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I. INTRODUCTION

Multiobjective semi-infinite programming problem is an optimization problem in which more than one objective
function is to be minimized over feasible set described by infinite number of inequality constraints. A special case
of the nonsmooth multiobjective semi-infinite programming problem is a problem containing a square root of the
quadratic form in each of the objective functions as well as in the constraints. It has many applications in various
types of generalizations of convexity theory (see, [1], [3], [4], [5], [6], [16],[19], [22], [26]).

The concept of higher order duals was introduced by Mangasarian [15]. Higher order duals are significant as they
provide tighter bounds for the value of objective functions and hence has computational advantage over the first order
duals. Due to its importance, many researchers have worked in this field (see, [7], [8], [9], [10], [11], [13],][18], [20],
[21], [24], [25]). Mond [2] defined second order convexity and used it to derive second order duality results. Hanson
[12] generalized the concept of invexity and introduced the class of type 1 functions in nonlinear scalar optimization
problems. Mishra and Rueda [17] considered a class of higher order type-1 functions for scalar optimization problems
and proved higher order duality results for various number of higher order duals under the assumption that the
functions involved are higher order type-1 functions. Recently, Antczak et al. [23] proved higher order duality results
for a class of nonconvex nonsmooth multiobjective programming problems with square root of a quadratic form in each
of the objective functions under the assumption that the functions considered are higher order (®, p)-type 1 functions.

In this paper, a multiobjective semi-infinite programming problem with square root term both in objective functions
and constraints is considered. Problems of this type are encountered in stochastic programming and portfolio selection
problems. A new class of higher order (@, p, Q)—type I objective and constraint functions is defined. Mangasarian dual
and Mond-Weir dual are formulated for the considered programming problem. Various higher order duality results
for both the duals are derived under the assumption that the functions involved are higher order (®,p, Q)—type I
objective and constraint functions.
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II. PRELIMINARIES AND DEFINITIONS

The following notations are used in this paper.

Let R™ be a finite dimensional Euclidean space. Let u = (ug, ug, ..., ), v = (v1, V2, ..., Uy ) € R™, then
u S v if and only if u, < wv,, Vn=1,2,....m,

u < v if and only if u, < v,, Vn=1,2,...,m,

u < w if and only if u # v and u, < wv,,Vn=1,2,...,m.

We consider the following nonsmooth semi-infinite multiobjective programming problem with square root terms in
objective and constraints

min  f(z) = (fi(z) + (27 B1z)?, folz) + (27 Box)?, ..., fo(x)+
(" Byz)?)
st gi(x)+ (@TC)? <0, teT
reR™

(P)

where f, : X >R, ne I ={1,2,....q} and ¢g; : X = R, ¢ € T are differential functions on a non empty open convex
set X C R™ and each B,, and C} is a m X m positive semidefinite symmetric matrix. The index set T is arbitrary non
empty set not necessarily finite.

The feasible set of (P) denoted by M is given as

M={zeR"|gq(x) <0, VteT}

and the set of active constraints is given as

T(z*) ={t T |g(z") = 0}.
Remark 2.1. Note that if B, =0, n € [ and C; =0, t € T, then the considered multiobjective programming problem
reduces to a usual semi-infinite multiobjective programming problem.

Let kp : X xR™ - R, n € {1,2,...,q} and h; : X x R™ — R, t € T be differentiable functions, and p be any
vector in R™.

Definition 2.1. Suppose that the functions ® : X x X x R™" — R and p = (py,,pg,) where n € I and t €
are given. Let Q C T be a non-empty set. Then ((f,, n € I), (g, t € )) is said to be higher-order (P, p, Q) —type I
objective and constraint functions at u € X on X if ®(z,u,.) is convex on R+ ®(z,u, (0,a)) > 0, Vz € X and any
a € Rt and

fn(x) - fN<u) - kn(“ap) +pTvpkn(“ap) > @(x,u, (Vpkn(u’p)’pfn»v Vnel (1)
g (0) — B, 5) + BT el ) > B, (Vyhal, ), pg,), ¥ € 0 )

If these inequalities (1) and (2) are satisfied at each v € X, then ((fn, n € I), (g, t € Q)) is said to be higher-order
(@, p, Q)—type I objective and constraint functions on X.

If inequalities in (1) are strict for all x € X, (z # w) and n € I, then ((fn, n € I), (g, t € 2)) is said to be higher-order
strictly (®, p, 2)—type I objective and constraint functions at u € X on X.

Example 2.1. Consider the programming problem

min  f(@) = (f1, f2) = (@3 +a)} + (@3 + o)}, (0F +ad)F + (o + D))

st gi(z)=—xz1—22—t <0, t€]0,2] (3)
g3(x) = (21)* + (22)* <0
z € R?
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Let u = (0’0) Deﬁne @(I,u, (U,p)) = Ul(ul - I%) + U2(u2 - l’%) + 0 kl(uvp) = u%)-lf-tgil - 17 ht(u7p) = ufpitgil - 17

+
hg(U,p) = u%yjrugil =1, pf, =1, pg, =2, and Pgs = 2

Then (f,q) is higher-order (¢, p,Q)—type I objective and constraint functions on the feasible region, where @ =
3,4 u {0}

Definition 2.2. A feasible point z* is said to be an efficient solution of the problem (P) if there does not exist a
feasible point x € M such that

