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I. INTRODUCTION

Multiobjective semi-infinite programming problem is an optimization problem in which more than one objective
function is to be minimized over feasible set described by infinite number of inequality constraints. A special case
of the nonsmooth multiobjective semi-infinite programming problem is a problem containing a square root of the
quadratic form in each of the objective functions as well as in the constraints. It has many applications in various
types of generalizations of convexity theory (see, [1], [3], [4], [5], [6], [16],[19], [22], [26]).

The concept of higher order duals was introduced by Mangasarian [15]. Higher order duals are significant as they
provide tighter bounds for the value of objective functions and hence has computational advantage over the first order
duals. Due to its importance, many researchers have worked in this field (see, [7], [8], [9], [10], [11], [13],[18], [20],
[21], [24], [25]). Mond [2] defined second order convexity and used it to derive second order duality results. Hanson
[12] generalized the concept of invexity and introduced the class of type 1 functions in nonlinear scalar optimization
problems. Mishra and Rueda [17] considered a class of higher order type-1 functions for scalar optimization problems
and proved higher order duality results for various number of higher order duals under the assumption that the
functions involved are higher order type-1 functions. Recently, Antczak et al. [23] proved higher order duality results
for a class of nonconvex nonsmooth multiobjective programming problems with square root of a quadratic form in each
of the objective functions under the assumption that the functions considered are higher order (Φ, ρ)-type 1 functions.

In this paper, a multiobjective semi-infinite programming problem with square root term both in objective functions
and constraints is considered. Problems of this type are encountered in stochastic programming and portfolio selection
problems. A new class of higher order (Φ, ρ,Ω)−type I objective and constraint functions is defined. Mangasarian dual
and Mond-Weir dual are formulated for the considered programming problem. Various higher order duality results
for both the duals are derived under the assumption that the functions involved are higher order (Φ, ρ,Ω)−type I
objective and constraint functions.

1

ssrg 5
Text Box
International Journal of Mathematics Trends and Technology                                                       Volume 68 Issue 3, 73-89, March 2022
ISSN: 2231  - 5373 / https://doi.org/10.14445/22315373/IJMTT-V68I3P513                                      © 2022 Seventh Sense Research Group®     
               


ssrg 5
Text Box
  


This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)


ssrg 5
Text Box
1

ssrg 5
Text Box
1

ssrg 5
Text Box
2

ssrg 5
Text Box
1Department of Mathematics, Keshav Mahavidyalaya, University of Delhi, New Delhi, India

2Department of Mathematics, University of Delhi, New Delhi, India





II. PRELIMINARIES AND DEFINITIONS

The following notations are used in this paper.
Let Rm be a finite dimensional Euclidean space. Let u = (u1, u2, ..., um), v = (v1, v2, ..., vm) ∈ Rm, then
u 5 v if and only if un ≤ vn, ∀ n = 1, 2, ...,m,
u < v if and only if un < vn, ∀ n = 1, 2, ...,m,
u ≤ v if and only if u 6= v and un ≤ vn, ∀ n = 1, 2, ...,m.

We consider the following nonsmooth semi-infinite multiobjective programming problem with square root terms in
objective and constraints

min f(x) = (f1(x) + (xTB1x)
1
2 , f2(x) + (xTB2x)

1
2 , ..., fq(x)+

(xTBqx)
1
2 )

s.t. gt(x) + (xTCtx)
1
2 ≤ 0, t ∈ T

x ∈ Rm

(P)

where fn : X → R, n ∈ I = {1, 2, ..., q} and gt : X → R, t ∈ T are differential functions on a non empty open convex
set X ⊂ Rm and each Bn and Ct is a m×m positive semidefinite symmetric matrix. The index set T is arbitrary non
empty set not necessarily finite.
The feasible set of (P) denoted by M is given as

M = {x ∈ Rm | gt(x) ≤ 0, ∀ t ∈ T}

and the set of active constraints is given as

T (x∗) = {t ∈ T | gt(x∗) = 0}.

Remark 2.1. Note that if Bn = 0, n ∈ I and Ct = 0, t ∈ T , then the considered multiobjective programming problem
reduces to a usual semi-infinite multiobjective programming problem.

Let kn : X × Rm → R, n ∈ {1, 2, ..., q} and ht : X × Rm → R, t ∈ T be differentiable functions, and p be any
vector in Rm.

Definition 2.1. Suppose that the functions Φ : X × X × Rm+1 → R and ρ = (ρfn , ρgt) where n ∈ I and t ∈ Ω
are given. Let Ω ⊂ T be a non-empty set. Then ((fn, n ∈ I), (gt, t ∈ Ω)) is said to be higher-order (Φ, ρ,Ω)−type I
objective and constraint functions at u ∈ X on X if Φ(x, u, .) is convex on Rm+1, Φ(x, u, (0, a)) ≥ 0, ∀ x ∈ X and any
a ∈ R+ and

fn(x)− fn(u)− kn(u, p) + pT∇pkn(u, p) ≥ Φ(x, u, (∇pkn(u, p), ρfn)), ∀ n ∈ I (1)

−gt(u)− ht(u, p) + pT∇pht(u, p) ≥ Φ(x, u, (∇pht(u, p), ρgt)), ∀ t ∈ Ω (2)

If these inequalities (1) and (2) are satisfied at each u ∈ X, then ((fn, n ∈ I), (gt, t ∈ Ω)) is said to be higher-order
(Φ, ρ,Ω)−type I objective and constraint functions on X.
If inequalities in (1) are strict for all x ∈ X, (x 6= u) and n ∈ I, then ((fn, n ∈ I), (gt, t ∈ Ω)) is said to be higher-order
strictly (Φ, ρ,Ω)−type I objective and constraint functions at u ∈ X on X.

