International Journal of Mathematics Trends and Technology Volume 68 Issue 2, 66-74, February 2022
ISSN: 2231 — 5373/ https://doi.org/10.14445/22315373/IIMTT-V6812P511 © 2022 Seventh Sense Research Group®

Original Article

On Domination Zagreb Polynomials of Graphs and
Some Graph Operations

Ashwini A. S*, Hanan Ahmed?, Soner Nandappa D*

'Research Scholar, Department of Mathematics, Manasagangotri, University of Mysure, Mysore, Karnataka, India.
2 Research Scholar, Department of Mathematics, Yuvarajas College, University of Mysure, Mysore, Karnataka, India.
3Professor, Department of Mathematics, Manasagangotri, University of Mysure, Mysore, Karnataka, India.

Abstract — Graph polynomials are powerful and well-developed tools to express graph parameters. Aset D
V (G) is a dominating set of G if every vertex not in D is adjacent to at least one vertex in D. The minimal
domination set is the dominating set such that D — v is not dominating set. H. Ahmed etal. [4] invented the
domination Zagreb Polynomials as follows:

2
DM, (G, %) = Tyer( x4 ),
DM,(G,x) = ZuveE(G) xddc(u)ddG(V)y
DMl*(G,X) — ZuyeE(G) xddG(u)+ddG(l7)_

Where dq(v) is the domination degree of a vertex v € V(G) which is defined as the number of minimal
dominating sets of G contains v. In this paper, we calculate the domination Zagreb polynomials for some
important families of graphs and some graph operations like corona product and join of graphs. Some
properties of the domination Zagreb polynomials of graphs are also established.

Keywords — Domination degrees, Domination Zagreb polynomial, Graph operation.

I. INTRODUCTION

Consider G to be a simple, connected graph with vertex set V(G) and edge set E(G). The number of edges
that are incident to a vertex is called the degree of that vertex. G is a complimentof G, with vertex set
V(G) in which two vertices u and v are adjacent in G if and only if they are not adjacent in G. The
dominating set in a graph is a set of vertices DSV (G)such that each vertex is either in D or is adjacent
to a vertex in D. The minimal dominating set is the dominating set, such that D— v is not a dominating set.
The cardinality of the smallest minimal dominating set is called domination number, represented as y(G) [18],
for more information on domination in a graph, readers refer to ([19], [20], [25], [26]). A topological index
is a very important and numerical caption of a molecule, based on a certain topological characteristic of the
corresponding molecular graph. The indices are exerting to conjecture the phenomenal features allied to
the chemical bioactivities reactivities in certain molecules or networks. The topological indices become an
enamored fact these days, for more details about topological indices see ([6] - [12], [14], [15], [22], [23],
[26]). Domination and topological indices are useful tools in graph theory. Hanan Ahmed, et el. [17]
introduced a domination degree dq of vertex v which defined as the cardinality of minimal dominating sets
of G which contains v. Let Tn(G) denote the total number of minimal dominating sets of G. The graph G is
called k—domination regular graph if and only if d4(v)=k for all veV (G), for further information and
applications of domination topological indices we refer to ( [1]-[3], [5], [21] ). The complete graph K, has a
degree r — 1 of each vertex and each vertex is adjacent. In the bipartite graph K;s, there exists a partition of
V(G) into two subsets A and B such that no two vertices in the subset are adjacent. A bipartite graph K is
said to be a complete bipartite graph if each vertex in A is adjacent to each vertex in B, with |A|=r &
|B|=s. A Star graph is a complete bipartite graph. Let K, is the complement of a complete bipartite graph.
A connected acyclic undirected graph is called a tree. A tree containing exactly two non-pendent vertices is
called a double star, denoted by S;s. Let G, = (V;, E;) and G, = (V,, E;) be connected simple graph. The
Cartesian product G; x G, [18], is a (V, E) graph where V=V, x V,, such u = (u,, u,) and v = (v, v,)and two
vertices are adjacent if either ui=v; and u; is adjacent to v,in G, or u, =v, and u, is adjacent to v, in G;.
Book graph B,, r > 3 is a Cartesian product of star S, and path P,. The Windmill graph Wd,’is an
undirected graph constructed for r > 2 and s > 2 by s copies of the complete graph K, at a shared universal
vertex.
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Lemma 1.1. [17]
1. If G =K,,then dy(v) = 1, for all veV(G).
2. If G=S,, then dy(v) = 1, for all veV(G).
3. If G =K, then da(v) = d(v), for all veV(G).
4. If G=S,, then dg(v) =2, for all v eV (G).

