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Abstract - Let G = (V(G), E(G)) be a connected simple graph. A subset S of V(G) is a dominating set of G if for every u €
V(G)\ S, there exists v € S such that u,v € E(G). A dominating set S is called a fair dominating set if for each distinct
vertices u,v € V(G) \ S, |Ng(w) n S| = |N;(v) n S|. Further, if D is a minimum fair dominating set of G, then a fair
dominating set S € V(G) \ D is called an inverse fair dominating set of G with respect to D. A disjoint fair dominating set of G
isthesetC = D U S € V(G). In this paper, we give the characterizations in the join and corona of two graphs.
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I. INTRODUCTION
Suppose that G = (V(G), E(G) is a simple graph with vertex set V(G) and edge set E(G). In simple graph, we mean, finite
and undirected graph with neither loops nor multiple edges. For the general graph theoretic terminology, the readers may refer
to [1].

A vertex v is said to dominate a vertex u if uv is an edge of G or v =u. A set of vertices S € V(G) is called a
dominating set of G if every vertex not in S is dominated by at least one member of S. The size of a set of least cardinality
among all dominating sets for G is called the domination number of G and is denoted by y(G). A dominating set of cardinality
y(G) is called y-set of G. Domination in a graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [2].
Domination in graphs has been studied in [3 - 15].

A dominating set S is called a fair dominating set [16] of G if all the vertices not in S are dominated by the same number of
vertices from S, that is, |N;(w) N S| =|Ng;(v) nS| for every two distinct vertices uand v from V(G)\ Sand a
subset S of V(G) is a k-fair dominating set in G if for every vertex v € V(G) \ S,Ng;(v) N S =k. The fair domination
number of G, is the minimum cardinality of a fair dominating set of G and is denoted by y;,(G). A fair dominating set of
cardinality y;4(G) is called y;4-set of G. Fair domination in graphs has been studied in [17 - 22].

A fair dominating set S is called an inverse fair dominating set of G if each S € V(G) \ D isaygq-set of G. The inverse
fair domination number of G, is the minimum cardinality of an inverse fair dominating set of G and is denoted by yf‘dl(G). An
inverse fair dominating set of cardinality y;dl (G) is called y]:dl—set of G. The inverse domination has been studied in [23 - 31].

A disjoint dominating set of G isthe set C = D U S € V(G). The disjoint domination number of G, is the minimum cardinality
of a disjoint dominating set of G and is denoted by yy(G). A disjoint dominating set of cardinality yy(G) is called yy-
set of G. The idea of disjoint domination in graphs has been studied in [32-34].

Let D be a minimum fair dominating set and S be an inverse fair dominating set of G with respect to D. A disjoint fair
dominating set of G istheset C = D U S € V(G). The disjoint fair domination number of G, is the minimum cardinality of a
disjoint fair dominating set of G and is denoted by yy;4(G). A disjoint fair dominating set of cardinality yy,(G) is called
YYra-set of G [35]. In this paper, we extend the concept of disjoint fair dominating set by introducing some of its binary
operations such as the join and corona of two graphs.
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Il. RESULTS
Let a graph G = C5 as shown in Figure 1. This illustrates a graph that is not a disjoint fair dominating set.
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Fig. 1 A Graph G with y44(G) = 3

The set D = {v,,v,,v,} is @ minimum fair dominating set of the graph G and S € V(G) \ D = {v;,vs} is not a fair
dominating set of G. Hence, C = D U S is not a disjoint fair dominating set of G.

Since yy;4(G) does not always exist in a connected nontrivial graph G, we denote DF(G), a family of all graphs with
disjoint fair dominating set of G. Thus, for the purpose of this study, it is assumed that all connected nontrivial graphs
considered, belong to the family DF (G). From the definitions, the following remarks follow.

Remark 2.1 Let G be a nontrivial connected graph and S ¢ V(G). If N;(v) n S = S foreveryv € V(G) \ S, then S isan |S|-
fair dominating set of G.