Example 2.1. Consider the programming problem

min f(x) = (f1, f2) =
(

(x2
1 + x2

2)
1
3 + (x2

1 + x2
2)

1
2 , (x2

1 + x2
2)

1
5 + (x2

1 + x2
2)

1
2

)
s.t. gt(x) = −x1 − x2 − t ≤ 0, t ∈ [0, 2]

g3(x) = (x1)2 + (x2)2 ≤ 0

x ∈ R2

(3)
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Let u = (0, 0). Define Φ(x, u, (v, ρ)) = v1(u1 − x2
1) + v2(u2 − x2

2) + ρ, ki(u, p) = p1+p2
u2
1+u2

2+1
− 1, ht(u, p) = p1+p2

u2
1+u2

2+1
− 1,

h3(u, p) = p1+p2
u2
1+u2

2+1
− 1, ρfi = 1, ρgt = 2, and ρg3 = 2

Then (f, g) is higher-order (φ, ρ,Ω)−type I objective and constraint functions on the feasible region, where Ω =
[3, 4] ∪ {0}

Definition 2.2. A feasible point x∗ is said to be an efficient solution of the problem (P) if there does not exist a
feasible point x ∈M such that

fn(x) + (xTBnx)
1
2 ≤ fn(x∗) + (x∗

T

Bnx
∗)

1
2 ∀ n ∈ {1, 2, ..., q}

and there exist atleast one r ∈ {1, 2, ..., q} such that

fr(x) + (xTBrx)
1
2 < fr(x

∗) + (x∗
T

Brx
∗)

1
2

Definition 2.3. An efficient solution x∗ is said to be properly efficient solution if there exist a scalar K > 0 such that
for each n ∈ {1, 2, ..., q} and x ∈M , we have

[fn(x∗) + (x∗
T

Bnx
∗)

1
2 ]− [fn(x) + (xTBnx)

1
2 ]

≤ K([fl(x
∗) + (x∗

T

Blx
∗)

1
2 ]− [fl(x) + (xTBlx)

1
2 ])

for atleast one l ∈ {1, 2, ..., q} satisfying

fl(x
∗) + (x∗

T

Blx
∗)

1
2 < fl(x) + (xTBlx)

1
2

Remark 2.2. Define the set

Ω(x∗) =

q⋃
n=1

Ωn(x∗)

where Ωn(x∗) = {w ∈ Rm : wT∇gt(x∗) + wTCtx

(xTCtx)
1
2
≤ 0, t ∈ T (x∗) and wT∇fn(x∗) + wTBnx

(xTBnx)
1
2
< 0, if x∗

T

Bnx
∗ >

0, wT∇fn(x∗) + (wTBnw)
1
2 < 0 if x∗

T

Bnx
∗ = 0}

Theorem 2.1. (Generalized Schwartz inequality) Let B be a positive semidefinite symmetric matrix of order m. Then,
for all x, z ∈ Rm, we have

xTBz ≤ (xTBx)
1
2 (zTBz)

1
2

Note that the equality holds, if Bx = αBw for some α ∈ Rm with α ≥ 0. Moreover, if (zTBz)
1
2 ≤ 1, then

xTBz ≤ (xTBx)
1
2

The following theorem is the generalization of Theorem 3.4 (ii) from Kanzi and Nobakhtian [14] for the multiob-
jective semi-infinite programming problem with square root terms in objective functions and constraints.

Theorem 2.2. (Necessary Optimality Conditions) Let x∗ be a properly efficient solution of the problem (P′), the set
Ω(x∗) be empty and a suitable constraint qualification be satisfied at x∗. Then, there exist µ = (µj) > 0, j ∈ J, Ω ⊆
T (x∗) such that | Ω |<∞, β = (βt) ≥ 0, t ∈ Ω and w ∈ (Rn × ...× Rn)︸ ︷︷ ︸

s times

, v ∈ (Rn × ...× Rn)︸ ︷︷ ︸
Ω times

such that

s∑
j=1

µj [∇fj(x∗) +Bjwj ] +
∑
t∈Ω

βt[∇gt(x∗) + Ctvt] = 0, (4)

βt

(
gt(x

∗) + x∗
T

Ctvt

)
= 0, t ∈ Ω, (5)

s∑
j=1

µj = 1, (6)

3
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(
x∗

T

Bjx
∗
) 1

2

= x∗Bjwj , j ∈ J, (7)(
x∗

T

Ctx
∗
) 1

2

= x∗Ctvt, t ∈ Ω, (8)

wTj Bjwj ≤ 1, j ∈ J, (9)

vTt Ctvt ≤ 1, t ∈ Ω. (10)

III. MAIN RESULTS

In this section, we derive weak duality and strong duality results using higher-order (Φ, ρ,Ω)−type I objective and
constraint functions for Mangasarian dual and Mond-Weir dual .