Definition 1.2. [17] The first, second domination Zagreb and modified first domination Zagreb indices are defined

by
DM, (G,%) = Xyev(q) dag - (W),
DM,(G,x) = ZuveE(G) dge (Wdgg (V).
DM, (G, X) = Xuver(c) dag (W +dag (V)

Hanan Ahmed, et al. introduced the domination Zagreb polynomials, which are defined as:

Definition 1.3. [4] The first, second domination Zagreb polynomials and modified first domination Zagreb polynomial

are given by:

DM, (G %) = Suey(ex e @,

DM, (G,x) = ZuveE(G) dec(u)ddc(v),

DM, (G, X) = Zuyer() X 46446,
Proposition 1.4. For a simple connected graph G,

DM, (G,x) = Xuev(c) xddc(u),

DM q(G,x) = ZquE(G) «(dagW+A+(dgg(V+d).

1. DOMINATION ZAGREB POLYNOMIALS OF GRAPHS

Proposition 2.1. 1. For a star graph S; with r + 1 vertices,
DM, (Sr,X) = (r +1) X, DM, (Sr,X) = rx, DM;" (S, X) = rx2.

2. For the complete graph K,
DM, (K, X) =rx, DM, (K, X) =

3. For a double star graph Sy,
DM, (Sis,X) = (r +s+2)x* DM, (Srs,X) = DM;" (Srs, X)=(r +s + 1)x*.

r(r-1)

—x, DM;" (K, x) =" 2 x2,

T2

Lemma 2.2. [17] If G = K., then

_(r+1, if veaA;
da(v) = {s+ 1, if veEB.
Theorem 2.3. Let G be a complete bipartite graph K,s. Then
DM, (G,x) = xT+D* 4 sx(5+1?)
DM, (G,x) = rsxr+DG+D),
DM, " (G,x) = rsx(r+s+2),

Proof. In a complete bipartite graph K;s, we have two types partitions say A={vi, vz,
...Us} with respect to vertices having domination degree in Lemma 2.2. So we have,
2
DMl (G, X) = ZuEV(Kr‘s) deG w
— ZVEAX(r+1)2 + ZVEBX(S+1)2

= x(@+1)? 4 ge(s+1)?

Since each edge of the set A is connected to each vertex of set B. There are rs edges in K.

DM, (G,x) = ZuVEE(Kr‘s) x%dg(WdagM)

= rsxT*+DE+Y),

And,
DMl* (Gv X) = ZUVEE(K]"S) deG(u)+ddG(V)

67
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- I'SX(r+S+2).
Corollary 2.4. In a complete bipartite graph K, if r = s then,
2
DM, (K, g, x) =2rx(1)°,
2
DM, (K, s, x) =r2x("+1)°,
DM, " (K., X) = r? x21),
Proposition 2.5. If K is complement of K.s, then

DM; (K., X)= rxs* + sx,

_r(r-1) 42

DM, (R, X) =2 5" +

s(s—1) sz,
* _ -1 (s-1)
DM," (K, X) = = X254 == x7T,
Proof. Note that, dq, (v)=d, (v). There are r number of vertices having a domination degree s and s
r,s ’

number of vertices having a domination degree r. By using the definition of the first Zagreb polynomial,
we get

DM; (K¢, X) = xS’ + sx™.
number of edges in set A and 5(52_1) number of edges in set B. Hence we get

DM, (I_(r,s: X) = ZuveE(K_r_S) deG(u)ddG(V)

Next, there are

r(r-1)
2

= ¥ ea xidcWdagWyy oy dag@dag®)
— r(r-1) st + s(s—1) sz

2 2 '
I _ d d
DM, (Kr,s: X) = ZuveE(Rr_s) X 46+ dag ™)

— ZuveA deG(u)+ddG(V)+ZuVEBdeG(u)+ddG(V)

— r(rz—l) XZS + s(sz—l) er.
Lemma 2.6. [17] Let G be the Windmill Wd,.°. Then
1, if wvisincenter;

da(v) = {(r —1)s71,  otherwise.