Remark 2.2 Let G and H be connected graphs of order m and n respectively. Then V(G) is an m-fair dominating set of a
graph G + H and V(H) is an n-fair dominating set of G + H.

The following lemmas are needed for the characterization of the disjoint fair dominating set in the join of two graphs.

Lemma 2.3 Let G and H be nontrivial connected graphs. If S is an |S|-fair dominating set of G, then S is a fair dominating set
of G+ H

Proof: Suppose that S is an |S|-fair dominating set of G. Let u € V(G) \ S. Then N;(u) n S = S. This implies that uv €
E(G) for all v € S. Since for every w € V(H), Ng,zwn S =S, it follows that for all w € V(G + H)\ S,NgyzunS =S.
Hence, S is an |S|-fair dominating set of G + H, that is S is a fair dominatingset of G + H. m

Lemma 2.4 Let G and H be nontrivial connected graphs. If S is an inverse |S|-fair dominating set of H, then S is a fair
dominating set of G + H.

Proof: The proof is similar to the proofs of Lemma 2.3 m

Lemma 2.5 Let G and H be nontrivial connected graphs. If S = S; U S, where S;; is an inverse |S;|-fair dominating set of G
and Sy is an |Sy|-fair dominating set of H, then S is an inverse fair dominating set of G + H.

Proof: Since S; is an inverse |S;|-fair dominating set of G there exists D € V(G) \ S such that D is a minimum |D|-fair
dominating set of G + H by using the proof of Lemma 2.3. Further, N;(u) n S; = S; for all u € V(G) \ S;. Since S is an
|Sy |-fair dominating set of H, Ny(v) N S =Sy, forallve V(H) \ Sy. Letu,ve V(G+H)\ S.Ifu,ve V(G)\ S;, then
[Ng(w) n S| = |N;(v) n S, because S; is a fair dominating set of G. Thus

INgen@) 0 S| =[(Ng(w) N Sg) U V(H)] n S|
= |[(Ng(w) n Sg)u V(H)]n S|
=|Ngoy(w) N S|,

Ifu,ve V(H)\ Sy, then |[Ny(w) n Sy| = IN;(v) n Sy| because Sy, is a fair dominating set of H. Thus
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INgen@) 0 S| = [(Ny@) N Sy) U V(G)]Nn S|
=|[(Ny(w) n Sy) v V(G)]n S|
= |Ngin () N S|.

Ifue V(G)\ Sgandv e V(H)\ Sy, then N;(w) n S; =S; and Ny(v) N Sy = Sy. Thus,

INgru @) N S| = [(Ng(w) N Sg) U V(H)] n S|
=|(S;u V(H)) n 5|
[(Sgn SHU (V(H) N S)]
[Sg U SylsinceS; N S=S;andV(H)N S =Sy
=|(V(G) N SHU (Syn S|
=|(V(G) v Sy)n S|
=|(Syu V(@) n S|
=|[(Ny(w) n Sp) v V(G)]n S|
= |Ngyy(w) N S|

Therefore, forany w,v € V(G + H)\ S, |[Ngez(@) N S| = |Ngg(v) N S|, that is, S is a fair dominating set of G+
H. Since S < V(G + H)\ D where D is a minimum fair dominating set of G + H, it follows that S is an inverse fair
dominating setof G + H. m

Lemma 2.6 Let G and H be nontrivial connected graphs. If S = S; U S, where Sy, is an inverse |S, |-fair dominating set of H
and S; is an |S;|-fair dominating set of G, then S is an inverse fair dominating set of G + H.

Proof: The proof is similar to the proofs of Lemma 2.5. m
The following result shows the characterization of disjoint fair dominating set in the join of two graphs.

Theorem 2.7 Let G and H be nontrivial connected graphs. Then a subset C is a disjoint fair dominating set of G + H if and
only if C = D U S and one of the following statements is satisfied.

(i) a) Sisan |S|-fair dominating set of G and D is a minimum |D|-fair dominating set of H where |D| < |S| for all S; or
b) S and D are |S|-fair and |D|-fair dominating sets of G where D € V(G) \ Sand |D| < |S].