I. Mangasarian Duality

For each u ∈ X ⊂ Rm, Ω ⊂ T with | Ω |< ∞, p ∈ Rm, w = (wn), n ∈ I, wn ∈ Rm, v = (vt), t ∈ Ω, vt ∈ Rm and
η = (ηt), t ∈ Ω, we define

F(u,w, v, η,Ω, p) =

(
f1(u) + [u+ p]TB1w1 + k1(u, p) +

∑
t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
, ...,

fq(u) + [u+ p]TBqw1 + kq(u, p) +
∑
t∈Ω

ξt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

])
Then, the Mangasarian dual of the primal problem (P) is given by

Maximize F(u,w, v, η,Ω, p) (MD)

s.t.

q∑
n=1

µn [∇pkn(u, p) +Bnwn] +
∑
t∈Ω

ηt [∇pht(u, p) + Ctvt] = 0 (11)

wTnBnwn ≤ 1 n ∈ I (12)

vTt Bnvt ≤ 1 t ∈ Ω (13)
p∑

n=1

µn = 1 (14)

u ∈ X, p ∈ Rm, wn ∈ Rm, vt ∈ Rm, µn > 0, n ∈ I, ηt ≥ 0, t ∈ Ω

Let D denotes the feasible set of the Mangasarian dual problem (MD).

Theorem 3.1. (Weak Duality Theorem) Let x and (u, µ, η, w, v,Ω, p) be any feasible solution for the problem (P)
and (MD) respectively. Further, assume that

(
(fn(.) + (.)TBnwn, n ∈ I), (gt(.) + (.)TCtvt, t ∈ Ω)

)
is higher-order

(Φ, ρ,Ω)− type I objective and constraint functions at u on M ∪ D. If
∑p
n=1 µnρfn +

∑
t∈T ηtρgt ≥ 0, then the fol-

lowing cannot hold:

f(x) ≤ F(u,w, v, η,Ω, p) (15)

Proof Let x and (u, µ, η, w, v,Ω, p) be any feasible solutions for the problem (P) and (MWD) respectively.
Suppose that (15) holds, therefore, there exist atleast one r ∈ I such that

fn(x) +
(
xTBnx

) 1
2 ≤ fn(u) + [u+ p]TBnwn + kn(u, p) +

∑
t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
,

n ∈ I − {r} (16)

fr(x) +
(
xTBrx

) 1
2 < fr(u) + [u+ p]TBrwr + kr(u, p) +

∑
t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
(17)
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By generalized Schwarz inequality, (16) and (17), we obtain

fn(x) + xTBnwn ≤ fn(u) + [u+ p]TBnwn + kn(u, p) +
∑
t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
,

n ∈ I − {r} (18)

fr(x) + xTBrwr < fr(u) + [u+ p]TBrwr + kr(u, p) +
∑
t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
(19)

Since (u, µ, η, w, v,Ω, p) is a feasible solution for the problem (MD), therefore, we have µn > 0, n ∈ I and
∑q
n=1 µn = 1.

Hence, from (18) and (19) we get

q∑
n=1

µn
[
fn(x) + xTBnx

]
<

q∑
n=1

µn
[
fn(u) + [u+ p]TBnwn + kn(u, p)

]
+∑

t∈Ω

ηt
[
gt(u) + [u+ p]TCtvt + ht(u, p)

]
(20)

The function
(
(fn(.) + (.)TBnwn, n ∈ I), (gt(.) + (.)TCtvt, t ∈ Ω)

)
is higher-order (Φ, ρ,Ω)− type I objective and

constraint functions at u on M ∪ D, therefore, we have

fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p) ≥ Φ (x, u, (∇pkn(u, p) +Bnwn, ρfn)) ,

∀ n ∈ I
−gt(u)− uTCtvt − ht(u, p) + pT∇pht(u, p) ≥ Φ(x, u, (∇pht(u, p) + Ctvt, ρgt)),

∀ t ∈ Ω

We have µn > 0, ∀ n ∈ I and ηt ≥ 0, t ∈ Ω, therefore,

µn
[
fn(x) + xTBnwn − fn(u) + uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
≥ µnΦ (x, u, (∇pkn(u, p) +Bnwn, ρfn)) , ∀ n ∈ I (21)

− ηt
[
gt(u) + uTCtvt + ht(u, p)− pT∇pht(u, p)

]
≥ ηtΦ(x, u, (∇pht(u, p) + Ctvt, ρgt)), ∀ t ∈ Ω (22)

Adding (21) and (22), we get

q∑
n=1

µn
[
fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
+∑

t∈Ω

ηt
[
−gt(u)− uTCtvt − ht(u, p) + pT∇pht(u, p)

]
≥

q∑
n=1

µnΦ(x, u, (∇pkn(u, p) +Bnwn, ρfn))] +
∑
t∈Ω

ηt[Φ(x, u, (∇pht(u, p) + Ctvt, ρgt)) (23)

Put

µ̃n =
µn∑q

n=1 µn +
∑
t∈Ω ηt

, n ∈ I and η̃t =
ηt∑q

n=1 µn +
∑
t∈Ω ηt

, t ∈ Ω (24)