Theorem 2.7. Let GEWdrS.Then
DMl (G; X) =X+S (r — l)X(r_1)2(5—1) '
DM, (G,x) = s(r — x0T + [ZEZ o)) x -0,
DM, " (G.x) = s(r — DX v 4 [Sr(rz—_l) (1)) 2 E-DE),

Proof. Note that, the center point has domination degree 1 and the remaining (r —1) s verticeshave
domination degree (r —1) ¢V, By using the definition of the first Zagreb polynomial, we get

DM, (G,x) = X+s (r —l)x(r‘l)z(s_l).
Next, let E; be the set of all edges which are incident with the center vertex and E; be the set of all edges
of the complete graph. Then,

DM, (G, X) = Zyyer(q) X 466

ddG(u)ddG(V)+Zu dgg(Wdgg ()

:ZuVEEl(G) X VEE,(G) X
=s(r— 1)x(r‘1)(5_1) + [—Sr(rz_l) —s(r-1)] x -0

Similarly,

DM;" (G,X) = ZquE(G)deG(u)+ddG(V)
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ddG(u)+ddG(v)+Zu ddG(u)+ddG(V)

:ZquEl(G) X VEE,(G) X

= s(r— DxEDIIH 4 [ZEDg(r1) ] 2000,

Lemma 2.8. [17] If G = By, with Tn(B,) = 2" + 3, then
d,(v) = {3 if v is center vertex:
W27 41, otherwise.
Theorem 2.9. If G = B, with r >3, then
DM, (G, X) = 2x° + 2rx@ " +D?,
DM, (G, X) = X® + 2rx3@ 7 +D 4 x@HD?
DM, (G, X) = X8 + 2rx3+@ 7 +1) 4 2@+,
Proof. Note that, there are two vertices are in the center. Let A be the set of {V (G) —center
vertices}. So, by Lemma 2.8, we get
2
DM, (G, X) = Fuev(q)x*% ©

2
= 2%9 +ZueAdeG (C))
=2x° + 2rx @D,

Next, here three types of edge set in the book graph. Let E; = {uv € E(G): d4q (u) =dgq (v) =3}, E, ={uv €
E(G):dgq (u) =3,d4 (v) =2 1+1}, E;={uv € E(G) : dq (U) =dyq (v)=2""+1} and |E,| =1, [E,| = 2r, [E5|=T.
Hence

DM, (G, X) = X yyerq) x 46 W46

dagWdag 4y dagWdagW 4y dgg (Wdgg (V)

:ZuveEl(G) X VEE,(G) X vEE;(G) X

= X0 + 2rx3@ D 4 @D
Similarly,
DM, " (G, X) = Tyyere X 414
ddG(u)+ddG(V)+Zu

ddG(u)+ddG(V)+Zu ddG(u)+ddG(V)

:ZuveEl(G)X VEE,(G) X veE3(G) X

= x5 + 2rX3+(2r‘1+1) + rXz(zr‘1+1)

Proposition 2.10. If G is k—domination regular graph with r vertices and s edges, then

DM, (G, x) = rx¥*,

DM, (G, x) = sx¥*,
DM, " (G, x) = sx¥’.

The graph Banana tree Bk is obtained by connecting one leaf of each of n copies of k—star with a
single root vertex that is distinct from all the stars.
Lemma 2.11. Let G be a banana tree Bk, N >2,k >4, then

d,(v) = {n + 1, ifviscenter vertex of k — star:
dits = 2, otherwise.

Proof. If G is a Banana tree, there are three types of minimal dominating sets in G. First type: center of
n-copies of k-stars and anyone vertices which is connected one leaf of each n-copies of k-stars. Second
type: pendent vertices of n-copies of k-stars and root vertex that is distinct from all the stars. Third type:
pendent vertices of n-copies of k-stars and one vertex which is connected to one leaf of each n—copies of k-
stars. Hence Tm(Bnk)=n + 3 and for all v € V(Bnk). So, we get,

d,(v) = {n + 1, ifviscenter vertex of k — star:

d 2, otherwise.
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Theorem 2.12. Let G =B, Then
DM, (G, x) = x™*D* + (nk + 1)x*,
DM, (G, X) = nkx?(®*+D + n x4,
DM, " (G, X) = nk x"*3 + nx*,
Proof. If G =B, one can see that, there are n vertices having domination degree (n+1) and (nk+1) vertices

having domination degree 2. Let A= {v: v € center vertices of n-copies of k-stars} and B={v: v € V(G)
—Center vertices of n-copies of k-stars}. Hence by Lemma 2.11, we have,

2
DM, (G, X) = T yey(g x*c ™

= ZuEA deGZ(u) + ZuEB deGZ(u)

= x™+D* + (nk + 1)x*.
Next, there are two types of edges in the Banana tree. Let E; be the set of nk edges with starting and
ending vertices having domination degree 2 and (n + 1) respectively, E; be the set of n edges with
starting and ending vertices having same domination degree 2. Hence,

DM, (G, X) = Zyyer(q X 4646V

ddG(u)ddG(V)_l_Zu dgg(Wdqg ()

:ZuveE1(G) X VEE,(G) X

= nkx2M+D) 4 nx?,
Similarly,
DM, " (G, ) = Zuver(p) X 46446

ddG(u)+ddG(v)+Zu dgg(W+dg, (V)

:ZuveEl(G) X veE,(G) X
= nkx"*3 + nx*.

