-cl(U) < 8-cl(U) < n-cl(U) < r-cl(U).

(iii) B-cl(V) < p-cl(V) < a-cl(V) < cl(U) = n*-cl(U) < 3-cl(U) < n-cl(U) < r-cl(U).
(iii) n-cl(V) < a-cl(U) < cl(U) < n*-cl(U) < §-cl(U) < n-cl(U) < r-cl(V).

Definition 2.8. A subset A of a topological space (X, 3) is said to be

(1) J-closed [10, 11] if cl(A) < U whenever A — U and U is n'*-open in X.

(2) J*-closed [12] if n*-cl(A) —c U whenever AcUand U € S.

(3) 6-generalized closed (briefly 8g-closed) [4] if 6-cl(A) < U whenever Ac Uand U € 3.

(4) 6g*-closed) [19] if 6-cl(A) < U whenever A < U and U is g-open in X.

(5) I**-closed [12] if n*-cl(A) < U whenever A < U and U is n*-open in X.

(6) mg-closed [5] if cl(A) < U whenever A — U and U is w-open in X.

(7) mgp-closed [14] if p-cl(A) < U whenever A < U and U is w-open in X.

(8) mgs-closed [3] if s-cl(A) < U whenever A — U and U is w-open in X.

(9) mga-closed [2] if a-cl(A) < U whenever A < U and U is -open in X.

(10) mgsp-closed [17] if sp-cl(A) < U whenever A — U and U is w-open in X.

(11) mgn-closed [6] if n-cl(A) < U whenever A < U and U is w-open in X.

(12) J-open (resp. J*-open, 8g-open, 8g*-open, J**-open, g-0pen, agp-open, rgs-open, TgO.-open, TESP-0PeEN, gn-0pen)
set if the complement of A is J-closed (resp. J*-closed, 8g-closed, dg*-closed, J**-closed, ng-closed, mgp-closed, ngs-closed,
ngo-closed, ngsp-closed, mgn-closed).

. nJ*-CLOSED SETS

In this section a new class of generalized closed sets, called nJ*-closed sets are introduced. The relations between rnJ*-closed
sets and various existing generalized closed sets are investigated.

3.1 Definition A subset U of a topological space (X, 3) is said to be aJ*-closed if n*-cl(U) = M whenever U c M and M is &
open in (X, 3).

3.2 Theorem. Every J*-closed set is nJ*-closed but not conversely.

Proof. Let U be a J*-closed set and M be any m-open set containing U in X. Since every n-open set is open, so M is open.
Given that U is J*-closed, n*-cl(U) < M. Hence U is nJ*-closed.
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3.3 Theorem. Every J**-closed set is nJ*-closed but not conversely.
Proof. Let U be a J**-closed set and M be any m-open set containing U in X. Since every m-open set is n*-open, so M is n*-
open. Given that U is J**-closed, n*-cl(U) — M. Hence U is nJ*-closed.

3.4 Theorem. Every n*-closed set is nJ*-closed but not conversely.
Proof. Let U be a n*-closed set and M be any n-open set containing U in X. Given that U is n*-closed, n*-cl(U) = U c M.
Hence U is nJ*-closed.

3.5 Corollary. Every r*-closed set is nJ*-closed but not conversely.
Proof. Since every r*-closed set is n*-closed and every n*-closed set is mJ*-closed.

3.6 Corollary. Every regular-closed set is J*-closed but not conversely.
Proof. Since every regular-closed set is n*-closed and every n*-closed set is mJ*-closed.

3.7 Corollary. Every n-closed set is nJ*-closed but not conversely.
Proof. Since every n-closed set is n*-closed and every n*-closed set is nJ*-closed.

3.8 Theorem. Every d-closed set is mJ*-closed but not conversely.
Proof. Let U be a 3-closed set and M be any n-open set containing U in X. Given that U is &-closed, -cl(U) = U c M.
Therefore n*-cl(U) < 8-cl(U) < M. Hence U is nJ*-closed.