(i) a) S is an |S|-fair dominating set of H and D is a minimum |D|-fair dominating set of G where |D| < |S| for all S; or
b) S and D are |S|-fair and |D|-fair dominating sets of H where D € V(H)\ S and |D| < |S].

(iii) S = S; U Sy where
a) S; is an inverse |S;|-fair dominating set of G and S, is an |Sy|-fair dominating set of H; or
b) S, is an inverse |Sy|-fair dominating set of H and S, is an |S;; |-fair dominating set of G.

Proof: Suppose that C is a disjoint fair dominating set of G + H. Then there exist a y;4-set D of G + H and an inverse fair
dominating set S of G + H such that C = D U S. Consider the following cases:

Case 1. If Sn V(H) = @, then S € V(G). Suppose that S is not an |S|-fair dominating set of G. Then there exists
u € V(G) \ Ssuchthat N;(u) n S # S by Remark 2.1. Thus, there existsu € V(G + H) \ S such that

INg+# () 0 S| = |(Ne(w) U V() n 5|

|((Ng@) N YU (V(H) n S)|

[Su @] sinceN;(w)n S=SandV(H)N S=¢
[S| = [Ngyy (v) N S|for some v € V(H).

1

This contradict to our assumption that S is an inverse fair dominating set of G + H. Hence, S must be an |S|-fair
dominating set of G. Since D is a yg4-set of G + H, if D ¢ V(H), by using the same argument, D must be a minimum | D |-fair
dominating set of H. This means that |[D| < |S| for all S. This proves statement (i)a). Similarly, if D < V(G), then |D|-fair
dominating sets of G where D € V(G) \ S and |D| < |S|. This proves statement (i)b).
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Case 2. If Sn V(H) # @, then consider the following. If SN V(G) = @, then S € V(H). Suppose that S isnotan  |S|-fair
dominating set of H. Then there exists u € V(H) \ S such that N,(u) n S # S by Remark 2.1. Thus, there exists ueE
V(G + H) \ S such that

INgn ) N S| = (N U V(@) N S|

[((Ny@) N SHu (V(G) n )]

[SU @|sinceNy(u)n S+ SandV(G)N S=0
[S| = [Ngyy (v) N S|for some v € V(G).

1

This contradicts the assumption that S is an inverse fair dominating set of G + H. Hence, S must be an |S|-fair dominating
set of H. Since D isa ys4-set of G + H,if D c V(G), by using the same argument, D must be a minimum |D|-fair dominating
set of G. This means that |[D| < |S| for all S. This proves statement (ii)a). Similarly, if D < V(H), then |D|-fair dominating
sets of H where D € V(H) \ Sand |D| < |S]|. This proves statement (ii)b). If S n V(G) # @, then let S;=Sn
V(G)and S, =S n V(H). Now,

S=SnV(G+H)
=Sn (V(G) U V(H))
=[SNn V(G)]U [Sn V(H)]
=5,U S.

Consider first that S; is an inverse |S; |-fair dominating set of G. Suppose Sy, is not a fair dominating set of H. Then there
exists u€ V(H)\ Sy such that |[Ny(u)n Sy|# |[Ny(wv)n Sy| for some Se€ V(H)\ Sy. Thus, there exist
u€ V(G+H)\ Ssuch that |Ng,z(w)n S| # [Ngo.gy(v)N S| for some v € V(G+H)\ S. This is contrary to our
assumption that S is a fair dominating set of G + H. Thus, S;; must be a fair dominating set of H. Suppose Sy is not an |Sy |-fair
dominating set of H. Then there exists u € V(H) \ Sy such that N,(u) n S, # Sy. Thus, there exists u € V(G + H)\ S
such that

INg+n@) N S| =INgyy @) N (S U Sp)l
= |(Ngsy @) N Sg) U (Ngyy () N Sp)
=@V (Ny() N Sp)l
= |Ny(w) n Syl
# |Syl
= |Ngoy(w) 0 Syl forallv e V(G)
C |Ngoy(w) n Sl forallv e V(G)

Thus, there exists u € V(G + H) \ S such that |[Ng,;(w) N S| # [Ng.y(v) n S| for all v € V(G). This contradict to our
assumption that S is a fair dominating set of G + H. Hence, S, must be an |Sy|-fair dominating set of H. This proves statement
(iii)a). Similarly, if S is an inverse |Sy|-fair dominating set of H, then S; must be an |S;|-fair dominating set of G. This
proves statement (iii)b).