Jo(@) + @"Bya)? < fula®) + (@ Bua")? ¥n e {1,2,...,q}
and there exist atleast one r € {1,2, ..., ¢} such that
fr(x) + (xTB,,x)% < frlz™) + (:C*TB,«x*)%

Definition 2.3. An efficient solution z* is said to be properly efficient solution if there exist a scalar X > 0 such that
for each n € {1,2,...,q} and x € M, we have

[ful@*) + (&% Buz*) 3] = [fu(@) + (27 Bua)?]
< K([fi(z*) + (z*" Biz*)?] — [fi(z) + (27 Byz)?))

for atleast one [ € {1,2, ..., ¢} satisfying
fila®) + (27" Bie®)? < fulw) + (a7 Bua)?
Remark 2.2. Define the set

Qa*) = [ m(a")

n=1

where Q,(z*) = {w € R™ : w' Vg, (z*) + —wlCi < ¢ T(x*) and wTVf,(z*) + —w'Bur 0 if o*" Ba* >

(rTthc)% (zTBpx)2

0, W'V f(a*) + (wT Byw)? < 0if 2* Bya* =0}

Theorem 2.1. (Generalized Schwartz inequality) Let B be a positive semidefinite symmetric matriz of order m. Then,
for all x,z € R™, we have ) )
2TBz < (2T Bz)2 (2T Bz)2

Note that the equality holds, if Bx = aBw for some o € R™ with a > 0. Moreover, if (ZTBZ)% <1, then
tTBz < (xTBx)%

The following theorem is the generalization of Theorem 3.4 (ii) from Kanzi and Nobakhtian [14] for the multiob-
jective semi-infinite programming problem with square root terms in objective functions and constraints.

Theorem 2.2. (Necessary Optimality Conditions) Let x* be a properly efficient solution of the problem (P'), the set
Q(z*) be empty and a suitable constraint qualification be satisfied at x*. Then, there exist = (u;) >0, j € J, Q C
T(x*) such that | Q|< oo, B=(6)>0,t€Qandw € (R" x ... xR"), v € (R” x ... x R") such that

s times Q times
> wi[V£i(a) + Biwl+ Y BilVai(a™) + Crve] =0, (4)
Jj=1 teQ
@(wuﬂ+x“aw)zateﬂ, (5)

Zﬂj =1, (6)
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N

(x*TBjx*) = 2" Bjw;, j € J, (7)
T 3
(x* C’ﬂ*) =z2*Ciu, t € Q, (8)
wlBjw; <1, j € J, (9)
’UtTOt’Ut <1, te Q. (10)

III. MAIN RESULTS

In this section, we derive weak duality and strong duality results using higher-order (@, p,Q)—type I objective and
constraint functions for Mangasarian dual and Mond-Weir dual .

I. Mangasarian Duality

Foreachu € X CR™, QC T with |Q|< o0, p € R w= (w,), n €I, w, € R™, v= (1), t €Q, v; € R™ and
n=(n), t € Q, we define

F(u,w,v,n,Q,p) = (fl (u) + [u+ p)T Biwy + k1 (u,p) + Znt [gt(u) + [u+ p|T Croy + ht(u,p)] S
teQ

fa(w) + [w+ p|" Bgwy + kq(u,p) + Y & [g:(w) + [u+ p]" Crvy + ht(u,p)]>
teQ

Then, the Mangasarian dual of the primal problem (P) is given by

Mazimize F(u,w,v,n,8,p) (MD)
q
st Y o [Vpka(u,p) + Buwn] + > 0e [Vphe(u, p) + Cyvg] = 0 (11)
n=1 teQ
wByaw, <1 nel (12)
vIByw, <1 teQ (13)
P
Z Hn = 1 (14)
n=1

uve X, peR™ w, €R™, v, €R™, pup >0, nel, n>0,te
Let D denotes the feasible set of the Mangasarian dual problem (MD).

Theorem 3.1. (Weak Duality Theorem) Let x and (u, u,n,w,v,,p) be any feasible solution for the problem (P)
and (MD) respectively. Further, assume that ((fu(.) + ()T Buwn, n € 1), (g:(.) + ()T Covy, t € Q)) is higher-order
(@, p, Q)— type I objective and constraint functions at w on M UD. If >0 | jinps, + > e Mipg, = 0, then the fol-
lowing cannot hold:

Proof Let  and (u, 1,1, w, v, Q, p) be any feasible solutions for the problem (P) and (MWD) respectively.
Suppose that (15) holds, therefore, there exist atleast one r € I such that

Jul@) + (27 Bua) * < fulu) + [u+ pl" Buwy + kot p) + 3 1 [g0(w) + [+ p)7 ooy + e, p)]

teQ
nel—{r} (16)
fr(x) + (’JZTBTI‘)% < fr(u) + [u +p]TBrwr + kr(uap) + Z Nt [gt(u) + [u +p]TC’tUzS + ht(u’p)] (17)
teQ
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By generalized Schwarz inequality, (16) and (17), we obtain

(@) + &" Buwy < fo(u) + [u+pl" Bywn + kn(u,p) + > me [9:(w) + [u+ p]" Crop + hu(u, p)] ,

teQ
nel—{r} (18)
fr(m) + ‘TTBrwr < fr(u) + [u + p]TBrwr + kr(u7p) + Z ui [gt(u) + [u +p]TCt'Ut + ht(uvp)] (19)
teQ