Clearly µ̃n, η̃t ∈ [0, 1], ∀ n ∈ I, t ∈ Ω and
∑q
n=1 µ̃n +

∑
t∈Ω η̃t = 1

Using (23) and (24), we get

q∑
n=1

µ̃n
[
fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
+∑

t∈Ω

η̃t
[
−gt(u)− uTCtvt − hj(u, p) + pT∇pht(u, p)

]
≥

q∑
n=1

µ̃nΦ (x, u, (∇pkn(u, p) +Bnwn, ρfn)) +
∑
t∈Ω

η̃nΦ (x, u, (∇pht(u, p) + Ctvt, ρgt)) (25)

5

ssrg 5
Text Box




77

ssrg 5
Text Box
Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022




Since, Φ(x, u, .) is convex on Rm+1 and µ̃n, η̃t ∈ [0, 1], ∀ i ∈ I, t ∈ Ω and
∑q
n=1 µ̃n +

∑
t∈Ω η̃t = 1, therefore, from

(24) we have

q∑
n=1

µ̃n
[
fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
+∑

t∈Ω

η̃t
[
−gt(u)− uTCtvt − ht(u, p) + pT∇pht(u, p)

]
≥ Φ

(
x, u,

(
q∑

n=1

µ̃n (∇pkn(u, p) +Bnwn, ρfn) +
∑
t∈Ω

η̃t (∇pht(u, p) + Ctvt, ρgt)

))
(26)

Using (11), (24) and (26), we get

1∑q
n=1 µn +

∑
t∈Ω ξt

q∑
n=1

µn
[
fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
+

1∑q
n=1 µn +

∑
t∈Ω ξt

∑
t∈Ω

ηt
[
−gt(u)− uTCtvt − ht(u, p) + pT∇pht(u, p)

]
≥ Φ

(
x, u,

1∑q
n=1 µn +

∑
t∈Ω ξt

(
0,

q∑
n=1

µnρfn +
∑
t∈Ω

ηtρgt

)) (27)

Since Φ(x, u, (0, a)) = 0 for every a ∈ R+ and
∑q
n=1 µnρfn +

∑
t∈Ω ξtρgt ≥ 0, therefore, we have

Φ

(
x, u,

1∑q
n=1 µn +

∑
t∈Ω ξt

(
0,

q∑
n=1

ρfn +
∑
t∈Ω

ηtρgt

))
≥ 0 (28)

From (27) and (28), we get

q∑
n=1

µn
[
fn(x) + xTBnwn

]
≥

q∑
n=1

µn
[
fn(u) + uTBnwn + kn(u, p)− pT∇pkn(u, p)

]
+
∑
t∈Ω

[
ηt(gt(u) + uTCtvt + ht(u, p)− pT∇pht(u, p)

]
Thus, we have

q∑
n=1

µn
[
fn(x) + xTBnwn

]
≥

q∑
n=1

µn
[
fn(u) + [u+ p]TBnwn + kn(u, p)

]
+∑

t∈Ω

[
ηt(gt(u) + [u+ p]TCtvt + ht(u, p)

]
−

pT

(
q∑

n=1

µn [∇pkn(u, p) +Bnwn] +
∑
t∈Ω

ηt [∇pht(u, p) + Ctvt]

)
By (11), we have

q∑
n=1

µn[fn(x) + xTBnwn] =
q∑

n=1

µn[fn(u) + [u+ p]TBnwn + kn(u, p)]+∑
t∈Ω

ηt[gt(u) + [u+ p]T + ht(u, p)]

a contradiction to (20).
Hence (15) does not hold.

6
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Theorem 3.2. (Strong Duality Theorem) Let x∗ be a properly efficient solution for the problem (P) such that the set
Ω(x∗) is empty and and a suitable constraint qualification be satisfied at x∗. Further, assume that

kn(x∗, 0) = 0 for all n ∈ I; ∇pk(x∗, 0) = ∇f(x∗)

ht(x
∗, 0) = 0 for all t ∈ T ; ∇ph(x∗, 0) = ∇g(x∗)

(29)

Then, there exist µ∗ = (µ∗n) > 0, η∗ = (η∗t ) ≥ 0, w∗ = (w∗n), v∗ = (v∗t ), Ω1 ⊆ T (x∗) with | Ω1 |< ∞ such that
(x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is feasible for (MD) and the corresponding objective values of (P) and (MD) are equal.
Further, if weak duality holds, then (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution of the dual problem
(MD).

Proof Let x∗ be a properly efficient solution for the problem (P), the set Ω(x∗) is empty and the Linear In-
dependence Constraint Qualification is satisfied at x∗. Then, by Necessary Optimality Theorem, it follows that
(x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is feasible in (MD).
From (4) and (29), we obtain

f(x∗) = F(x∗, µ∗, η∗, w∗, v∗,Ω1, p
∗ = 0)

Hence, the corresponding objective values of (P) and (MD) are equal.

Now, we first show that (x∗, µ∗, η∗, w∗, v∗,Ω1, p
∗ = 0) is an efficient solution for problem (MD).

