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I. INTRODUCTION
Let R™*1 pe the Euclidean space which has an orthonomal basis {ey,e, ..., e,} and endswed with the standard
Ecuclidean inner product < x,y > = }7_, x;y;. The Clifford algebra A, is defined as the2™-dimensional real associated,
noncommunitative algebra generated by ey, e, ..., e, and the multiplication rules

el =1,
ef ==1j=1,..,n
eejtee=01<i#j<n
An element a € A, has the following form
a = Z agey ,0y € ]R,
AEN

whered = {a;a; ...ap}, (@) < -+ < ap} is a subset of M = {1,2,...,n} and e, = ey, €q, - €y, FOr A =@ we put ey =
eO = 1

Vector in R™*1 are identified with 1-vector in A, under the canonicalembeding
n
x €E R, x = (xq, ..., %,) = Z xjej = X € A,.
j=0

The conjugation is defined by a mapping sending a — a with &; = —e; for j = 1,2, ...,n, &, = esand ab = ba. The inner
product in A,, is defined by

<a,b>,=2™M Z asb, ,where b = Z byey,.

AEN AEN

Hence a norm is defined by

1/2
ally = (< a,a >,)Y? = 2M2, a?
llallo = ( 0) A

AEN

which turns A, into a Banach algebra of dimension 2". For other definition of Clifford algebra we refer reader to
[F.Bracks, R.Delanghe and F.Somen].

Let Q be a subset of the Euclidean space R™*1. We consider the function u defined in Q and taking values in A,
as the mapping
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u— A,.

u= Z uy(x)ey,

AEN

Then u can be presented by

whereu,(x) are the (real valued) functions of n+ 1 variables x,,xy,...,x,. We write u € C(Q, A,), CX(Q,A,),
L, (Q, Ay), ... according uy € C(Q), C"(Q),L,,(Q), ... respectively.

The Cauchy-Riemann operator and its adjoin defined by

n
Ja
D =Zej6j ; 61 ZW ] = 1,2,...7’1,
j=0 /

Definition 1
A function u € C*(Q, A,) is called monogenic if it sastisfies the Cauchy-Riemann system Du = 0.
Remark 1

From definition of Cauchy-Riemann operator, we have
n
DD =DD = ) 07 = Ay,
j=0

whereA,, ., is Laplace operator in R™*1,
Remark 2
From Remark 1 we see that, if Du = 0 then DDu = A, u, = 0.

Let Q be a bounded domain in a Euclidean space R™** having a sufficiently smooth boundary a€. Then we know
from potential theory that to an arbitrarily chosen (continuous) function gon 9, there exists a uniquely determined
solution u of the Laplace equation such that u = g on 0Q.

In view of Remark 2 we know that all real-valued component u, of a monogenic function in R™** are solutions to
theLappace equation. This does not mean, however, that the boundary values of all real-valued components can be freely
chosen because all components are connected by the Cauchy-Riemann system. This paper deals with the question how
many components u, can be chosen arbitrarily on thw whole boundary, and what can be prescribed for the remaning
components.

11. BOUNDARY VALUE PROBLEMS FOR HOLOMORPHIC FUNCTIONS IN THE PLANE

The Cauchy-Riemann systhem for holomorphic function w = u + iv in a (bounded) domain Q in the complex plane can be
prescribed by

{ Oxu = 0,v @D

Oyu = —0,v.

We know that, the imaginary part v of w is uniquely determined by its boundary values. The system (2.1) leads
for the real part u to the completely integrable first order system, and u is uniquely determined (in simply connected
domains) up to a real constant. And so u is then uniquely determined by its values at one point of Q (or Q).