For the converse, suppose that statement (i)a) is satisfied. Since S is an |S|-fair dominating set of G, S is also a fair
dominating set of G + H by Lemma 2.3. Similarly, D is an |D|-fair dominating set of H implies that D is also a fair dominating
set of G + H by Lemma 2.4. Since D is a minimum fair dominating set of H and |D| < |S| for all S, it follows that D is a
minimum fair dominating set of G + H. Since S € V(G + H) \ D, it follows that S is an inverse fair dominating set of ¢ + H
with respect to D. Accordingly, C = D U S is a disjoint fair dominating set of G + H.

Suppose that statement (i)b) is satisfied. Since S is an |S|-fair dominating set of G and D is an |D|-fair dominating set of
G, it follows that S and D are fair dominating set of G + H by Lemma 2.3. Since D € V(G) \ S and |D| < |S] for all fair
dominating set S and D, it follows that D is a minimum fair dominating set of G + H. Since S € V(G) \ D, S is an inverse fair
dominating set of G + H with respect to D. Accordingly, C = D U S is a disjoint fair dominating set of G + H.

Suppose that statement (ii)a) is satisfied. Since S is an |S|-fair dominating set of H, S is also a fair dominating set of G +
H by Lemma 2.4. Similarly, D is an |D|-fair dominating set of G implies that D is also a fair dominating set of G + H by
Lemma 2.3. Since D is a minimum fair dominating set of G and |D| < |S]| for all S, it follows that D is a minimum fair
dominating set of G + H. Since S € V(G + H) \ D, it follows that S is an inverse fair dominating set of G + H with respect to
D. Accordingly, C = D U S is a disjoint fair dominating set of G + H.
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Suppose that statement (ii)b) is satisfied. Since S is an |S|-fair dominating set of H and D is an |D|-fair dominating set of
H, it follows that S and D are fair dominating sets of G + H by Lemma 2.4. Since D < V(H) \ S and |D| < |S] for all fair
dominating set S and D, it follows that D is a minimum fair dominating set of G + H. Since S € V(G) \ D, S is an inverse fair
dominating set of G + H with respect to D. Accordingly, C = D U S is a disjoint fair dominating set of G + H.

Suppose that statement (iii)a) is satisfied, that is, S = S; U Sy where S is an inverse |S;|-fair dominating set of G and
Sy is an |S,|-fair dominating set of H. Then S is an inverse fair dominating set of G + H by Lemma 2.5. Thus, there exists a
minimum fair dominating set D of G + H such that C = D U S is a disjoint fair dominating set of G + H.

Suppose that statement (iii)b) is satisfied, that is, S = S; U S, where S, is an inverse |S, |-fair dominating set of H and
S¢ is an | S |-fair dominating set of G. By similar arguments used in (iii(a), and by Lemma 2.6, S is an inverse fair dominating
set of G + H. Thus, there exists a fair dominating set D of G + H such that C = D U S is a disjoint fair dominating set of G +
H m

The following next result is an immediate consequences of Theorem 2.7.

Corollary 2.8 Let ¢ and H be nontrivial connected graphs. Then yyy,(G¢ + H) = 2 if and only if one of the following holds.

Oy =1
@)y I(H) = 1.
(iii) y(G) =1and y(H) = 1.

