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Abstract - This paper is concerned with the forth Order mixed neutral delay difference equation of the form

A(acf A’ (déA(yé +0:Ye,, +C: Ve, )))+ AeYing PV, =0,

we obtain some new oscillation criteria by using riccati transformation technique. Examples are given to illustrate the
results.
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I. INTRODUCTION
Consider the oscillation for certain forth Order neutral delay difference equation

2 S n —
A(aéA (dgA(yg’ DY, +CYeuy, )))+ A:Yiig + PeYiieg, =0, (1.1)
where & € N = {fo,fo +1,...} &, - is nonnegative integer. Here ¢, @, 4, and £, are nonnegative integers and A
is forward difference operator. Ay§ = Y:4 — Y. Throughout this paper the following conditions are assumed to hold:
[Hi] {ag} and {dgy} are positive nondecreasing sequences and Z 1 Z di=°0-
=609 =gy "¢
[H2] {bé} and {Cg} are positive real sequences suchas 0 <b, <b and 0<c, <c with b+c <1.

[Hs] {pf} and {q 5} are real positive sequences.

[Hia ¢,m are positive integers. f4, 4, @, and @, are nonnegative integers. For the basic theory of difference

equations one can refer the monographs by Agarwal, Bohner and Grace [1]. The oscillation solution for third Order and
higher Order difference equations [2, 3, 4, 5, 6, 8, 9, 10, 11, 12,13] has recaused more attention in the last few years.

Let a:max{,ul,(pl}. A solution of equation (1.1) we mean a real sequence {yg} which is defined for all
&2 &, —o and satisfying equation (1.1) for all &€ N . A solution {yé} is said to be oscillatory. If it is neither

eventually positive nor eventually negative. Otherwise it is called nonoscillatory. Recently Kaleeswari [7] deals with
oscillation for third Order difference equation of the form
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A(anA‘Z(xn +b X, +¢,x ))+ q.x’,  +pxl. =0

n*n+z, n+l-o; n+l+o,

and discussed some oscillatory properties by assuming Z— < 00, Our aim in this paper is to discuss the oscillatory
n=ny ~*n

. : : - 1 - 1
behavior of fourth Order difference equation when z— =00 and Z— = o0,

n=n, %n n=n, dn

So, the author is concerned fourth Order mixed neutral delay difference equation of the form
2 S n —
A(af:A (déA(yé 0.V, +C: Yy, )+ U:¥eap * PYiin, =0,

1

a
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I1. OSCILLATION RESULTS

In this section, we present some new oscillation criteria for equation (1.1) will be established. For simplicity, we use
the following notations:

Ze=Ye+b:Ye +CYerys Po+Q =R, Q,=min {qf’qf—ul R j P, = min {p,;, Peyyr Peiy, }.

We need the following lemma to prove the main results.
Lemma 2.1.

Assume A>0 and B>0, f>1. Then
(A+BY <2/(A” +B”).
The proof of lemma is simple and it is omitted.

Lemma 2.2. Let {yé} be a positive solution of equation (1.1). Then there are two cases for & > & € N sufficiently
large Nn.

1)z, >0,Az, >0,A(d,Az,)>0,4%(d,Az,)> 0, Ala,A%(d,Az, ))< 0.
2)z, >0,Az, <0,A(d.Az,)>0,2(d.Az,)>0,Aa.A2(d, Az, ))< 0
Proof.

Let {yg} be a positive solution of (1.1). Then there is an integer & >¢&, such that y.>0,y. , >0,
Xery, >0,Ye, >0and Y., >0 forall £>¢. Then z, >0 forall £>&. It follows from equation (1.1) that
A(ag,Az (dgAZcf )): ~0:Yep — PeYiiag, <O £2a @h
Therefore a‘;,A2 (dg,AZgy) is strictly decreasing for all & > & . We can proved that A” (d§M§)> 0 forall £>¢& . If
not, then there is an integer &, > &, and G <0 such that

a,A(d,Az,)<a, A%(d, Az, )<G, &2 &,

Summing the last inequality from &,to & —1, we get

& &
Zl:Az(dsAzs)s iaiangz(dngzé)
$=&, $=5 Ps
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Letting & — oo, then A(dezé)—> —o0. Then there exist an integer &; = &, and L <0 such that

d.Az, <d Az, <L; E>€,.