111. BOUNDARY VALUE PROBLEMS FOR CAUCHY-RIEMANN SYSTEM INR3

In R3, The Clifford algebra A, is defined as the 22-dimensional real associated, noncommunitative algebra generated by
ey = 1, e, €5, €1, and the multiplication rules
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e =-1,j=12,

e.e, +eye; =0.
The function u taking values in A, can be presented by

U = Ugey + U8y + uze, +uee,,
and the Cauchy-Riemann operator is defined by
D = ey0y + €,0, + e,0, + e305.
Let Q be a cylindrical in R® which is defined by
{x = (x0, 21, %2): Y1 (31, X2) < X9 < P1(xq,x3), (X1, %2) € Qo}

whereQ), is a domain in the x;, x,-plane.A similar situation occurs for monogenic functionuin R3. TheDefinition 1 for
monogenic function u leads to four real-vallued components u,, u,, u, and u, satisfy the Cauchy-Riemann system

OoUg — 0quy — Oyu, =0 (3.1)
0oy + 01ug + duy, =0 (3.2)
Jouy — 01Uqp + 0uy =0 (3.3)
OoUqp + 0quy, — 0yuy = 0. (3.4)

Suppose, further, that the monogenic function uis continuous in Q. Since all components of a monogenic
functions are solutions to the Laplace equation,u; and u, are uniquely determined already by their boundary values on the
whole boundary dQ. Knowing u,and u,, then u;, can be determined by a simple integration in x,-direction from the last
eqution (3.4) provided one knows only the values g,, of u,, on the lower covering surface

So = {x = (X0, %1, %2): Xo = 1 (X1, %5), (X1, %) € Qo).
In order to be short, introduce the abbreviation
—0,u, + 0,uy = Fi5.
Then u,, can be represented in the form

X0

U2 (X0, X1, X2) = G12(x1, X2) + J Fi2(8o, x1,x5)dé,.  (3.5)
P1(x1,%2)

Notice that not for every choice of the initial functions g,, the function u,, turns out to be a solution to the
Laplace eqaution. In order to simplify the calculations a little bit, we suppose that the lower covering surface of our
cylindrical domain Q is given by ¥ (x4, x;) = 0, and so we have

X0

U2 (X0, X1, X2) = G12(X1, X2) +f Fi5(80, X1, x2)d&p. (3.6)
0

From (3.6) we obtain
0oz (X, X1, X3) = Fi5(xg, X1, X3),
aguu(xo; X1, X2) = 0oF12(x0, X1, X2). 3.7)

Moreover, differentiating under the sign of integration, one gets

X0

07us5 (X0, X1, X5) = 0215 (1, Xz) + f 07Fy5 (60 %1, 1,)dEs,  (3.8)
0

X0

622u12(x0,x1,x2) = 622912 (x1,x3) + j 822F12(fo:x1:x2)d50- 39
0
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Now observe that the derivatives of a solution to the Laplace equation are also solutions to the Laplace equation.
Thus

07F;, + 05Fy; = =05 Fi,.

Taking into accout this relation, the addtion of the formulas (3.7), (3.8) and (3.9) leads to the relation

X0

Asuyp (X0, X1, %2) = Dy912(X1, X2) + 09 F12(x0, X1, %) — J. agFlz(foi X1, X2)d&,.
0

Since 9y F;,(xg, X1, x,) is a primitive of the integrand of the last integral, the last integral has the value
00 F12(xg, X1, %) — 0o F12(0, X1, X7).
Thus Azu,, has everywhere in  the values
Azug5(x0, X1, %2) = B3912 (%1, 2%2) + 9 F12(0, x4, x2).

And this, the differential equation A;u,, = 0 is everywhere satisfied in Q if the initial function g,, satisfies the following
Poisson equation

A3912(x1, %) = —00F12(0, %1, x3)

Everywhere in the lower covering surface S, of the cylindrical domain Q. And so the initial function g,, is uniquely
determined by its boundary values on the one-dimensional boundary of the two-dimensional covering surface S,,.