Proof: Suppose that yy;q(G + H) = 2. Let D = {v} be a fair dominating set of G + H and S = {x} be an inverse fair
dominating set of G + H. Then C =D U S is a disjoint fair dominating set of G + H. If S and D are |S|-fair and |D|-fair
dominating sets of G where D € V(G) \ S and |D| < |S]| (by Theorem 2.7 (i)b), then y~1(G) = 1, proving statement (i). If
Sand D are |S|-fair and |D|-fair dominating sets of H where D < V(H) \ S and |D| < |S]| (by Theorem 2.7 (ii)b), then
y~1(H) = 1 proving statement (ii). If S is an |S|-fair dominating set of G and D is a minimum |D|-fair dominating set of H
where |[D| < |S] for all S (by Theorem 2.7 (i)a)), then y(G) = 1 and y(H) = 1, proving statement (iii).

For the converse, suppose that statement (i) is satisfied. Then there exist a minimum fair dominating set D = {v} and an
inverse fair dominating set S = {x} of G such that C = {v, x} is a disjoint fair dominating set of G and hence a minimum
disjoint fair dominating set of G + H. Thus, yy¢4(G + H) = |C| = 2.

Suppose that statement (ii) is satisfied. Then there exist a minimum fair dominating set D = {v} and an inverse fair
dominating set S = {x} of H such that C = {v,x} is a disjoint fair dominating set of H and hence a minimum disjoint fair
dominating set of G + H. Thus, yy¢4(G + H) = |C| = 2.

Suppose that statement (iii) is satisfied. Let D = {v} be a dominating set of G and S = {x} be a dominating set of H.
Clearly, D is a fair dominating set of G and hence a fair dominating set of G + H. Similarly, S is a fair dominating set of G +
H. Since S € V(G + H)\ D, it follows that S is a minimum inverse fair dominating set of G + H with respect to D. Thus,
C = D U S isaminimum disjoint fair dominating set of G + H. Accordingly, yys4(G + H) = |C| = 2. m
Remark 2.9 For any connected graph G and graph H, V(G) is a minimum fair dominating setin G o H.

The following results are needed for the characterization of disjoint fair dominating set in the corona of two graphs.

Lemma 2.10 Let G and H be nontrivial connected graphs. If S = V(G) U (Uyey (s Sy) Where S,, is a fair dominating set of H”
and D, = {x} is a dominating set of H” with S, n D, = @ for all v € V(G), then C = D U S is a disjoint fair dominating set
of Go H.

Proof: Since D, = {x} is a dominating set of H”,D = U,ey ) D, is a dominating set of G o H. Since H is a nontrivial
connected graph, V(H") \ D, # @ foreachv € V(G). Lety € V(H")\ D,.Then

[Ngoy (@) N D| = |Nyyyr(v) N Dy| = [Npyyyv(y) N Dyy| = |Ngoy (y) N D
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forall v,y € V(G o H)\ D. Hence, D is a fair dominating set of G o« H. Since V(&) is a minimum fair dominating set of G o
H and |D| = |Upevie) Dol = Zoevy Dyl = IV(OIID,| = [V(G)| - 1 =|V(G)|, it follows that D is a minimum fair
dominating set of G « H. Now, S, is a fair dominating set of H” implies that V(v + ( S,)) is a fair dominating set of v + H"
forallv € V(G). Thus, S =V(G) U (Uyerc)Sy ) = Uper) V(v +(S,)) is a fair dominating set of G o H. Since S, n D, =

@ forallv e V(G),
SnD= <V(G) v (Uvev(c)sv)> N (Uvev(c)D”)

= (V(G) n (UvEV(G) Dv)) U ((UvEV(G) Sv) n (UUEV(G) Dv))
= (Uvev@ V() N D)) U (Upey(y(Sy N D))
= (UVGV(G) (D) U (UVEV(G) @), since V(G) n Dv = @

Thus, SN D =0@.LetS < V(G H)\ D.Since D is a minimum fair dominating set and S is a fair dominating set of
G o H, it follows that S is an inverse fair dominating set of G o H. Accordingly, C = D U § is a disjoint fair dominating set of
GoH m

Lemma 2.11 Let G and H be nontrivial connected graphs. If S = U,ey(6) S, Where S,, is an |S,,|-fair dominating set of v + H”
and D, = {x} is a dominating set of H” with S, n D, = @ for all v € V(G), then C = D U § is a disjoint fair dominating set
of Go H.