Definition 2.13. [16] Consider L; is a tree, embedded in one of its final vertex. For k=2, 3,4,... assemble embedded

tree Ty by analyzing the roots of Lj-trees is the root of Ty.

Definition 2.14. [16] Let2< d € Z. oy, 0y, ..., aq € {Tq, T, ...}. A Kragujevac tree T is a graph having a
vertex of degree d, neighboring to the roots o4, a,, ..., agThis vertex be the middle vertex of T, where d is the
degree of T. The subgraphs ay, oy, ..., oq are the branches of T.

Lemma 2.15. [17] Let T be the Kragujevac tree with V(T) = 1+X% ,(2k; + 1) and E(T)=m. Then dq(v) =
2, for all veV (T).

Proposition 2.16. Let T be the Kragujevac tree of order 1+X% ,(2k; + 1) and size m. Then
DM, (T, x) = [ 1+X£,,(2k; + DX,
DM, (T, Xx) = DM;" (T, x) =mx*.
Proof. Since Kragujevac tree is 2—domination regular graph with 1+X%,(2k; + 1) vertices and m edges. So
we get the result using Proposition 2.10.

Proposition 2.17. If G = K then
DM, (G, x) =X}, riX[H(Z%{:lri)_ri]zl
DM, (G, X) = XX__j mynyex[1+ EiSa r-nill1+ i r-rid,
DM, " (G, X) = X4 nlnkx[H(E%{:lri)ql}ﬂﬂ@ﬁlri)_rk]-
Proof. In G = K, ,,,.r., NOte that for any vertex veG we have, dq (v)=d(v)+1 and |[E(G)|=T,, (G)—k. So,

using the definition of domination Zagreb polynomials we obtain the results.

Lemma 2.18. Let G be a Healthy spider graph with 2n+1 vertices and 2n edges, then d4 (v)=1, for all v € V (G)
and T,, (G) = 2.

rq,rz,...re’
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Fig. 1 Healthy spider of 2n+1 vertices
Theorem 2.19. Let G be a Healthy spider graph. Then
DM, (G, X) = (2n+1) x,
DM, (G, X) = 2n X,
DM, "(G,x) = 2nx2.
Proof. Since G is 1-domination regular graph. The proof followed by Proposition 2.10.
Lemma 2.20. [17] Let G be a graph with r vertices and s edges. K,,, be a complete graph. If H = GoK,,, then

dd(V):
(n, + 1)F L,
Proposition 2.21. If Ghea connected graph with r vertices and s edges. Let H = GoK,,,. Then
DM, (H,x) = (r + rn,)x@+D** ™

DM, (H,X) = = (25 + n,? + rn,)x 2+ D%,

DM, " (H,x) = = (25 + rn,? + rng)x 224D )
Proof. Since H has order r (1 + n,) so, by Proposition 2.10, we get

2
DM, (H, X) = Xyevam xdg" (W

= (r + rn)x®2 DY,

Note that, in K, there are %

edges so, there are%(Zs + rn,? + rn,) edges in the graph H. Hence
DMy(H, X) = Zuverqn "6 6

= % (2s + rn,? + rn,)x M2+ DY,

DM;"(H,x) = ZuveE(G)deG(u)+ddG(V)

= % (25 + rn,? + rny)x 22+ D],
Lemma 2.22.[17] Let H = Go an. Then dg (V)=Tm(H)-2""1, forall v e H.
Proposition 2.23. If H = Go K,,,, then
DM, (H, x) = (r + rn,)x®@+D** ™
DM, (H,x) = ;(25 + 10,2 + rn, )x M2+ D*Y
DM, (H,x) = ;(25 + rny? + rn, )x2@z+ D).
Proof. By Definition 1.3, Proposition 2.10 and Lemma 2.22, we get the results.
Proposition 2.24. If G,,G,,G5...G, are any graphs, and G; U G, U G3 U...U G,,. Then
DM, (G, x) = XiL; DM, (G;, %),
DM, (G, x) = X, DM, (G;,x),
DM, "(G,x) = XL, DM,*(G;,x).
Proof. The proof follows from the definition of G; UG, U G; U...U G, and Definition 1.3.

Definition 2.25. [18] Let G; = (ry, s1), G, = (ry, s;)be two graphs. Then the join G; + G, isa graph with V (G) =
r;+ 1, and E(G) = |E(G,)| + [E(G)|U{uv : u € V (Gy),v €V (Gy)}.
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Lemma 2.26. [17] Let G, and G, be any non complete graphs with r;, r, vertices respectively.Then T, (G; + G5)
=Ty (G1) + Tm(Gy) + 11y, and

d (V):{dd(v) +r,, ifveV(Gy);
6116, dqg(v) +ry, ifveV(Gy).