Finally one can use the remaining three equation (3.1)-(3.3) in order to calculate the component u,. The
component u, can be constructed from the system

aouo = alul + azuz: = po,
01Ug = —0oUy — JxUq2: = Py,
Oug = —0guU, + 01Uq5: = Py

Since u4, u, and u,, are solutions to the Laplace equation, the last system for u, turns out to be completely integrable, that
is dxp; = 9;px, k,j = 0,1,2. For instance, to proof of d,p, = d,p;, from the Laplace equation Azu; = 0, we have

01P0 — O0op1 = 0,(01uq + 0,uy) — 0 (—0guy — drus,)
= alzul + alazuz + agul + aoazulz

_azzul + azaluz + azaoulz
0,(—0uq + 91u; + 0,00Uy,)

Similarly, to proof of d,p; = d,p, and d,p, = dyp, One needs the Laplace equationA;u,, = O0and Aju, =
0.Provided Q is homotopically simply connected, u, is already uniquely determined by its value at one point P,of
Q.

To sum up, a monogenic funtion in R3 is completely determined by

e the values of two components u; and u, on the whole two-dimentional boundary dQ of the three-dimentional
domain Q,

e the values of u,, on the one-dimensional boundary of the two-dimentional lower covering surface S, and

e the value of u, at one point P, in Q.

IV. BOUNDARY VALUE PROBLEMS FOR CAUCHY-RIEMANN SYSTEM INR*
In Euclidean space R*, Clifford algebra A5 has the basis elements
€y = 1, €1,€5,€3,61€65,€61€63,€6,€3,61€65€3.

And the multiplication rules
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e =-1,j=123,
eejtee =0;(1<i#j<3).
The function u taking values in A5 can be presented by
U = Ugey + U eq + Uye, + Uzesz + Uz + Ujzee3 + Uyzeyes + Ujpze eyes,
and the Cauchy-Riemann operator is defined by
D = ey0y + €,0, + e,0, + e305.

The Cauchy-Riemann system Du = Ocan be presented by the following system (here we denote e,e, =
€12,€1€,€3 = €133, ...)

doug — 01Uy — Ouy, —d3uz =0 (4.1)

Oouq + 01Uy + 0uqp + 03ui3 =0 (4.2)

Oouy — OqUqp + 0yug + 03Uy =0 (4.3)

Oouz — 01Uq3 — OxuUyz + 03Uy = 0 (4.4)
OouUyp + 01Uy — Oxuy — O3Uy93 =0 (4.5)
Oouyz + 01Uz + OxuUyp3 — O3uy = 0 (4.6)
OgUysz — O1Uyp3 + Oyuz — 03Uy, =0 4.7)
OgUyz3 + O1Uyz — O,uq3 + 03Uy, = 0. (4.8)

Let Q be the unit ball in R*, Q, be the unit ball in (x,, x,, x3)-space, and Q,; be the unit ball in (x,, x3)-plane.
Then we have the following theorem:

Theorem 1. The four components u,, u,, us, uU;,3 can be found from their alues on the whole boundary. The two
components u,, and u,5 can be found from their values on the boundary of the three-dimensional distinguishing part Q, of

the boundary, while u,; can be calculated from the values on the boundaycurve Q,,. The component u,, finally, is
completely determined by its value at the one point P, in Q.

Proof:It is clearly that, if the value of four components: u,,u,, us,u 53 On the whole boundary of 9Q, then the
corresponding components are uniquely determined in the whole domain Q.

From equation (4.5), (4.6) we can calculate the components u,,, u,3, for instance, from (4.5), we have
doUiz = —01Uy + FaUy + O3Uya3 = Fi5(Xo, X1, X2, X3). (4.9)
If g, are the values of u,, on the midle surface Q,, then we have

X0

Uq2 (X0, X1, X2, X3) = g12(X1, X2, X3) +f Fi5 (&0, X1, X2, X3)d&y. (4.10)
0

Similar situation for function u,,in R3, we can show that A,u,,(x) = 0 in Q if and only if the initial function g,,
satisfies the Poisson equation in €,

A391, = —00F12(0, x5, X3, X4).