Since (u, pt,n, w, v, 2, p) is a feasible solution for the problem (MD), therefore, we have pu, >0, n € Tand > 7 _ | p, = 1.
Hence, from (18) and (19) we get

Zﬂn fn +$Tan <Zﬂn fn ) [u+p]Tann —&—kn(u,p)} +
Z Un [gt(u) + [u+p]"Cv + ht(um)] (20)
teQd

The function ((fo(.) + (.)TBywy, n € I), (g:(.) + (.)TCyvy, t € Q)) is higher-order (®,p,Q)— type I objective and
constraint functions at u on M U D, therefore, we have

fn(m) + xTann - fn(u) - uTann - kn(uap) +pTvpkn(uvp) > (x, Uu, (vpkn(uvp) + Brwy, pfn)) )
Vnel

_gt(u) - uTCtUt - ht(u,p> + pTvpht(u7p) Z <I>(a?, u, (vpht(uvp) + Ct’l}t7 pgt))a
Vte

We have u,, >0, Vn €1 and 1, > 0, t € €, therefore,

Hn [fn(x) + xTann - fn(u) + uTann - kn(uap) +pTvpkn(uap)]
> pin® (z,u, (Vpkn(u,p) + Bawn, py,)), Vel (21)

- [gt(u) + uTC’tvt + ht(u7p) 7pTvpht(u7p):| Z ntq)(xa u, (vpht(uap) + Ctvtvpgt))7 Vi S Q (22)

Adding (21) and (22), we get

Z Hn fn + 2’ B nWn — fn(u) - UTann - kn(%P) +pTvpkn(u7p)] +

Z e [—gi(u) —u" Croy — hy(u, p) + p" Vyha(u, p)]

teQ

q

Z (@, u, (Vpkn (u, p) + Bpwn, pf,)) —i—Znt z,u, (Vphe(u,p) + Crv, pg,)) (23)

ot teQ

Put
~ Hn ~ Mt
fin, = ,ne€landiy = ,teq (24)
POFERYTEE DD et Hn D eq Mt

Clearly fin,, 7 € [0,1], Vnel, teQand >0 | fin +> e =1
Using (23) and (24), we get

Z Hn fn + x B nWn — fn(u) - U'Tann - kn(uap) +pTvpkn(u7p)] +

Zﬁt —g+(u) — u” Cyvy — hj(u, p) + p" Vphe(u, p)]
teQ

q
Z (z,u, (Vpkn(u,p) + Brwn, py,,)) —|—Znn z,u, (Vphi(u, p) + Crv, pg,)) (25)
= e
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Since, ®(x,u,.) is convex on R™*' and fi,,, 7 € [0,1], Vi€ I, t € Qand Y} | fin + > et = 1, therefore, from
(24) we have

Z Hn fn + X B nWn — fn(u) - uTann - kn(uvp) +pTvpkn(uvp)] +

Z i [~ —u" Cyop — hy(u, p) + p" Vphi(u,p)]
teQ
q
> (ffa u, (Z fin (Vpkn(u, p) + Bnwn, py,, ) + Zﬁt (Vphi(u,p) + Cyuy, Pgt)>> (26)
n=1 teQ
Using (11), (24) and (26), we get
1
Hn fn )+ ann fn(u) — UTann — kn(u, p) +pTv En(u,p)| +
R T S S & - Z P )
1
Z e [—g¢(u) — u” Crvy — he(u,p) + p" Vphe(u,p)] (27)

=t Hn + e & i

q

1
Z d T, U, Oa Hnp n + mp. t
( Z:l 220 + ZteQ gt < Z 4 ;Q I

n=1

Since ®(z,u, (0,a)) = 0 for every a € R and Y77, pinpy, + > icq &pg, > 0, therefore, we have

1
o 28
(KT?U7 (RN P ( prn +tez&;)77fpgf>> @)

From (27) and (28), we get

q
Zﬁbn fo(z) +2 B wn > Zlun fn(uw) + u” Bpwy, + kn(u,p) —pTvpkn(u,p)}
+Z 1e(9¢(u) + u” Cove + he(u, p) — p* Vphe(u, p)]
teQ
Thus, we have

Z/’Ln fn —l—.T ann >Zﬂn fn ) [U+p]Tann+kn(u7p)]+

n=1

> [mege(u) + [u+ p]" Crvr + ha(u, p)] —
teQ

pl <Z tn [Vpkn (u, p) + Bpwy] + Z ne [Vphe(u, p) + Ctvt]>

n=1 teQ

By (11), we have

Z Hn fn + €T ann > Z Hn fn ) [U +p]Tann + kn(uap)]"'

Z 1e[ge(u) + [u +p]" + he(u, p)]
te

a contradiction to (20).
Hence (15) does not hold.

78


ssrg 5
Text Box




78

ssrg 5
Text Box
Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022



Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022

Theorem 3.2. (Strong Duality Theorem) Let x* be a properly efficient solution for the problem (P) such that the set
Q(x*) is empty and and a suitable constraint qualification be satisfied at x*. Further, assume that

kn(2*,0) =0 for alln € I; V,yk(z*,0) = Vf(z*)

29
hi(z*,0) =0 for allt € T; Vph(z*,0) = Vg(z*) (29)

Then, there exist p* = () > 0, n* = (ny) > 0, w* = (w}), v* = (vf), U C T(z*) with | 1 |< oo such that
(x*, p*,n*, w*, v*, Qy,p* = 0) is feasible for (MD) and the corresponding objective values of (P) and (MD) are equal.
Further, if weak duality holds, then (x*, p*,n*,w*,v*, Qy,p* = 0) is a properly efficient solution of the dual problem
(MD).