Therem 2.27. If G1= (r, s,), G2=(r,,s,) be any two non complete graphs and G = G, + G,, then
DM, (G,x) = x(2°DM, (G, x)DM, (G, x22) + xD°DM; (Gy, X)DMy (G,, x3™),
DM,G, X) = DM,, ., (Gy,x) + DM, , (Gy, x)+x"1*72 DM, (Gy,x) DM, (Gy, %),
DM, “(G,x)= x2"2DM, " (G, x)+x 271 DM, " (Gy, ) +x"1712 DM, (G, x) DM, (G,, X).

Proof. Since the graph G = G, + G, has an order |V (G)| = |r,| + Ir,| and size E(G) = |E (G,)|+ |E (G,)|U {uv: u
€V (G1),v €V (Gy)}

2
DM, (G, X) = Zyev(q, +G,) X%
2 2
= Yvevey) X4 M+ ey g,y x4 W
2 2
= Xvev(Gy) x(da(+r2) +2vev(Gy) x(@da+ry)

2 2 2 2
= Yyev(g,) X4a WM xr2)x2rzda) 31y o ) xda” (M) x(r) x2rida(v)

= x2*DM, (G,,x) DM, (G, x22) + xTD*DM, (G, x) DM, (G,, x2™).
Next, by Definition 1.3, and Proposition 1.4, we get

DM, (G, x) = ZuveE(G)de(u)dd(v)

dgq(wdg(v)

dq(wdq(v) +X, dgWda(M 4y

= ZuveE(Gl) X VEE(Gy) X U€EE(G1),vEE(Gy) X

= ZuveE(G )X(dd(u)+rz)(dd(u)+F1)+ZuveE(G2) x(da+rz)(dg(u)+ry) +ZueE(G1) VEE(Gy) x(da+r2)(dg(u)+rq)
1 }

= DMrz,rz (G,x) + DM ) (G, x)+x"1%72 DM (Gy,x) DM, (G, %).

Tir

Similarly,

DM, "(G,x) = Y yyer (g xdaW+da

dd(u)+dd(v)

dd(u)+dd(v)+2u dd(u)+dd(v)+2

= ZuveE(Gl) X VEE(Gy) X U€E(G1),veE(Gy) X

= erzDMl*(Gl, X)+X2r1DM1*(G2, X)+Xr1+r2 DMo(Gl,X) DMo(Gz,X).

Definition 2.28. A polynomial Q(x) is called graphical domination Zagreb polynomial if there exists at least
one simple connected graph G such that,

1. For first domination Zagreb polynomial
DM; (G, x) = Q(x),

2. For second domination Zagreb polynomial:
DM, (G, x) = Q(x),

3. For modified first domination Zagreb polynomial:
DM, (G, X) = Q(X).
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Definition 2.29. Two graphs G; and G; are called equal domination Zagreb polynomial if andonly if

1. For first domination Zagreb polynomial:
DM, (G4, X) = DM, (G, X),

2. For second domination Zagreb polynomial:
DM, (G4, X) = DM, (G,, X),

3. For modified first domination Zagreb polynomial:
DM, *(Gy,x) = DM, " (G, x).

The following theorem gives us some basic properties of domination Zagreb polynomials:

Theorem 2.30. 1. If the graph G is a k—domination regular graph then the Zagreb polynomials are monomial.
The domination Zagreb polynomials does not have a constant term.

The domination Zagreb polynomials are increasing in [0, «).

The domination Zagreb polynomials have at least one real root.

Let G be a graph, then the coefficient of first domination Zagreb polynomial is the order of the graph.

o bk wh

Let G be a graph, then the sum of coefficient of second and also modified first domination Zagreb
polynomials is the sizeof the graph.

Proposition 2.31. If G, = G,, then the polynomials of G, and G, are the same. But the converse need not be
true.

Example 2.32. Let G, = K; and G, = S,,,, note that
DM, (G4, X) = DM, (G,, X) = 3X,

DM, *(G,x) = DM;"(G,x) = 3%%

But, G; # G,.

Ks Ss+1
Fig. 2

I1l. CONCLUSION
In this paper, domination Zagreb polynomials of graphs are studied. We have calculated the domination Zagreb
polynomials for some important families of graph. The exact formula of domination Zagreb polynomials of some graph
operations like corona product and the join of graphs was calculated. Some properties of the domination Zagreb
polynomials of graphs are also established.
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