Now we calculate for component u,5, from (4.7), (4.8), we get

Up3(X) = go3(x2,x3) + J (pg3(§0,§1,x2,x3)d§0 + P53(fo: &1, X2, x3)d&,), (4.11)
4

where

Douzz = P33 (Xg, X1, X2, X3) = 01Uyp3 — Oyuz + O3, (4.12)
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01Uzs = P33(Xo, X1, Xp, X3) = —0OgUyps + Oxuy3 — O3y, (4.13)
andy is any curve in Q starting from (0,0, x;, x3) to (xg, X1, X2, X3).
Using A,u,,3 = 0, from the equation (4.5) and (4.6), we obtain
01p33 — OoP33 = 07Uz — 0,05us + 0105y + 0FUsp3 — 090xUss + 003Uy,
= 0fUy23 + 05us3 — 05(01us + Oguyz) + 03(01uz + Oous)
= 05u13 + 0§Usz3 — 05(—02u1p3 + O3uy) + 05(05uy + O31iy53)
= 0§ U1z3 + 0fUsp3 + 03Usp3 + 05Usp3 = Agiigps = 0.

This implies that the intrgral in (4.11) does not depend on the special choice of y, and we can prove that, the Laplace
equation A,u,5; = 0 leads to the Poissoon equation

D3923 (%, x3) = —09p25(0,0, X3, x3) — 81P33(0,0, x5, X3) in Qgy.
Then g,5 is uniquely determined by its values on the boundary curve 9€;.
Finally, from (4.1)-(4.4), we have
OoUy = 01Uy + Opuy + Ozus =:p°
Oouy = —0;uy — Oyuy, — O3uy3 =:p"
Oy = 0qUyp — OpUg — O3Uy3 =: P>
Oouz = 01uy3 + DyUp3 — O3uq =: p°
It is not difficult to prove that
ip¥ =0kp’;0<i#k <3.

Therefore, this systhem turns out to be completely integrable, so u, is uniquely determined by

o (P) = ug(Py) + j (°d€, + p'dé, + pPdE, + pPdEy),
4

where P, € 0044, v is arbitrary curve in Q starting from P, to P € Q.
V. BOUNDARY VALUE PROBLEMS FOR CAUCHY-RIEMANN SYSTEM INR®

In the case R, we have the Cauchy-Riemann operator D = e,d, + e;0; + e,0, + e;05 + e4d,, and a function u taking
values in Clifford algebra A, can be presented by
u= Z Uy€y,

A

where A € {0,1,2,3,4,12,13,14,23,24,34,123,124,134,234,1234}, here the functions u has 16 components. The Cauchy-
Riemann system Du = 0 is expressed by the following system

OJoUy — 01Uy — Oyuy, — 03Uz — O4uy = 0 (5.1)
Oouy + 01Uy + OxuUqp + O3uUqz + 04Uy = 0 (5.2)
JoUy — 01Uy + 0xug + 03Uy + 04Uy =0 (5.3)
Oous — OquUq3 — OxUyz + 03Uy + 04Uy =0 (5.4)
oy — 01Uy — OxUpy — O3Usy + 04ug =0 (5.5)
OoUyy + 04Uy — Oxuy — O3Ugp3 — O4Uypy = 0 (5.6)
OoUyz + 04Uz + 0xuUyp3 — 03Uy — O4Uy34 =0 (5.7)
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OgUyy + 01Uy + OxUypy + O3Uq3, — 04Uy =0 (5.8)
OoUzz — OqUqp3 + OUs — O3Uy — O4Uyz, = 0 (5.9
OgUzy — O1Uqpq + OxUy + O3Uyzy — O4u, =0 (5.10)
OoUzq — O1Uy34 — OalUpzq + 031y — O4uz = 0 (5.11)
OoUazz + 01Uz — OxUy3 + O3Uyp + O4llya34 = 0. (5.12)
OgUyzq + O1Uyy — OxUys — O3Uqp34 + 04Uy, = 0. (5.13)
OgUyzq + 01Uz + 0xU 934 — O3Uqy + O4uq3 = 0. (5.14)
OoUz3s — O1U1234 + OxlUzy — O3y + O4Upz = 0. (5.15)
OoUiz34 + O1Uzzs — OxUs34 + O3Uspe — O4Uspz = 0. (5.16)

Let
n

Q= {x = (xg, %1, ..., X4) € R*: ijz <1}
=0

Qo = {x = (x0, %1, ..., Xs) € Q: x5 = 0},
Q1 = {x = (xg, %1, oo, x4) € Qi xg = x; = 0},
Q12 = {x = (xg, X1, ., X4) € Qi Xy = x; = x5, = 0},
and
Ay = {34},
AS = (23,24},
AS = {12,13,14,1234},
A% = {1,2,3,4,123,124,134,234}.