Proof Let z* be a properly efficient solution for the problem (P), the set Q(z*) is empty and the Linear In-
dependence Constraint Qualification is satisfied at x*. Then, by Necessary Optimality Theorem, it follows that
(z*, u*,n*, w*,v*, Q,p* = 0) is feasible in (MD).

From (4) and (29), we obtain

f(x*) = ‘F(x*aﬂ*77}*aw>k7v*a th* = 0)
Hence, the corresponding objective values of (P) and (MD) are equal.

Now, we first show that («*, u*,n*, w*,v*,Q,p* = 0) is an efficient solution for problem (MD).

n* € I such that

(@) + (& + D)7 Buto + kn(2,0) + > 0 [9:(2) + [& + p)" Coor + e (2, )]

teQ,
> fola®) + 2% Bow + ky(z%,0) + Z s [gt(m*) +a* Cf + ht(x*,())] ,nel—{n"}
te
for (@) + (2 + D) Bue e + k= (2,0) + Y 0 [91(%) + [+ p]" Coy + hu(2, p)]
teEQs

> fror(z%) + :U*Tan:; + ks (2%,0) + Z il [gt(x*) + m*TCtv;‘ + hy(z*, 0)}
te

Using (29) in above equations, we get

Fn(@) + [2 + P Buty + kn(2.0) + > 1 [9:(2) + [2 + P Covr + hu (2, p)]

teNy
> ful@®) +a* Bawy + > m [@@*) + 2% Cup | me I —{n'} (30)
teQ
For (@) + 2+ D" Bue e + k= (2,0) + Y 0 [01(%) + 2+ DT Croy + hu (2, p)]
teEQs
> fur ) 4 Byl 3w [la”) + 27 Coof] (31)
teQ

From (4), (6), (7), (30) and (31), we get

Fn(@) + [2 + P Buty + kn(2.0) + > 1 [9:(2) + [2 + P Covr + hu(Z, )]
teQo

> fo(z®) + (x*Tan*) ’ ,nel—{n"}

For (@) + (& + )" Bue e + ke (2,0) + Y 01 [9:(2) + (& + 5" Ci1 + (2, p)]
teQs

[

> foe (™) + (’JJ*TBn*SC*)
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which implies,
f(l’*) S ‘/T-(i‘/wa ﬂa 77]7 92725)

a contradiction to Weak Duality Theorem.
Hence, (z*, u*,n*, w*,v*,Qq,p* = 0) is an efficient solution of (MD).

Now, we will prove that (z*, u*, n*, w*,v*,Q1,p* = 0) is a properly efficient solution of the dual problem (MD).

Suppose that (z*, u*,n*, w*,v*, Q1, p* = 0) is not a properly efficient solution for (MD). Then, there exists (Z, i, 7, 0, U, Q2, p) €

D and n* € I such that

fur () + [T + P Bue W + bin=(2,0) + Y melg1(Z) + [T + P Covr + he(, )]
teEQs

> fue(@*) 4 2% Bpetwhe + ke (2%,0) + > melge(2*) + 2 Covg + he(2*,0)]
te

such that

fn" (i‘) + [57 +ﬁ]TBn*wn* + kn* (faﬁ) + Z Tt [gt(i') + [-f +]5]Tctvt + ht(i‘ap)] -

teQo
(fn ( )+$ Bn*w + Ky Znt [gt +.’17 Ct’l)t—i-ht(l' 0)})
te,
M (fr(ac*) —i—x*TB,«w: + k. (z*,0) + Z i [gt N+ z* Ctvt + he(z*,0) }
teQ;
<fr(:7c) + [z + p)* Brw, + k. (z,p) + Z e [9¢(2) + [z + p]T Cror + he(Z, D) ))
teQ,

holds for each scalar M > 0 and all r € I satisfying
fr(z™) + x*TBTw: + ke(2*,0) + Z M [gt(x*) +a* Choy + he(z™, 0)}
teQ
> fr(®) + 2+ D" B, + ki(2,0) + Y mi [90(F) + 7+ P) Croy + b (7, D)]

teQy

Let I denote the set of indices which satisfy (33) and I =1 — (Iy Un") . Let M > to=
Therefore, from (33), we have

fin® (fn* (Z) + [Z + PI" BnetWn= + kn=(Z,0) + Y _ ne [96(Z) + [T + p]" Croe + h(2,)] —

teQo

(fn* (") + x*TBn*w;kL* + kp« (27,0) + Z i [gt(m*) + 2 Covp + he(z*, 0)]))

te

> Z,ur <f,« +m* B,w) + k. (z*,0) + Znt [gt )—&—m*TCtvt—i—ht(x*,O)}—

rely teQ

(ﬁ(f) + [z +p" Brwy + ke (2,9) + Y me [91(Z) + 2+ )T Crop + hu(2, )] ))

teEQ

Using the definition of Iy and (34), we get

80
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q
Z (fn )+ a* B nWy + kn(2*,0) + Zm [gt )—f—x*TC’tvt-l-ht(x*,O)}

teQ

= Ll (fn(m*) + x*TBn*wn* + kpe (2*,0) + Z N [gt(x*) + x*TC’tvt + he(z®, O)]) +
teQ