Proof: Suppose that D,, = {x} is a dominating set of H”. Let D = Uy gy Dp- By similar reasoning that is used in the proof of
Lemma 2.10, D is a minimum fair dominating set of Go H. Let x,v € V(v + H") \ S, for each v € V(G). Since S, is an
|Sv|'

fair dominating set of v + HY for each v € V(G), |Ngoy(x) N S| = [Nyygv(x) N S,| = [Nprgr(@) N S,| = |Ngo gy (v) N S|
forall x,v € V(G H)\ S.Hence, S isa fair dominating set of G o H. Since S, N D, =@ forallv € V(G),

SnD= U S, |n U D, |= U S,nD,) = U ()}
veV(G) ve V(G) veV(G) veV(G)

Thus, SN D =0@.LetS c V(G o H)\ D.Since D is a minimum fair dominating set and S is a fair dominating set of
G o H, it follows that S is an inverse fair dominating set of G o H. Accordingly, C = D U S is a disjoint fair dominating set of
Go H.m

Lemma 2.12 Let G and H be nontrivial connected graphs. If S = Uyey ) V(HY) and D =V (G), then C = D U S is a disjoint
fair dominating set of G o H.

Proof: Since D = V(G), D is a minimum fair dominating set of G o H by Remark 2.9. If S = Uy V(HY), then S =
V(G o H)\ D is a dominating set of G o H by Theorem 2.11. Let x,y € V(Go H)\ S=V(G). Then |[Ngoxz(x) N S| =
|[V(H)| = |Ng. y(¥) N S|. Hence, S is a fair dominating set of G o H. Since D is a minimum fair dominating set of G o H and
S=V(Ge° H)\ D, it follows that S is an inverse fair dominating set of G o H. Accordingly, C =D U S is a disjoint fair
dominating setof Go H. m

Lemma 2.13 Let ¢ and H be nontrivial connected graphs. If S = U,ey () S, where S, is an |S,,|-fair dominating set of v +
HY foreach v € V(G) and D = V(G), then S is an inverse fair dominating set of G o H.

Proof: Since D = V(G), D is a minimum fair dominating set of G o H. Letx,v € V(v + H")\ S, for each v € V(G). Since
S, isan |S,|-fair dominating set of v + H” for each v € V(G),

INgorn () 0 S| = [Npyo () 0 S| = 1Sy] = [Nysrr(0) 0 Syv| = [Ng. g () 0 S|
for all x,v € V(G o H)\ S.Hence, S is a fair dominating set of G o H. Since D is a minimum fair dominating set of G o H
and S < V(G o H)\ D, it follows that S is an inverse fair dominating set of G o H. Accordingly, C = D U S is a disjoint fair

dominatingsetof G o H.m
The following result, shows the characterization of disjoint fair dominating set in the corona of two graphs
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Theorem 2.14 Let G and H be nontrivial connected graphs. A nonempty subset C =S U Dof V(G o H)is a disjoint fair
dominating set of G o H if and only if for each v € V(G), one of the following is satisfied.

(H)S=V(G)andy(H) = 1.
(ii) D, = {x}is a dominating set of H" for all v € V(G) and
a)S =V(G) U (Uyey(c)Sy,) Where S, is a fair dominating set of H” and S, N D,, = @; or
b) S = Uyev(c) Sy Where S, is an |S, |-fair dominating set of v + H” and S, n D, = @.
(i) D =V(G) and S = U,e v (s Sy Where
a) S, =V(HY) foreachv € V(G); or
b) S, is an |S,|-fair dominating set of v + H" for each v € V(G).