Suppose that (x∗, µ∗, η∗, w∗, v∗,Ω1, p
∗ = 0) is not an efficient of (MD). Then, there exist (x̄, µ̄, η̄, w̄, v̄,Ω2, p̄) ∈ D and

n∗ ∈ I such that

fn(x̄) + [x̄+ p̄]TBnw̄n + kn(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
≥ fn(x∗) + x∗

T

Bnw
∗
n + kn(x∗, 0) +

∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctv
∗
t + ht(x

∗, 0)
]
, n ∈ I − {n∗}

fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
> fn∗(x∗) + x∗

T

Bnw
∗
n + kn∗(x∗, 0) +

∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctv
∗
t + ht(x

∗, 0)
]

Using (29) in above equations, we get

fn(x̄) + [x̄+ p̄]TBnw̄n + kn(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
≥ fn(x∗) + x∗

T

Bnw
∗
n +

∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctv
∗
t

]
, n ∈ I − {n∗} (30)

fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
> fn∗(x∗) + x∗

T

Bnw
∗
n +

∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctv
∗
t

]
(31)

From (4), (6), (7), (30) and (31), we get

fn(x̄) + [x̄+ p̄]TBnw̄n + kn(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
≥ fn(x∗) +

(
x∗

T

Bnx
∗
) 1

2

, n ∈ I − {n∗}

fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +
∑
t∈Ω2

η̄t
[
gt(x̄) + [x̄+ p̄]TCtv̄t + ht(x̄, p̄)

]
> fn∗(x∗) +

(
x∗

T

Bn∗x∗
) 1

2
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which implies,

f(x∗) ≤ F(x̄, w̄, v̄, η̄,Ω2, p̄)

a contradiction to Weak Duality Theorem.
Hence, (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is an efficient solution of (MD).
Now, we will prove that (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution of the dual problem (MD).
Suppose that (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is not a properly efficient solution for (MD). Then, there exists (x̄, µ̄, η̄, w̄, v̄,Ω2, p̄) ∈
D and n∗ ∈ I such that

fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +
∑
t∈Ω2

ηt[gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)]

> fn∗(x∗) + x∗
T

Bn∗w∗n∗ + kn∗(x∗, 0) +
∑
t∈Ω1

ηt[gt(x
∗) + x∗

T

Ctvt + ht(x
∗, 0)]

such that

fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +
∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

]
−(

fn∗(x∗) + x∗
T

Bn∗w∗n∗ + kn∗(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

])

> M

(
fr(x

∗) + x∗
T

Brw
∗
r + kr(x

∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

]
−(

fr(x̄) + [x̄+ p̄]TBrw̄r + kr(x̄, p̄) +
∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

]))
(32)

holds for each scalar M > 0 and all r ∈ I satisfying

fr(x
∗) + x∗

T

Brw
∗
r + kt(x

∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

]
> fr(x̄) + [x̄+ p̄]TBrw̄r + kt(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

]
(33)

Let I1 denote the set of indices which satisfy (33) and I2 = I − (I1 ∪ n∗) . Let M > µn∗
µn
| I1 |.

Therefore, from (33), we have

µn∗

(
fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

]
−(

fn∗(x∗) + x∗
T

Bn∗w∗n∗ + kn∗(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

]))

>
∑
r∈I1

µr

(
fr(x

∗) + x∗
T

Brw
∗
r + kr(x

∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

]
−(

fr(x̄) + [x̄+ p̄]TBrw̄r + kr(x̄, p̄) +
∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

]))
(34)

Using the definition of I2 and (34), we get
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q∑
n=1

µn

(
fn(x∗) + x∗

T

Bnwn + kn(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

])

= µn∗

(
fn∗(x∗) + x∗

T

Bn∗wn∗ + kn∗(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

])
+

∑
n∈I1

µn

(
fn(x∗) + x∗

T

Bnwn + kn(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

])
+

∑
n∈I2

µn

(
fn(x∗) + x∗

T

Bnwn + kn(x∗, 0) +
∑
t∈Ω1

ηt

[
gt(x

∗) + x∗
T

Ctvt + ht(x
∗, 0)

])

< µn∗

(
fn∗(x̄) + [x̄+ p̄]TBn∗w̄n∗ + kn∗(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

])
+

∑
n∈I1

µn

(
fn(x̄) + [x̄+ p̄]TBnw

∗
n + kn(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

])
+

∑
n∈I2

µn

(
fn(x̄) + [x̄+ p̄]TBnw

∗
n + kn(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

])
+

=

q∑
n=1

µn

(
fn(x̄) + [x̄+ p̄]TBnw

∗
n + kn(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]TCtvt + ht(x̄, p̄)

])
(35)

From (4), (29) and (35) we have

q∑
n=1

µn

(
fn(x∗) + (xTBnx

∗)
1
2

)
<

q∑
n=1

µn

(
fn(x̄) + [x̄+ p̄]TBnw

∗
n + kn(x̄, p̄) +

∑
t∈Ω2

ηt
[
gt(x̄) + [x̄+ p̄]T + ht(x̄, p̄)

])
(36)

a contradiction to Weak Duality Theorem.
Hence, (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution for the problem (MD).

Theorem 3.3. (Restricted Converse Duality) Let x∗ and (ū, µ̄, η̄, w̄, v̄, Ω̄, p̄) be feasible solutions for problem (P) and
(MD) respectively, such that

fn(x∗) + x∗
T

Bnw̄n ≤ fn(ū) + [ū+ p̄]TBnw̄n + kn(ū, p̄) +
∑
t∈Ω̄

η̄t[gt(ū) + ūTCtv̄t + ht(ū, p̄)] (37)

Further assume that
(
(fn(.) + (.)TBnw̄n, n ∈ I), (gt(.) + (.)TCtv̄t, t ∈ Ω̄)

)
is higher-order strictly (Φ, ρ, Ω̄)− type I

objective and constraint functions at u on M ∪ D. If
∑q
n=1 µnρfn +

∑
t∈Ω̄ ηtρgt ≥ 0, then x∗ = ū.