Z Ln ( n —|—1:* B,wy, + kn(2*,0) + Z M {gt )+m*TC’tvt +ht(a:*70)}> +

nely teQ
Z”"( (@) + 2 Buw, + ky(2*,0) +Zm {gt )+J;*TC’tvt+ht(az*,O)}>
nels teQ

< fhp (fn*(x) + [ + §|T Bp- e + k- (%, ) + Z m [ge(T) + [z + 9|7 Cvy + he(Z, D) ) +
teQo

> bn <fn(:c) + 2+ 9" Baw), + kn(Z,0) + Y me [90(2) + [T+ §) Croy + he(T +

nel teQq

)
Zun<n + [ + p)T Bpw}, + kn(Z,p) +Zm 9:(Z) + [Z + pT Cyvy + he(Z, D) >+

n€ls tEQs
—Zun<n + (2 + P Buw), + kn(2,0) + Y e [90(2) + [2 + P  Cove + he(2, D)) (35)
teQs

From (4), (29) and (35) we have

q
}:unoux + (27 Bpa®) ) }:un<mf [+ﬂTRm$+kMﬁﬁ%+E:ndm@%+ﬁ+ﬂT+hd@ﬁﬂ>
n=1 teEQ
(36)
a contradiction to Weak Duality Theorem.
Hence, (z*, u*,n*, w*,v*,Q1,p* = 0) is a properly efficient solution for the problem (MD)

(MD) respectively, such that

Fa(@*) + 2% Bpity < fl@) + @+ p|T Bpiwn + kn(t, p) + Zm gi (@) + a” Cyvy + hy (@, p)] (37)
teQ

Further assume that ((fo(.) + ()T Bnwn, n € 1),(g:(.) + ()T Civy, t € Q)) is higher-order strictly (®,p,Q)— type I
objective and constraint functions at w on M UD. If Y0 | pinpy, + > ,cq Mpg, = 0, then z* = .

Proof Suppose on the contrary that x* # B B
Since ((fn(.) + ()T Bywn, n € I),(g:(.) + ()T Cyvy, t € Q)) is higher-order strictly (®,p,Q)— type I objective and
constraint functions at « on M U D, therefore, we have

ful@®) + 2% Byt — fu(tt) — 0" Byt — ki (10, p) + 7V phin (10, P)
> @ (2", u, Vpkn (4, p) + Bpn, ps,), n €1 (38)

_gt(ﬁ) - 'ELTCt’Bt - ht(ﬂwﬁ) + pTVpht(a,p) > (:L‘*, u, Vpht(ﬁvﬁ) + Ct@h pgt) »te Q (39)
Since fi, >0, n € I and 7; > 0, t € Q, therefore, from (38) and (39), we have

fin | fo(a®) + 2% Bpiy — fo() — 07 Bpiy — kn (@, p) + p* Vpkn (@, )
> i, ® (1‘*,a, Vpkn(ﬂ,p) + ann’pfn) ,nel (40)
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e [—ge(@) — a” Cyvp — by, p) + p* Vphe(@,p)] > 7@ (z*, @, Vi (@, ) + Ciy, pg, ) t € Q (41)

Adding (40) and (41), we get

Zﬁn [fn( )+ 2% Buy, — fol@) — @' By, — kn(@,p) + p* Vpkn (@ p)}Jr
n=1
teQ
p
> ) n® (27,8, Vypk(W,0) + Butn, py, ) + > m® (2,0, Vi (0, ) + Civy, pg,) (42)
n=1 teQ
Put
* p/n ﬁt ~
= —, nelandnf = —, te (43)
Zn 1 Hn + EteQ ! ]7)1 1 Hn + Zteﬁ Up

Clearly gy, n; € [0,1] and 70y + 3y cqmi = 1
Using (42 ) and (43 ), we get

Z Nn fn + x* B nWn — fn(u) - 'U'Tann - k’n(ﬂ,ﬁ) +pTVpkn(u7p)}+

Zm —gi(@) — a” Cyvy — hy(, p) + p* Vyphe(a, )]
teQ

p
> Z M:Lq)(x*7 ’aa Vpkn(aaﬁ> + anna pfn) + Z 77:(1’ (.T*, ﬂ, vpht(ﬂwﬁ) + Ct/ljb pgt)
n=1 teQ

Since, ®(x,u,.) is convex on R™ 1, px nr € (0,1, ne I, t € T and Y0 | pu + > ,cqnf = 1, therefore, we have

Z 1u’n |:fn + .’E ann fn(ﬂ) - ﬂTann - kn(ﬂvﬁ) +13Tvpkn(a7p)] +

Z 1 [—9:(@) — a" Cyvy — ho(@, p) + PV phe (4, p)]
teQ

p
> o | 2,4, <Z 16 (Vpkn (4, 9) + Buy) ,pfn> + [ D (Vpha (1, p) + Citr, pg,) (44)
n=1

teQ

From (43) and (44), we get

SP o+ Z 4 Zﬂn [fn )+ 2% Buin — fo(ti) — 0" Byiy — kn (i, p) —|—]5Tvpkn(ﬂ7p} i
n=1Hn teQ)