Proof: Suppose that a nonempty subset C = D U S of V(G » H) is a disjoint fair dominating set of G o H. Let D be a y;4-set
of G o H such that S n D = @. Consider the following cases:

Case 1. Suppose that D € V(G o H)\ V(G). If D=V (G~ H)\ V(G), then D = Uyey ) V(H"). Since H is nontrivial,
V)| = 2 and ID| = |Upev ) VIHY)| = ZeviolVHED| = VOIVED] = V(G| - 2> [V(G)I, that is, |D| > [V(G)I.
By Remark 2.9, V(G) is a minimum fair dominating set of G o H contradict to our assumption that D is y¢4-set of G o H. This
implies that D # V(G o H) \ V(G). Thus, D c V(G o H) \ V(G). Let D = Uyey ) V(D) where D, ¢ V(H?) for all v €
V(). Since D and V(G) are minimum fair dominating sets of G o H,|D| = |V (G)]. First, Consider that S = VV(G). Then § =
V(G) € V(G o H)\ D. Moreover, [V(G)|=|D|=|Upey(g) Dyl = 2vev Dyl = IV(G)IID,|, where D, ¢ V(H") for all
v € V(G). Thus, |D,| = 1. Since D is a dominating set of G o H, D,, must be a dominating set of H” for all v € V(G). Hence
y(H) = |D,| = 1forall v € V(G). This proves statement (i).

Next, consider that S = V(G). If V(G) c S, then for each v € V(G), it follows that S =V(G) U (Uyeye) Sv).
where S, ¢ V(H"). Since S is a fair dominating set of V(G o H), S, must be a fair dominating set of H” for each v € V(G).
Similarly, because D and V(G) are minimum fair dominating sets of G o H, |D| = |V(G)| and so, |D,| = 1 for all v € V(G).
Let D, = {x}. Since SN D =@and V(G) n D, = @ where D, c V(H")forallv € V(G),

SnD=|lG)u S,) N D,
( ( ) (VELVJG) ) VELVJG)
= (V& N Woeviey Dy )) Y ((Unevio)Se) N Uvevio) D))
= (Uve V(G)(V(G) n Dv)) U (Uue V(G)(Su n Dv))
= (Uve v(G) Q)) U (Uye V(G)(Sv N D,))
= Upe V(G)(Sv nD,)=0

This implies that S, N D, = @ for all v € V(G). This proves statement (iia).

Now, the fact that V(G) is a minimum fair dominating set of G o H, S ¢ V(G). If V(G) ¢ S, then let S = Uyey(6) Sy
where S, ¢ V(v + HY)\ D, and D, = {x} is a dominating set of H” for all v € V(G). Since S is a fair dominating set of
V(G o H),S, must be a fair dominating set of v + H” for each v € V(G). This means that |N,,,»(v) N S,| = [Ny zv(x) N
S,| foreachv,x € V(v + H”)\ S,. Since |N,,yv(v) N S,| = |S,], it follows that S, is an |S,,|-fair dominating set of v + H”
for each v € V(G). Similarly, S n D = @ implies that S, n D,, = @ This proves statement (iib).

Case 2. Supposethat D & V(G o H)\ V(G). Then D € V(G). If D # V(G), then D c V(G) contradict to the fact that D
and V(G) are both minimum fair dominating sets of G o H. This implies that D = V(G). Since SN D = @, let S = Uye ys) Sps
where S, € V(HY) and S, # 0. If S, = V(H") for each v € V(G), then statement (iiia) is satisfied. Suppose that S, #
V(H").Letx € V(H")\ S, for each v € V(G). Since S is a fair dominating set of V(G o H), S, must be a fair dominating set
of v + HY for each v € V(G). This means that |[N,,y»(v) N S,| = [N, zv(x) N S,| for each v € V(G) and for each
v,x € V(v + H")\ S,. Since [N, zv(v) N S,| =|S,|, it follows that S, is an |S,|-fair dominating set of v + H for each
v € V(G). This proves statement (iiib).