Proof Suppose on the contrary that x∗ 6= ū
Since

(
(fn(.) + (.)TBnw̄n, n ∈ I), (gt(.) + (.)TCtv̄t, t ∈ Ω̄)

)
is higher-order strictly (Φ, ρ, Ω̄)− type I objective and

constraint functions at ū on M ∪ D, therefore, we have

fn(x∗) + x∗
T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)

> Φ (x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn) , n ∈ I (38)

−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄) ≥ Φ (x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt) , t ∈ Ω̄ (39)

Since µ̄n > 0, n ∈ I and η̄t ≥ 0, t ∈ Ω̄, therefore, from (38) and (39), we have

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)
]

> µ̄nΦ (x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn) , n ∈ I (40)
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η̄t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]
≥ η̄tΦ (x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt) , t ∈ Ω̄ (41)

Adding (40) and (41), we get

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)
]

+∑
t∈Ω̄

η̄t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]
>

p∑
n=1

µ̄nΦ (x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn) +
∑
t∈Ω̄

η̄tΦ (x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt) (42)

Put

µ∗n =
µ̄n∑p

n=1 µ̄n +
∑
t∈Ω̄ η̄t

, n ∈ I and η∗t =
η̄t∑p

n=1 µ̄n +
∑
t∈Ω̄ η̄t

, t ∈ Ω̄ (43)

Clearly µ∗n, η
∗
t ∈ [0, 1] and

∑p
n=1 µ

∗
n +

∑
t∈Ω̄ η

∗
t = 1

Using (42 ) and (43 ), we get

p∑
n=1

µ∗n[fn(x∗) + x∗
T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)]+∑
t∈Ω̄

η∗t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]
>

p∑
n=1

µ∗nΦ(x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn) +
∑
t∈Ω̄

η∗tΦ (x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt)

Since, Φ(x, u, .) is convex on Rm+1, µ∗n, η
∗
t ∈ [0, 1], n ∈ I, t ∈ T and

∑p
n=1 µ

∗
n +

∑
t∈Ω̄ η

∗
t = 1, therefore, we have

p∑
n=1

µ∗n

[
fn(x∗) + x∗

T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)
]

+∑
t∈Ω̄

η∗t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]

> Φ

x∗, ū,( p∑
n=1

µ∗n (∇pkn (ū, p̄) +Bnw̄n) , ρfn

)
+

∑
t∈Ω̄

η̃t (∇pht (ū, p̄) + Ctv̄t, ρgt)

 (44)

From (43) and (44), we get

1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄
]

+

1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

∑
t∈Ω̄

η∗t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]

> Φ

x∗, ū, 1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

 p∑
n=1

µ̄n(∇pkn(ū, p̄) +Bnw̄n) +
∑
t∈Ω̄

η̄t (∇pht(ū, p̄) + Ctv̄t) ,

p∑
n=1

µ̄nρfn
∑
t∈Ω̄

η̃tρgt

 (45)
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From (10) and (45), we get

1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)
]

+

1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

∑
t∈Ω̄

η̃t
[
−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)

]

> Φ

x∗, ū, 0, p∑
n=1

µ̄nρfn
∑
t∈Ω̄

η̃tρgt)

 (46)

Since Φ(x∗, ū, (0, a)) ≥ 0 for every a ≥ 0 and
∑p
n=1 µ̄nρfn +

∑
t∈Ω̄ ηtρgt ≥ 0, therefore, we have

Φ

x∗, ū,
0,

p∑
n=1

µ̄nρfn
∑
t∈Ω̄

η̃tρgt

 ≥ 0 (47)

From (46) and (47), we have

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n

]
>

p∑
n=1

µ̄n
[
fn(ū) + ūTBnw̄n + kn(ū, p̄)− p̄T∇pkn(ū, p̄)

]
+∑

t∈Ω̄

η̄t
[
gt(ū) + ūTCtv̄t + ht(ū, p̄)− p̄T∇pht(ū, p̄)

]
=

p∑
n=1

µ̄n
[
fn(ū) + [ū+ p̄]TBnw̄n + kn(ū, p̄

]
+∑

t∈Ω̄

η̄t
[
gt(ū) + [ū+ p̄]TCtv̄t + ht(ū, p̄)

]
−

p̄T

 p∑
n=1

µ̄n (∇pkn(ū, p̄) +Bnw̄n) +
∑
t∈Ω̄

η̄t∇p (ht(ū, p̄) + Ctv̄t)

 (48)

From (10) and (48), we have

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n

]
>

p∑
n=1

µ̄n[fn(ū) + [ū+ p̄]TBnw̄n + kn(ū, p̄)]+∑
t∈Ω̄

η̄t
[
gt(ū) + ūTCtv̄t + ht(ū, p̄)

]
(49)

Since µ̄n > 0, n ∈ I and
∑p
n=1 µ̄n = 1, therefore, from (37) we have

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n

]
5

p∑
n=1

µ̄n
[
fn(ū) + [ū+ p̄]TBnw̄n + kn(ū, p̄)

]
+∑

t∈Ω̄

η̄t
[
gt(ū) + ūTCtv̄t + ht(ū, p̄)

]
a contradiction to (49).
Hence, x∗ = ū.