! ! o) —alC,o = =y 4 AT -
- - i |—gi(u) —a' Cyvy — hy(u,p) +p° Vyhe(u,p
Z’rplzl Hn + Zte@ Mt tezf;l t [ t( ) tvt t( ) D t( )]

1 p
> | 2", 4, fin(V ki (@, D) + Butn) + > 1 (Vpha (4, p) + Cir)
n 1 b + Zteﬂ Nt n=1 teQ
p
> limpr, Y iitpg, (45)
n=1 teQ

82


ssrg 5
Text Box




82

ssrg 5
Text Box
Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022



Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022

From (10) and (45), we get

SP I +Z 0 £ Zﬂn [fn )+ 2% By, — fn(ﬂ)—ﬂTBnQI)n—kn(ﬂ,ﬁ)—i—ﬁTvpkn(ﬂ,ﬁ)} n
n=1F"n teQ

S e [~90(@) — a7 Cytr — hal. p) + PV he (3. )]
teQ

> & | 2%, 4,0, Zﬂnpfn > i) (46)
teQ

Zn 1 Hn + Zte@ Ul

Since ®(z*,a, (0,a)) > 0 for every a > 0 and Y- | finps, + 2 scq NPy, = 0, therefore, we have

P
0, finpr, Y by, | | 20 (47)
n=1 teQ
From (46) and (47), we have
P
Z [fla®) + 2" Bua| > Z in [ () + 07 By + ki (@, p) — p7V (3, 5)] +
Znt gt + U Ct’Ut + ht(u p) TVpht(ﬂ,f))]
teQ
_ZMn fn ]TB wn“!‘k(up}‘f'

Zﬁt 9¢(@) + [@ + p]" Cyy + hy(a, p)] —
teQ

o’ Zp:l fin (Vpkn (6, ) + Bpivn) + Z 1V, (he(, p) + Cyy) (48)
n= teQ)
From (10) and (48), we have
Z: fin [ £a(a™) + 2" By | > Z: Finl f(@) + [0+ P} By + kn (5, p)+
- nZ 7 [9:(@) + @ Cyv, + (1, )] (49)
teQ

Since fi, >0, n € I and > _, i, = 1, therefore, from (37) we have
P P
n=1 n=1

Z e [g¢(w) + a” Covy + hy(u, p)]
teQ
a contradiction to (49).

Hence, z* = u.

II. Mond-Weir Duality

For each u € X, Q C T with |Q|< o0, p € R™, w=(w,), w, ER"nel,v=v, € R t€Qandn=(n),tec
Define

G(u,w) =(f1(u) + ul By, f2(u) + ul Baws, ..., f(u) +u? Byw,)
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Then, the Mond-Weir dual of the primal problem (P) is given by

Maximize G(u,w,v,n,$,p) (MWD)
q
s.t. Z pn [Vpkn (u, p) + Brwy,] + Zm[vpht(u,p) + Ciy) =0 (50)
n=1 teQ
> mlge(u) +u" Chop + hy(u, p) = p" Vyphi(u, p)] > 0 (51)
teQ
q
> tinlkn (u,p) = p" ki (u,p)] >0 (52)
n=1
wrByw, <1 nel (53)
vI By <1 teN (54)

ue X, peR™ w, e R"™, vy eR™, p,, >0, nel, & >0t
Let U denotes the feasible set of the Mond-Weir dual problem (MWD).

Theorem 3.4. (Weak Duality Theorem) Let x and (u,w) be any feasible solution for the problem (P) and (MWD) re-
spectively. Further, assume that ((fo(.) + ()" Bpwn, n € I),(g:() + ()T Cyvy, t € Q)) is higher-order (®, p, 2)— type
I objective and constraint functions at w on M UU. If Y0 | unpy, + Y ier Mipg, > 0, then the following cannot hold:

f(@) < G(u,w) (55)

Proof Let x and (u,w) be any feasible solution for the problem (P) and (MWD) respectively.
Suppose that (55) holds, therefore, there exist atleast one r € I such that

N

fnlz) + (xTan)
fr(x) + (ITBTx)

< folu) +u” Byw,, n eI —{k} (56)

N

< fr(u) +u’ Bw, (57)
By generalized Schwarz inequality, (56) and (57), we have
fu(@) + 2T Byw, < fo(u) +u? Byw,, n €T —{k} (58)
fr(@) + 27 Bow, < fr(u) +u” Byw, (59)

Since (u, pt,n, w, v, 2, p) is a feasible solution for the problem (MWD), therefore, we have p,, >0, n € I and ¢ _, p1,, =
1.
Hence, from (58) and (59) we get

Z tin [fn(2) + xTann} < Z fhy [ fn () + uTann] (60)
n=1

n=1

Since ((fn(-) + ()T Bpwy, n € 1), (g:(.) + ()T Cyvy, t € Q)) is higher-order (®, p,Q)— type I objective and constraint
functions at w on M UU, therefore, we have

fn(x) + zTann - fn(u) - UTann - kn(u,p) erTvpkn(uvp) > P (‘Ta Uu, (Vpkn(U,p) + Bpwn, an)) )
Vnel

_gt(u) - UTCtvt - ht(uap) +pTvpht(u7p) 2 (I)((E, Uu, (Vpht(U,p) + Ctvta Pgt))v
ViteQ