Summing the last inequality from &; to & —1, we have

<11
Az szd—déAzé,
= d,

Letting N — o, then Z, — —oo, which is contradiction. Hence Az(dgAzg)>0 for £ > &,.
Lemma 2.3.
Let z, >0, Az, >0, AZZ§ >0, A3Z§ >0 and A4Z§ <0 forall n>me N. Then for any k € (0,1) and for
some integer M,.
7 _
e h-m ZE. 2.2)
Az, 2
Proof.
n-1 5 )
Since Az, = Az, +ZA z5, we have Az, 2(§—m)A Z;.
s=m

Summing the last inequality
£-1 n-1
> Az, =) (n-m)Az
S=m S=m

2,27, +(E-m)Az, -2, +2,

(or) 2z, 22z, Az,
g—m kS o, .
z&lz( > Az{:z?Azg,

The proof is now complete.
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Theorem 2.4.
Assume that there exist a positive real sequence {,05} and @, 2 1y, ¢<mn and ¢,77 >1 holds. If

C77
n v 2
| ) | e

s=N 4,05

=0

2.3)

Z Zs pt+qt =%, (2.4)

s Qs o
holds, then every solution {yé} of equation (1.1) oscillates or LILT(L y.=0.

Proof.

Let {yg} be a nonoscillatory solution of equation (1.1). Without loss of generality, we may assume that there exists an
integer N > &, such that y. >0, y, , >0, y.,, >0, y., >0and y, >0 foral &>N. Then we have
Z, >0 and (2.1) forall &> N. From (1.1) forall &> N we have

A<a§A2 (déAZ§ ))+ RE ygﬂ—@ + P Yo, bn(Aaé—ﬂlAz (d§ WwAZe ))+ b (qg’ful yéil,%,q)

c” c”
n n 2 s n _
+Db pé—ﬂl yf—ﬂ1+<ﬂz+1 21~ on1 (Aa§+ﬂzA (d§+#z AZ§+/12 ))+ 2r]—1 q§+uz y§+1+uz—¢a + 2n—1 péﬂtz y§+1+uz+<ﬂz =0 (2.5)

Using lemma 2.1 in (2.5), we have
n
A(a§A2 (dé’Azf ))+ bUA(aéfﬂ A (d AZ§ ¥z )) % A(a§+,ttz AZ (d§+;tz A(Z.§+pz )))

=75 Pf <0. (2.6)
4 E+1— (pl 4,, 1 .§+1+(/72 - '

By lemma 2.2, there are two cases for Z.. First assume that case 1 holds for all &>N; > N. It follows from

Az, >0 that 2., =z, >0 then 2., > Z;_,- Thus, by (2.6) we obtain

S+oy

n

R
A(a§A2 (d.42, )+ bnA(aﬁ—ulA (d: whlsy, )+ %A(aész <d§+ﬂzAZ§+ﬂz )) 4§+—$2 2:7, <0. @7

Define

a.A*(d,Az, )
. 2.8
w (&)= p; A(d Alz, %» (28)
Then W;(£)> 0 for £ > N,. Then from (2.8) we obtain
Ap, Ala.A(d.Az,)) A(d.Az,.,)
AWl(g)_ e W1(§+1)+,0§ A(d Az, ) Wl(§+l) A déAZé‘—(/)l :

By equation (2.1), we have a‘i_@A2 (dg_%AZgy_ )> a§+1A2 (dgﬂAZg,ﬂ) Thus from (2.8), we obtain
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Ap. . Aa,2(d.az,)) wy(E+1) p,
p§+1 W1(§+ )+ pf A(dffAzﬁf) & (pl(p§+l)z l (29)

Aw, (&)<

Next we define

3, A (d ey )

(2.10)
Ald.Az,., )

W, (5) = P

Then W2(§)> 0 for &> N,. Then from (2.10), we obtain

(5""1) Apg +,0§ A( 5 2 AZ (d fﬂlAzéfﬂl ))

—w,(£+1 iV
Pea (d AZ&—%) 6 )A(dgAzg_%)

By equation (2.1) and ¢, = £ we have

a Az (d AZ ) §+1*u A2 (d SH=py (Azs“rl*ﬂl ))
Thus from (2.10), we get
Ap;

&+l

aw, ()=

AMa, ,A(d, , A 1
wy(E +1)+ p, (arfz (deéz: )Zml ))_ (5 + )Pg 211)
%

AW, (&)<

In the following we define

A(d,, Az
W3(§)=,D§ §+# (§+ﬂz §+ﬂz)l (2.12)

(déAzé—r/a )

Then w,(&)> 0 for &> N,. From (2.12) we obtain

AW (éz) (f +l) A,D + péA(déAzé—rpl )A( §+u AZ (d§+,u2AZ§+yz ))
: Pea : A(d Az, )A(d a2y %)
3 P8z, N (dészZs‘w )AZ (d Azgf@)l
A(d AZ — )A(d§+lAZ§+l— )

By equation (2.1), we obtain a,_ @Az (d AZ ) A,y A2 (d il AZ §+1+uz) Hence by (2.12) we obtain
4 A i A(d + Az ¥ W2(& +1
Aw, (&)< 2P w,(E +1)+ p, (&, Z(d(: o )5 yz))_ 3(295 )p:
&+l £ Z‘f_(/’l p§+1a§_q;l

(2.13)