3.9 Theorem. Every 8g*-closed set is mJ*-closed but not conversely.
Proof. Let U be a 3g*-closed set and M be any w-open set containing U in X. Since every n-open set is g-open, so M is g-open.
Given that U is 6g*-closed, 8-cl(U) — M. Therefore n*-cl(U) < 8-cl(U) = M. Hence U is nJ*-closed.

3.10 Theorem. Every 8g-closed set is mJ*-closed but not conversely.
Proof. Let U be a 5g-closed set and M be any w-open set containing U in X. Since every m-open set is open, so M is open.
Given that U is 8g-closed, 8-cl(U) < M. Therefore n*-cl(U) < 8-cl(U) = M. Hence U is nJ*-closed.

3.11 Theorem. Every 6-closed set is nJ*-closed but not conversely.
Proof. Let U be a 6-closed set and M be any n-open set containing U in X. Given that U is 6-closed, 6-cl(U) = U < M.
Therefore n*-cl(U) < 6-cl(U) = M. Hence U is nJ*-closed.

3.12 Theorem. Every nJ*-closed set is ng-closed but not conversely.
Proof. Let U be a nJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) = M.
Therefore cl(U) < n*-cl(U) < M. We get cl(U) = M. Hence U is ntg-closed.

3.13 Theorem. Every nJ*-closed set is ngp-closed but not conversely.
Proof. Let U be a nJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) = M.
Therefore p-cl(U) < n*-cl(U) = M. We get p-cl(U) = M. Hence U is ngp-closed.

3.14 Theorem. Every nJ*-closed set is ngs-closed but not conversely.

Proof. Let U be a nJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) = M.
Therefore s-cl(U) < n*-cl(U) = M. We get s-cl(U) = M. Hence U is ngs-closed.

3.15 Theorem. Every nJ*-closed set is nga-closed but not conversely.

Proof. Let U be a nJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) = M.
Therefore a-cl(U) < n*-cl(U) < M. We get a-cl(U) = M. Hence U is nga-closed.

3.16 Theorem. Every nJ*-closed set is mgsp-closed but not conversely.
Proof. Let U be a nJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) < M.
Therefore sp-cl(U) < n*-cl(U) = M. We get sp-cl(U) = M. Hence U is mgsp-closed.

3.17 Theorem. Every nJ*-closed set is wgn-closed but not conversely.
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Proof. Let U be a mJ*-closed set and M be any m-open set containing U in X. Given that U is nJ*-closed, n*-cl(U) c M.
Therefore n-cl(U) < n*-cl(U) c M. We get n-cl(U) < M. Hence U is ngn-closed.

3.18 Example. Let X = {a, b, c} and I = {¢, X, {a}}. Then the subset A = {b, c} is n*-closed as well as J*-closed but not 5-
closed in (X, 3).

3.19 Example. Let X = {a, b, ¢} and 3 = {4, X, {a}, {a, b}}. Then the subset A = {b} is J**-closed as well as nJ*-closed but
not n*-closed in (X, 3).

3.20 Example. Let X = {a, b, c} and 3 = {d, X, {a}, {a, b}, {a, c}}. Then the subset A = {b} is nJ*-closed but not 56g*-closed
in (X, 3).

3.21 Example. Let X ={a, b, ¢, d} and 3 = {¢, X, {a}, {c}, {a, c}, {a b}, {a b, c}, {a, c, d}}. Then the subset A = {c} is J**-
closed as well nJ*-closed in (X, 3).

3.22 Example. Let X = {a, b, ¢, d} and I = {¢, X, {c}, {a, b}, {a, b, c}}. Then the subset A = {a, b} is J*-closed as well as
nJ*-closed but not J**-closed in (X, 3).

3.23 Example. Let X = {a, b, c} and 3 = {¢, X, {a, b}}. Then the subset A = {a} is J**-closed as well as nJ*-closed but not
closed in (X, 3).

3.24 Example. Let X = {a, b, c} and I = {¢, X, {a}, {b}, {a, b}}. Then the subset A = {c} is n*-closed as well as nJ*-closed
but not r*-closed in (X, 3).