Since py, >0, Vn € I and n; > 0, therefore, we have

Hn [fn(x) + mTann - fn(u) + UTann - kn(uap) + pTvpkn(uap)}
> pn® (z,u, (Vpkn(u,p) + Bpwn,py,)), Vnel (61)

—1t[ge (u) + uT Cyvy + he(u,p) — pTVpht(u,p)] > m®(x,u, (Vphi(u,p) + Crv, pg,)), VI € Q (62)
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Adding (61) and (62), we get

Z 229 fn + ' B nWn — fn(u) - UTann - kn(uvp) +pTvpkn<uap)]_

Zm ge(u) + u” Crvg + he(u, p) — p" Vphe(u, p)]
teQ

q
Z (@, 1, (Vpkn (1, ) + Bpwn, pr, ) + > me[® (@, u, (Vphe(u, p) + Cror, pg,))] (63)
n=1 teQ

From (51 ), (52 ) and ( 63), we have

q

Z #H(I)(xv U, (Vpkn(uvp) + ann7 pfn)) + Znt@(x» u, (vpht(uvp) + Ctvtv pgt)) <0 (64)
n=1 teQ
Put
* Hn * Tt
= ,nelandn = ,tefd (65)
" ZZL=1 P+ ieq ! Zizl tn + D ieq M
Clearly p, nf €[0,1], Vnel, teQand Y7 puh+ >, cqnf =1
Using (64) and (65) we get
q
Z (,u, (Vpkn (1, p) + Buwn, pr, )] + 3 _ 13 [@ (@, u, (Vphe(u, p) + Crvy, pg, )] < 0 (66)
n=1 teQ
Since, ®(x,u,.) is convex on R™* and y,, nf € [0,1], Vie I, t € Qand Y7 | puf + > ,cqni = 1, therefore, from
(66) we have
q
o (.ﬁ, U, <Z /J':L (Vpkn(uvp) + Brwn, an) + Z 77: (vpht(uap) + Cyvy, pg,g))) <0 (67)
n=1 teQ

Using (10), (66) and (67), we get

1
o s Wy 0 n +
(ac u TR S ( Z KnpPf, + Z MtPyg )) (68)

teQ

Since ®(x,u, (0,a)) = 0 for every a € R and Y7, pnpy, + 2 icq &pg. = 0, therefore, we have

1
P
(%% (RN P ( prn_f_Zntp%))

teQ

a contradiction to (68).
Hence, (55) does not hold.

Theorem 3.5. (Strong Duality Theorem) Let =* be a properly efficient solution for the problem (P) such that the set
Q(x*) is empty and and a suitable constraint qualification be satisfied at x*. Further, assume that

kn(x*,0) =0 for alln € I}, V,yk(z*,0) = Vf(z*)

69
hi(z*,0) =0 for allt € T; V,h(z*,0) = Vg(z*) (69)

Then, there exist u* = (uf) > 0, n* = (nf) > 0, w* = (w}), v* = vf), & C T(x*) with | Q1 |< oo such that
(z*, u*,n*, w*,v*, Qy,p* = 0) is feasible for (MWD) and the corresponding objective values of (P) and (MWD) are
equal. Further, if weak duality holds, then (x*, pu*,n*, w*,v*, Qq,p* = 0) is a properly efficient solution of a maximum

type in (MWD).

85


ssrg 5
Text Box




85

ssrg 5
Text Box
Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022



Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022

Proof Let 2* be a properly efficient solution for the problem (P), the set Q(z) is empty and the Linear Independence
Constraint Qualification is satisfied at x*.
By Necessary Optimality Theorem and using (69), it follows that (z*, pu*, n*, w*, v*,Qq, p* = 0) is feasible in (MWD).
From (6), we obtain

f(@®) = G(z", w”)

First, we show that (x*, u*,n*, w*,v*,Qq,p* = 0) is an efficient solution for the problem (MWD).
Suppose that (z*, u*, n*, w*,v*, Q1,p* = 0) is not an efficient of the problem (MWD). Then, there exists (Z, i, 77, W, U, Qa, p) €
D and n* € I such that

Fo(@) + 2T Bpytn >fo(z*) +2* Bow’, nel—{n*} (70)
fn* (j> + ‘fTBn* wn* >fn* (l‘*) + x*Tan:L (71)

Hence by (6), (70) and (71), we get

N

Fal@) + 2T Buiwy > folz®) + (x*Tan*) ,nel—{n}

N

fn* (‘f) + jTBn*"j)n" >fn* (.’L‘*) + (x*TBn*x*)

a contradiction to Weak Duality Theorem.

Hence, (z*, p*,n*,w*,v*,Qq,p* = 0) is an efficient solution for the problem (MWD).

Now, we will prove that (z*, u*,n*, w*,v*,Qq,p* = 0) is a properly efficient solution of the dual problem.