II. Mond-Weir Duality

For each u ∈ X, Ω ⊂ T with | Ω |<∞, p ∈ Rm, w = (wn), wn ∈ Rm,n ∈ I, v = vt ∈ Rm, t ∈ Ω and η = (ηt), t ∈ Ω
Define

G(u,w) =(f1(u) + uTBnwn, f2(u) + uTB2w2, ..., fq(u) + uTBqwq)
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Then, the Mond-Weir dual of the primal problem (P) is given by

Maximize G(u,w, v, η,Ω, p) (MWD)

s.t.

q∑
n=1

µn[∇pkn(u, p) +Bnwn] +
∑
t∈Ω

ηt[∇pht(u, p) + Ctvt] = 0 (50)∑
t∈Ω

ηt[gt(u) + uTCtvt + ht(u, p)− pT∇pht(u, p)] ≥ 0 (51)

q∑
n=1

µn[kn(u, p)− pT∇pkn(u, p)] ≥ 0 (52)

wTnBnwn ≤ 1 n ∈ I (53)

vTt Bnvt ≤ 1 t ∈ Ω (54)

u ∈ X, p ∈ Rm, wn ∈ Rm, vt ∈ Rm, µn > 0, n ∈ I, ξt ≥ 0, t ∈ Ω

Let U denotes the feasible set of the Mond-Weir dual problem (MWD).

Theorem 3.4. (Weak Duality Theorem) Let x and (u,w) be any feasible solution for the problem (P) and (MWD) re-
spectively. Further, assume that

(
(fn(.) + (.)TBnwn, n ∈ I), (gt(.) + (.)TCtvt, t ∈ Ω)

)
is higher-order (Φ, ρ,Ω)− type

I objective and constraint functions at u on M ∪U . If
∑p
n=1 µnρfn +

∑
t∈T ηtρgt ≥ 0, then the following cannot hold:

f(x) ≤ G(u,w) (55)

Proof Let x and (u,w) be any feasible solution for the problem (P) and (MWD) respectively.
Suppose that (55) holds, therefore, there exist atleast one r ∈ I such that

fn(x) +
(
xTBnx

) 1
2 ≤ fn(u) + uTBnwn, n ∈ I − {k} (56)

fr(x) +
(
xTBrx

) 1
2 < fr(u) + uTBrwr (57)

By generalized Schwarz inequality, (56) and (57), we have

fn(x) + xTBnwn ≤ fn(u) + uTBnwn, n ∈ I − {k} (58)

fr(x) + xTBrwr < fr(u) + uTBrwr (59)

Since (u, µ, η, w, v,Ω, p) is a feasible solution for the problem (MWD), therefore, we have µn > 0, n ∈ I and
∑q
n=1 µn =

1.
Hence, from (58) and (59) we get

q∑
n=1

µn
[
fn(x) + xTBnwn

]
<

q∑
n=1

µn
[
fn(u) + uTBnwn

]
(60)

Since
(
(fn(.) + (.)TBnwn, n ∈ I), (gt(.) + (.)TCtvt, t ∈ Ω)

)
is higher-order (Φ, ρ,Ω)− type I objective and constraint

functions at u on M ∪ U , therefore, we have

fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p) ≥ Φ (x, u, (∇pkn(u, p) +Bnwn, ρfn)) ,

∀ n ∈ I
−gt(u)− uTCtvt − ht(u, p) + pT∇pht(u, p) ≥ Φ(x, u, (∇pht(u, p) + Ctvt, ρgt)),

∀ t ∈ Ω

Since µn > 0, ∀ n ∈ I and ηt ≥ 0, therefore, we have

µn
[
fn(x) + xTBnwn − fn(u) + uTBnwn − kn(u, p) + pT∇pkn(u, p)

]
≥ µnΦ (x, u, (∇pkn(u, p) +Bnwn, ρfn)) , ∀ n ∈ I (61)

−ηt[gt(u) + uTCtvt + ht(u, p)− pT∇pht(u, p)] ≥ ηtΦ(x, u, (∇pht(u, p) + Ctvt, ρgt)), ∀ t ∈ Ω (62)
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Adding (61) and (62), we get

q∑
n=1

µn[fn(x) + xTBnwn − fn(u)− uTBnwn − kn(u, p) + pT∇pkn(u, p)]−∑
t∈Ω

ηt[gt(u) + uTCtvt + ht(u, p)− pT∇pht(u, p)]

≥
q∑

n=1

µn[Φ(x, u, (∇pkn(u, p) +Bnwn, ρfn))] +
∑
t∈Ω

ηt[Φ(x, u, (∇pht(u, p) + Ctvt, ρgt))] (63)

From (51 ), (52 ) and ( 63), we have

q∑
n=1

µnΦ(x, u, (∇pkn(u, p) +Bnwn, ρfn)) +
∑
t∈Ω

ηtΦ(x, u, (∇pht(u, p) + Ctvt, ρgt)) < 0 (64)