3.25 Remark. From the above definitions, theorems and known results the relationship between nJ*-closed sets and some
other existing generalized closed sets:

nJ*-closed - ng-closed - nga-closed
0 ) T
J*-closed — g-closed — J-closed
) J
J**-closed «— dg*-closed “— 8g-closed ng-closed
) )
n*-closed « d-closed «— 6-closed
0 )
r*-closed « r-closed - n-closed
ngn-closed ngp-closed
ng-closed —  mgoa-closed - ngsp-closed
J/ /
ngs-closed

Where none of the implications is reversible as can be seen from the above examples:
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IV. PROPERTIES Of aJ*-Closed
In this section, we obtained properties of nJ*-closed sets.

Theorem 4.1. Let X be a topological space. If A is n-open and nJ*-closed, then A is n*-closed.
Proof. Let A is m-open and nJ*-closed. Let A — A where A is m-open. Since A is nJ*-closed, n*-cl(A) < A. Then A = n*-
cl(A). Hence A is n*-closed.

Theorem 4.2. Let X be a topological space. If A is regular-open and nJ*-closed, then A is n*-closed.
Proof. Let A is regular-open and nJ*-closed. Since every regular-open set is m-open and since A is nJ*-closed, n*-cl(A) — A.
Then A =n*-cl(A). Hence A is n*-closed.

Theorem 4.3. Let A be a nJ*-closed set in X. Then n*-cl(A) — A does not contain any nonempty n-closed set.

Proof. Let F be a nonempty n-closed set such that F — n*-cl(A) — A. Then F < n*-cl(A) n (X —A) c (X —A) implies Ac X -
F where X — F is w-open. Therefore n*-cl(A) < X — F implies F < (n*-cl(A)¢. Now F < n*-cl(A) n (n*-cl(A))° implies F is
empty.

Corollary 4.4. Let A be nJ*-closed. A is n*-closed iff n*-cl(A) — A is n-closed.

Proof. Let A be n*-closed set then A = n*-CI(A) implies n*-cl(A) — A = ¢ which is n-closed.
Conversely, if n*-cl(A) — A is n-closed then A is n*-closed.

Theorem 4.5. If A is nJ*-closed and B is any set A — B < n*-cl(A) then B is nJ*-closed.
Proof: Since A is nJ*-closed, n*-cl(A) < U whenever A — U and U is m-open. Let B < U and U is w-open. Since B < n*-
cl(A), n*-cl(B) < n*-cl(A) < U. Hence B is nJ*-closed.

Theorem 4.6. If A is m-open and nJ*-closed. Then A is n*-closed and hence clopen.
Proof. Let A be regular open. Since A is nJ*-closed, n*-cl(A) < A implies A is n*-closed. Hence A is closed. (Since every n-
open n*-closed set is closed). Therefore A is clopen.

Remark 4.7. Let (X, 3) be a topological space. A finite intersection of nJ*-closed sets may fail to be a nJ*-closed set.

Example 4.8. Let X = {a, b, ¢, d} and let T = {¢, {a}, {b}, {a, b}, {a, b, c}, {a, b, d}, X}. Let A={a, b, c} and B = {a, b, d}
are nJ*-closed sets. But A n B = {a, b} < {a, b} which is m-open. n*-CI(A n B) = X & {a, b}. Hence A n B is not nJ*-closed.

Theorem 4.9. Let (X, 3) be a topological space. Every finite union of nJ*-closed sets is always a nJ*-closed set.

Proof. Let A and B be any two nJ*-closed sets. Therefore n*-cl(A) < U and n*-cl(B) < U whenever Ac U, Bc Uand U is n-
open. Let A U B < U where U is n-open.
Since, n*-cl(A U B) < n*-cl(A) U n*-cl(B) < U, we have A U B is nJ*-closed.

V. nJ*-OPEN SETS
In this section, we introduced J*-open sets and obtained properties of wJ*-open sets.

Definition 5.1. Let (X, 3) be a topological space. A subset A of X is called &J*-open iff its complement is ngn-closed set. We
denote the family of all nJ*-open (resp. nJ*-closed) sets of a topological space by aJ*-O(X) (resp. nJ*-C(X)).