Suppose that (z*, u*, n*, w*, v*, O, p* = 0) is not a properly efficient solution for (MWD). Then, there exists (Z, i, 7, W, U, Qa, D) €
D and n* € I such that

foe(Z) + 2T Boetipe > foe (a) + 2% Bpew?
such that
Foe (Z) + 2T B0y — (fn* (z*) + x*TBn*w:*> >M (fr(x*) + o Bt — (fo(2) + :fTBTwT)) (72)
holds for each scalar M > 0 and all r € I satisfying
fola*) + 2% Byw} > f,(z) + 27 B,

Let I; denote the set of indices which satisfy () and I, = I — (I; Un*) .
Let M > fe= |

Therefore, from (72), we get

e (for (@) + 3 Bpewye = (fur (@) + 0 Buow)) > 3 e (fole®) 407" Buwy = (£u(@) + 2" Brwy) ) (73)

rel;

Using the definition of Iy and (73), we get

tin(fo(z®) + 2*" Bpwy,

M=

3
Il
_

= Ll (fn*(x*) + :L'*TBn*wn*) Z hn (fn )+ +* B wn> + Z fhn (fn(x*) + x*Tann)

nel nels
< Un* (fn* (f) + jTBn*mn*) + Z 229 (fn(‘f) +2z Z Mo fn +xTan )
nely nely

Zq: )+ 2T Bow ) (74)
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From (6)and (74), we have

q q
Z fn (fn (™) + TBnl' % Z )+ $Tan ) (75)
n=1 n=1

a contradiction to Weak Duality Theorem.
Hence, (z*, p*,n*,w*,v*,Qq,p* = 0) is a properly efficient solution of (MWD)

(MWD) respectively, such that

(@) + 2 By < fol@) + a7 Byw, (76)

Further assume that ((f,(.) + () Bywy,, n € I),(g9:(.) + ()T Cyvy, t € Q)) is higher-order strictly (®,p,Q)— type I
objective and constraint functions at w on M UU. If Y1 | pnpys, + D 1cqMipg, = 0, then x* = .

Proof Suppose on the contrary that * #
Since fi, >0, n € [ and >*_, fi,, = 1, therefore from (76), we have

i [fa(@®) + 2% Bua] < i @) + a” B, ] (77)

Since ((fn() + () B, n € I),(g:(.) + ()T Cyy, t € Q)) is higher-order strictly (®,p,Q)— type I objective and
constraint functions at @ on M UU, therefore, we have

fn(l‘*) + m*Tann - fn(ﬂ) - aTann - k/’n(ﬂ,ﬁ) + pTVpkn(ﬂ>p)
> O(x", U, Vpkn (U, p) + Bnatn, py,), n € 1

7gt(ﬂ) - 7-_L,chiirl_]t - ht(ﬂ‘?ﬁ) +ﬁTvpht(ﬂap) Z (b(l’*, ﬂa vpht(aaﬁ) + Ctz_)ta pgt)a te Q
Since fin, >0, n € I and 7, > 0, ¢ € , therefore, we have

finlfu(@*) + 2% Buty, — fu(@) — @7 Buiwy — k(i ) + 7V pkn (i, )]
> 4 ®(x*, @, Vpk, (4, p) + Bpn, py,), n €1 (78)

ﬁt[_gt(’ﬁ) - ﬂTCt’Dt - ht(’[hp) +]§Tvpht(a7ﬁ)] Z ﬁt¢($*7’a, Vpht(ﬂ>p) + Ct’[)hpgt)a t S Q (79)
Adding (78) and (79), we get

Zmﬂz )+ & Bty — fu(@) — @ Bty — kn(@,5) + 57V k(@ 5)]

Z el () + a” Cyvg + he(u, p) — p* Vphe (0, p)]

teQ
q
Z Fin®(@*, 0, (Vpkn (@, ) + Buwn, pr,)) + > 0@ (@, @, (Vyphe(@, p) + Cii, py, ) (80)
ot teQ
From (51), (52) and (80), we have
q
Z  (Vpkn (10, D) + Bntbn, py,)) + Y e®(a", @, (Vyphe (@, p) + City, pg,)) < 0 (81)
n=1 teQ
Put
* ﬂn * ﬁt A
Wy = — —, ne€landn = —, te (82)
Dot Pt e ' et Fn D M
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Clearly i, 1 € [0,1] and 370 piy, + 3 cq i =1
Using (81) and (82), we get

p
> @ (a0, Vykn (@, ) + Buton, pr,) + 31 ®(x", 0, Vyhe (0, ) + Cir, pg,) < 0 (83)
n=1 teQ

Since, ®(z,u,.) is convex on R™ ™ p* n, € (0,1, ne I, t €T and Y0 | pi + > ,cqnf = 1, therefore, we have

n

p
@ l’*, ﬁ, (Z .u:, (vpkn (avﬁ) + ann) apfn> + Zﬁt (vpht (ﬂaﬁ) + th(_)ta pgt,) < 0 (84)
n=1 teQ

From (50) and (84), we have

1 p
@ I*7ﬂ7 — — 07 lanp n ﬁtp <0 (85)
D net fn + Xteq M Z ! Z ”

n=1 teQ

Since ®(z*,a, (0,a)) > 0 for every a > 0 and Y- | finps, + 2 scq Py, = 0, therefore, we have

p
(I) .TJ*, ﬂ7 07 Z ﬁnpfn Z ﬁtpgt) 2 O
n=1 teQ

a contradiction to (85).
Hence, z* = u.

IV. CONCLUSION

In this paper, we proposed higher order Mangasarian and Mond-Weir duals for multiobjective semi-infinite program-
ming problems with square root term both in objective functions and constraints. The results of this paper improve
the results in [23].
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