Then we have following theorem.

Theorem 2. A monogenic function u = Y, u,e, defined in Q, taking values in A, is completely determined by its values
in distinguishing boundary of Q, which as

u, = @4, A € ASin whole boundary of domain Q, which is 4-dimentional,
u, = @4, A € ASin whole boundary of domain €, which is 3-dimentional,
u, = @4, A € ASin whole boundary of domain ,,, which is 2-dimentional,
u, = @4, A € Ajin whole boundary of domain Q,,,, which is 1-dimentional,
After all, the value of u, at the point P, € 9Q.

Proof: By assumption of the boundary values of eight components: w,, u,, Uz, Uy, Usz3, Ugiza, Ugzs, Upze ON the whole
boundary of Q, the corresponding components are uniquely determined in the whole domain Q.

The equation (5.6), (5.7), (5.8), (5.16)allow to calcualte the components: u;,, Uy3, Ujs, Ujzz4 DY @ Simple
integration in x,-direction from the values on the distinguishing part .

By the system (5.9, 5.12) and (5.10,5.13) we can calculate the components: u,3, u,, by an integrarion in x, x; -
direction from values on the distinguishing part Q.

From the system (5.11, 5.14, 5.15), we can calculate the componentus, by an integration in x, x;, x,-direction
from the values on the distinguishing part Qg4,.

Finally, since the domain € is homotopically simply connected, from (5.1)-(5.5) we can show that, u, is uniquely
determined by its value at one point P,of Q1.

The theorem is proved.
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VI. BOUNDARY VALUE PROBLEMS FOR CAUCHY-RIEMANN SYSTEM INR®

In the case R®, we have the Cauchy-Riemann operator D = e,d, + e;0; + €,0, + e30; + e,0, + e5ds, and a function u
taking values in Clifford algebra A5 can be presented by

u= Z uAeA,
A

where 4 € {0,1,2,...,5,12,...,15,23, ...,123, ...,12345}, here the functions u has 32 components. Therefore, Cauchy-
Riemann system Du = 0 is expressed by the following system