For the converse, suppose that statement (i) is satisfied. In view of Remark 2.10, S = V(G) is a fair dominating set of G o
H.For eachv € V(G), let D, = {x} be a dominating set of H”. Then for each

130



Melodina D. Garol et al./ IIMTT, 68(2), 124-132, 2022

w,v € V(v +H") \ thle+H”(u) NnDJl=1= |NV+H”(U) N Dyl

Hence D, is a fair dominating set of v + H¥v. Let D = U,cy(s) D, and letu,v € V(v + H”) \ D,. Then |N;,; (w) N D| =
INyygv W) N D,| =1=|Nygv(w) N D,| = |Ngoy(v) N D| for all u,v € V(G H)\ D. Thus, D is a fair dominating set
of Go H. Since  |D| = |Upevig) Dyl = |[Zvevie) Du| = IV(OIID,| = IV(G)] - 1= |V(G)|, it follows that D is also a
minimum fair dominating set of G o H. Since

SN D=V(G)N (Upev)Dy) = Uperc(V(G) N Dy) = Upey)(@), SN D =2.

Let S< V(G- H)\ D. Since D is a minimum fair dominating set of G o H and S is a fair dominating set of G o H, it
follows that S is an inverse fair dominating set of G o H with respect to D. Thus, C = D U S is a disjoint fair dominating set of
G o H. Next, if statement (iia) is satisfied, then by Lemma 2.11, C =D U S is a disjoint fair dominating set of G o H.
Similarly, if statement (iib) is satisfied, then C = D U § is a disjoint fair dominating set of G o H by Lemma 2.11. Finally, if
statement (iiia) (or statement (iiib)) is satisfied, then C = D U S is an inverse fair dominating set of G o H by Lemma 2.12
(or Lemma 2.13). This completes the proofs. m

The following result is an immediate consequence of Theorem 2.14.
Corollary 2.15 Let G and H be nontrivial connected graphs with |V(G)| = m and |V(H)| = n, and k = |S,| where S, is a
Yra-Setof v + HY for all v € V(G). Then
_ 2m, if y(H)=1
Vra(Go H) = {(k + Dm,if y(H) =2

Proof: Suppose that a nonempty subset C = D U S of V(G o H) is a disjoint fair dominating set of G = H. Then YYra(G o
H) < |C|. Consider the following cases.

Case 1. Suppose that y(H) = 1. Then S = V(G), by Theorem 2.14i). This implies that yf‘dl (Go H) < |S| = |V(G)].
Further, for each v € V(G), let S, be a y-set of H. Then |S,| = y(H") = 1. Let D = Uyey(g) Sy Then

pi=| [ s|= D sI=w@l 1=l
wev(G)} vev(G)
Thatis, D is also a ys4-set of G o H by Remark 2.10. Thus,
m = V(G| = ID| = y;4(G o H) < y;; (GoH) <|S| = |V(G)| =m.

This implies that yy;q(Ge H) < |C| =|DU S| =|D|+|S| = m+m = 2m. Since, y;q(Ge H) =y (Go H)=m, it
follows that 2m = y;4(G o H) +v;4 (G o H) < yypq(G o H) < |C| = 2m. Hence,yy;4(G o H) = 2m.

Case 2. Suppose that y(H) # 1. Then y(H) = 2. Let S,, be a minimum k-fair dominating set of H" for all v € V(G)
where k = |S,|. Then k = |S,| = 2 (sincey(H) = 2).Let D =V(G) and S = U,e y(¢) S, (by Theorem 2.14iii)). Then,
si=| | = D 18 =1v@lIs,| = mk > m=1v@| =l.
veV(G) veV(G)

Thus, mk = |S| > |D| = m. Hence, yysq(G e H) < |C| =|D U S| = |D| + S| = m + mk.
Since k = |S,,| where S, is a minimum k-fair dominating set of H” for all v € V(G), it follows that, S is a y,/-set of G o H.
Thus, |S| = y74 (G > H)and [D| = [V(G)| = yzq(G o H), thatis,

m+mk =y;4(Go H) +y74(Go H) <yyp(Go H) < |C| =m+mk. Hence, yyq(Go H) = (k+1)m. m
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I11. CONCLUSION
In this paper, we extend the concept of disjoint fair domination in graphs by characterizing the join and corona of two

connected nontrivial graphs. We further give the disjoint fair domination number of the join and corona of two graphs. It is
interesting to note that some related problems on disjoint fair domination in graphs are still open for research. We can extend
further the study to the following:

1.
2.
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