Lemma 5.2. If A be a subset of X, then
(@) n*-cl(X — A) = X —n*-int(A).
(b) n*-int(X — A) = X —n*-cl(A).

Theorem 5.3. A subset A of a space X is nJ*-open iff F  n*-int(A) whenever F is n-closed and F = A.
Proof. Let F be n-closed set such that F < A. Since X — A is tJ*-closed and X — A — X — F where F < n*-int(A). Conversely.
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Let F < n*-int(A) where F is n-closed and F — A. Since F — A and X — F is m-open, n*-cl(X — A) = X n*-int(A) c X — F.
Therefore A is mgn-open.

Theorem 5.4. If n*-int(A) c B — A and A ©J*-open then B is nJ*-open.
Proof: Since n*-int(A) — B c A, by Theorem 4.5, n*-cl(X — A) > (X — B) implies B is ©J*-open.

Remark 5.5. For any A — X, n*-int(n*-cl(A) — A) = ¢.

Theorem 5.6. If A — X is nJ*-closed then n*-cl(A) — A is ©J*-open.
Proof. Let A be nJ*-closed and F be a n-closed set such that F < n*-cl(A) — A. By Theorem 4.3, F = & implies F  n*-
int(m*-cl(A) — A)). By Theorem 5.3, n*-cl(A) — A is nJ*-open.

Definition 5.7. A topological space X is called a wJ*-Tu2 space if every nJ*-closed set is n*-closed.

Theorem 5.8. Let (X, 3) be a topological space.

(@) n*-O(X) < wJ*-O(X),

(b) A space X is ngn-Tu iff n*-O(X) = ©J*-0O(X).

Proof. (a) Let A be a n*-open set, then X — A is n*-closed so X — A is tJ*-closed. Thus A is nJ*-open. Hence n*-O(X) — nJ*-
O(X).

(b) Necessity: Let (X, 3) be ©J*-T1 space. Let A be nJ*-open. Then X — A is nJ*-closed. By hypothesis, X — A is n*-closed.
Thus A is n*-open. Therefore n*-O(X) = ©J*-O(X).

Sufficiency: Let n*-O(X) = ©J*-O(X). Let A be nJ*-closed. Then X — A is nJ*-open. X — A is n*-open. Hence A is n*-closed.
This implies (X, 3) is ©J*-T1 Space.

Lemma 5.9. Let A be a subset of X and x € X. Then x € n*-cl(A) iff V n {x} = ¢ for every n*-open set V containing x.

Theorem 5.10. For a topological space X the following are equivalent:

(a) X is mJ*-T1;2 space.

(b) Every singleton set is either n-closed or n*-open.

Proof. (a) = (b): Let X be a nJ*-Ty;, space. Let X € X and assuming that {x} is not n-closed. Then clearly X — {x} is not 7
open. Hence X — {x} is trivially a nJ*-closed. Since X is mJ*-Ty, space, X — {x} is n*-closed. Therefore {x} is n*-open.

= (a): Assume every singleton set of X is either n-closed or n*-open. Let A be a nJ*-closed set. Let X € n*-cl(A).
(b) = (a): A ingl f X is eith losed * Let A be a mJ*-closed set. Let *-cl(A)

Case I: Let {x} be n-closed. Suppose x does not belong to A. Then X € n*-cl(A) — A. By Theorem 4.3, x € A. Hence n*-
cl(A) c A

Case I1: Let {x} be n*-open. Since x € n*-cl(A), we have A N {x} = ¢ implies x € A. Therefore n*-cl(A) < A. Therefore A
is n*-closed.

VI. CONCLUSION
The concept of new closed set namely mJ*-closed set using n*-open sets is introduced and studied. The relationship of wJ*-
closed sets using existing closed sets is established. Finally, some of their fundamental properties are studied. The nJ*-closed
set can be used to derive a new concepts such as mJ*-closed map and nJ*-open map, mJ*-continuous, mJ*-homeomorphism,
nJ*-closure and wJ*-interior and mJ*-separation axioms. This idea can be extended to bitopological and fuzzy topological
spaces.
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