doug — 01Uy — Oxuy; — 03Uz — Q4uy — Osus = 0 (6.1)
Oouy + 01Uy + 0y + O3uyz + O4Uyy + 05ty =0 (6.2)
Oouy — OqUgy + Oxug + 05Uy + Oy, + OsuUys =0 (6.3)
Oous — OqUy3 — OxUys + 03Uy + Oty + Osuss =0 (6.4)
OgUy — OqUyy — OxUyy — O3Usy + 04U + OsUys = 0 (6.5)
OoUs — O1Uy5 — OxUps — O3Uzs — Ogllys + 05Uy = 0 (6.6)
Oousz + 01Uy — OaUy — O3Uyp3 — Ogllypq — Osllyps = 0 (6.7)
Oouyz + 01Uz + OaUsz3 — 03Uy — Oyllyz4 — Osllyzs = 0 (6.8)
OoUsq + 01Uy + OxUs2q + 03Uz — 04Uy — OslUyys = 0 (6.9)
OouUys + 0qUs + 0yUyp5 + O3Uyz5 + 04Uy — Osuy =0 (6.10)
OoUzz — O1lUspz + OxUz — 03Uy — O4llpzq — OsUyzs = 0 (6.11)
OoUzq — O1Uspq + OxUy + O3Upzq — 04Uy — OslUpys = 0 (6.12)
OoUzs — O01Usps + 0zuUs + O3Uzzs + Oylizgs — Osuy = 0 (6.13)
OoUszs — O1Uyz4 — OzUzzs + 03Uy — OgUz — O5Uzgs = 0 (6.14)
OoUss — O1Uy35 — OxUpzs — O3Uzgs + O4Us — Osuy = 0 (6.15)
OoUys — O1U4s — Oxlzgs — O3Uzgs + 04U — Osuy = 0 (6.16)
OoUiaz + 01Upz — OxUyz + 03Uy + O4llyz34 + OslUinzs = 0. (6.17)
OoUi24 + 01Uz — OxUyq — O3Ug234 F O4llyp + O5Uyzes = 0. (6.18)
OoUizs + O1Ups — OxUys — O3Ugz35 — O4llypgs + 05Uy = 0. (6.19)
OoUi3q + O1Usy + 0xUs34 — O3Uyy + O4llyz + O5Upzzs = 0. (6.20)
OoUszs + 01Uss + OxUsp35 — O3Uys — O4llyzes + Osuyz = 0. (6.21)
OoUiss + 01Uys + OxUszgs + O3Uy345 — OgUlys + OsUyy = 0. (6.22)
OoUzzq — O1Usz34 + OxUzg — O3Upg + O4llp3 + OslUpzes = 0. (6.23)
OoUzszs — O1Usz3s + OxUss — O3Ups — O4llpzes + OsUzz = 0. (6.24)
OoUzas — O1Us245 + OxUys + O3Uzz4s — O4lUsps + OsUzy = 0. (6.25)
OoUszss — O1Us245 — OxUzzas + O3Uss — O4Uss + OsUzq = 0. (6.26)
OoUi23q + 01Up3q — OxUy34 + O3Uing — O4lUynz — Oslyzzgs = 0. (6.27)
OoUia3s + 01Uy3s — OxUy35 + O3Usyos + O4Uszzes — OsUspz = 0. (6.28)
OoUi24s + O01Uzqs — OxUsgs — O3Uiozes + O4Uios — OsUsng = 0. (6.29)
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OoU3as + O1Usss + U345 — O3Ugss + OslUyzs — OsUqzye = 0. (6.30)
OoUz34s — O1Uy2345 + OxUsyss — O3Upss + O4lUpzs — Oslnsy = 0. (6.31)
OoU12345 + O1Uz345 — OxUq345 + O3Ug245 — O4Uy235 + Oslyz34 = 0. (6.32)

Let

n
0= {x = (xo,xl, ...,x5) € R®: ijz < 1},
=0
Qp = {x = (xg, x4, ..., x5) € Q: x5 = 03},
QOI = {x = (xo,xl, ...,xs) e Xg = X1 = 0},

9012 = {x = (xo,xl, ...,xs) € O xO = xl = xZ = 0},

Q0123 = {x = (xo,xl, ...,xs) € O xO = xl = xZ = X3 = 0},

AG = {45},
AS = (34,35},
AS = {23,24,25,2345},
AS = {12,13,14,15,1234,1235,1245,1345},
AS ={1,2,3,4,5,123,124,125,134,135,145,234,235,245,345,12345}.

Then similar in R> we can proved the following theorem.

Theorem 3. A monogenic function u = Y}, u,e, defined in (, taking values in A< is completely determined by its values
in distinguishing boundary of Q, which as

u, = @4, A € ASin whole boundary of domain Q, which is 5-dimentional,

u, = @4, A € ASin whole boundary of domain €, which is 4-dimentional,
u, = @4, A € ASin whole boundary of domain €, which is 3-dimentional,
uy = @4, A € ASin whole boundary of domain Q,,,, which is 2-dimentional,
uy = @4, A € ASin whole boundary of domain Q,;,3, which is 1-dimentional,
After all, the value of u, at the point P, € 9Q.

VII. CONCLUSION
The above results show that one can generaliza the concept of conjugate solution to higher dimensions: Given 21

real-valued solutions to the Laplace equation in a (homotopically simply connected) domain in R™*?, one can find
2"~1another real-valued functions which are also solutions to the Laplace equation, and the whole system of all 2" real-
valued functions are the real components of a monogenic function in R**1. The 271 real-valued conjugate solutions to the
Laplace equation are uniquely determined by their initial values on some parts of the boundary.
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