Therefore (2.9), (2.11) and (2 13), we obtain

PR 2, Ap. W (£ +1)p;
A b7A LAY +1
W (£)+ 0" Aw,(£) + 2 w(6)< 472 Ald.Az,) P§+1W(§ - Prade
2
oo By ) YD
Pea Penls g
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L [A W +1)- W3(Zj+1)p§]
Pea

27t
p§+1 Eopy (2.14)

On the other hand {ag} and {dg} nondecreasing Aszgv >0 for &> m, we have AAZ§ <0 for £ >m,. Then by

lemma 2.3 for any K (0,1) and & is sufficiently large

Zeig > k(ég_%)_

Az, , 2 2.15)
Due to (2.2) . Since z, >0, Az, >0, AZZ§ >0 and A3Z§ >0 for £ >m, we have
s h
Z, =2, + ) Az, 2(E-m Nz, > 75 (2.16)
s=m,

for some h >0 and & is sufficiently large. From (2.15) and (2.16) and ¢',77 >1 we have
§— n -1
25 > hg”% k(g_ﬁol)_

SH-p
Az, , 2571
(2.14) becomes
7 R Kk (z - A 1
aw(&) b () Sy () < - LRITTMET ) Bo o W(E Do,
2" 25 Peu p<;+1 g
b A (cf 1) (984'1)/0;]
P§+1 p§+1 Eep
A 1
1 ﬁw3(§+1) m
2 Peu P5+1 -
By using completing the square in the right hand side of the above inequality, we get
1+Db7 +i (Ap )Za
c” P R h §+'7Hk g o, 217—1 ¢ S
R e T
Summing the last inequality from N, > N, to & —1, we obtain
c” >
1+b"+ (Ap ) a,_
£-1 p R h {Jrr]}lk 5 ¢ ( 27]1] ¢ S C)?
2 ol =) 4 SWl(Nz)"'b”Wz(Nz)"'Fwa(l\lz)-
s=N, pf

Taking limsup in the last inequality, we get a contradiction to (2.3). Assume that lemma 2.2(2) holds. Let {yg} be a

positive solution of equation (1.1). Since z. > 0 and AZ‘f <0, then lim Z; =1>0 exists. We shall prove that

o
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I(I—b—c).

I =0. Assume | >0 then for any & >0, we have | + & > Z, eventually. Choose 0 < & < — It is easy
+
to verify that
y: >I=(b+c)l+&>kz,
I-(b+c)l+e _ _ _ ,
Where k = I— > 0. Using the above inequality, we obtain from (2.1)
+¢&
2 g G
A(agA (d,;Azg, ))5 K +77<q§ + P )Zérlzul'
Summing the last inequality from & to oo and using Z, > I, we obtain
ZA(a§A2 (diAzi ))S - ke (qg * P )zéjﬁm
s=¢ s=¢
1 0
2
A(d Az, )= (K1Y a—z( +p.)
¢ s=¢
Summing again & to ©, &> & we obtain
> N (d,Azg) =" (kI) z P, +0)
$=& 5=4 a5 t=s
é/+n 00 1 00
—d Az, <—(kKIF"Y. =>"(p, +q,)
s=& as t=s
kl S+ o 1 ©
~Z,,<- () > —>(p+a)
d§1 s=& as t=s
Z Z pt + qt §+1'
s=& s t=s
This contradicts to (2.4). So the proof is complete.
1. APPLICATIONS
Example 3.1.
Consider the forth Order mixed neutral type difference equation of the form
2 A3 1 1 3
Al S°A Y. + 1 Yeuat 5 Yero | [+287Y,u + (Zf + 2)y.§+1 =0. (3.1)

1 1
Let a, =¢&°,b, =G =§,d§ = =Lp,=2,p, =26+2,0, =280 =n=1¢0,=2,0,=1. Take

P =1. Then condition (2.3) holds. On the other hand, condition (2.4) also holds. We can easily see that the
conditions of Theorem 2.4 are satisfied. Hence all the solutions of equation (3.1) are oscillatory. In fact

{yé}: (—1)° is one such a solution of equation (3.1).
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Example 3.2.
Consider the forth Order mixed neutral type difference equation of the form

2 1
A gAZ 2§A[y§+§y§_2+zy§+3j (& +2)y. 2822 =0, (3.2)

2 1
Let a, :g,b§ =500 =5 0. =26 =2, =3, =28%,q, =8 +2,{=Ln=2,p,=1. Take

condition (2.3) holds. On the other hand condition (2.4) also holds. We can easily see that the conditions of
Theorem 2.4 are satisfied. Hence all the solutions of equation (3.2) are oscillatory.

In fact {yi}: (—1)° is one such a solution of equation (3.2).

CONCLUSION
In this paper, by using Ricatti type transformation and the summing averaging technique, the oscillatory
behavior of every solution of the equation (1.1) are discussed in Theorem 2.4. Here some sufficient conditions are
proved. These sufficient conditions which are new, extend and complement some of the known results in the
literature. Also the example reveals the illustration of the proved results.
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