Put

µ∗n =
µn∑q

n=1 µn +
∑
t∈Ω ηt

, n ∈ I and η∗t =
ηt∑q

n=1 µn +
∑
t∈Ω ηt

, t ∈ Ω (65)

Clearly µ∗n, η
∗
t ∈ [0, 1], ∀ n ∈ I, t ∈ Ω and

∑q
n=1 µ

∗
n +

∑
t∈Ω η

∗
t = 1

Using (64) and (65), we get

q∑
n=1

µ∗n[Φ (x, u, (∇pkn(u, p) +Bnwn, ρfn))] +
∑
t∈Ω

η∗n[Φ (x, u, (∇pht(u, p) + Ctvt, ρgt))] < 0 (66)

Since, Φ(x, u, .) is convex on Rm+1 and µ∗n, η
∗
t ∈ [0, 1], ∀ i ∈ I, t ∈ Ω and

∑q
n=1 µ

∗
n +

∑
t∈Ω η

∗
t = 1, therefore, from

(66) we have

Φ

(
x, u,

(
q∑

n=1

µ∗n (∇pkn(u, p) +Bnwn, ρfn) +
∑
t∈Ω

η∗t (∇pht(u, p) + Ctvt, ρgt)

))
< 0 (67)

Using (10), (66) and (67), we get

Φ

(
x, u,

1∑q
n=1 µn +

∑
t∈Ω ξt

(
0,

q∑
n=1

µnρfn +
∑
t∈Ω

ηtρgt)

))
< 0 (68)

Since Φ(x, u, (0, a)) = 0 for every a ∈ R+ and
∑q
n=1 µnρfn +

∑
t∈Ω ξtρgt ≥ 0, therefore, we have

Φ

(
x, u,

1∑q
n=1 µn +

∑
t∈Ω ξt

(
0,

q∑
n=1

ρfn +
∑
t∈Ω

ηtρgt

))
≥ 0

a contradiction to (68).
Hence, (55) does not hold.

Theorem 3.5. (Strong Duality Theorem) Let x∗ be a properly efficient solution for the problem (P) such that the set
Ω(x∗) is empty and and a suitable constraint qualification be satisfied at x∗. Further, assume that

kn(x∗, 0) = 0 for all n ∈ I; ∇pk(x∗, 0) = ∇f(x∗)

ht(x
∗, 0) = 0 for all t ∈ T ; ∇ph(x∗, 0) = ∇g(x∗)

(69)

Then, there exist µ∗ = (µ∗n) > 0, η∗ = (η∗t ) ≥ 0, w∗ = (w∗n), v∗ = v∗t ), Ω1 ⊆ T (x∗) with | Ω1 |< ∞ such that
(x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is feasible for (MWD) and the corresponding objective values of (P) and (MWD) are
equal. Further, if weak duality holds, then (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution of a maximum
type in (MWD).

13

ssrg 5
Text Box




85

ssrg 5
Text Box
Arpana Sharma & Anveksha Moar / IJMTT, 68(3), 73-89, 2022




Proof Let x∗ be a properly efficient solution for the problem (P), the set Ω(x) is empty and the Linear Independence
Constraint Qualification is satisfied at x∗.
By Necessary Optimality Theorem and using (69), it follows that (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is feasible in (MWD).
From (6), we obtain

f(x∗) = G(x∗, w∗)

First, we show that (x∗, µ∗, η∗, w∗, v∗,Ω1, p
∗ = 0) is an efficient solution for the problem (MWD).

Suppose that (x∗, µ∗, η∗, w∗, v∗,Ω1, p
∗ = 0) is not an efficient of the problem (MWD). Then, there exists (x̄, µ̄, η̄, w̄, v̄,Ω2, p̄) ∈

D and n∗ ∈ I such that

fn(x̄) + x̄TBnw̄n ≥fn(x∗) + x∗
T

Bnw
∗
n, n ∈ I − {n∗} (70)

fn∗(x̄) + x̄TBn∗w̄n∗ >fn∗(x∗) + x∗
T

Bnw
∗
n (71)

Hence by (6), (70) and (71), we get

fn(x̄) + x̄TBnw̄n ≥fn(x∗) +
(
x∗

T

Bnx
∗
) 1

2

, n ∈ I − {n∗}

fn∗(x̄) + x̄TBn∗w̄n∗ >fn∗(x∗) +
(
x∗

T

Bn∗x∗
) 1

2

a contradiction to Weak Duality Theorem.
Hence, (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is an efficient solution for the problem (MWD).
Now, we will prove that (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution of the dual problem.
Suppose that (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is not a properly efficient solution for (MWD). Then, there exists (x̄, µ̄, η̄, w̄, v̄,Ω2, p̄) ∈
D and n∗ ∈ I such that

fn∗(x̄) + x̄TBn∗w̄n∗ > fn∗(x∗) + x∗
T

Bn∗w∗n∗

such that

fn∗(x̄) + x̄TBn∗w̄n∗ −
(
fn∗(x∗) + x∗

T

Bn∗w∗n∗

)
> M

(
fr(x

∗) + x∗
T

Brw
∗
r −

(
fr(x̄) + x̄TBrw̄r

))
(72)

holds for each scalar M > 0 and all r ∈ I satisfying

fr(x
∗) + x∗

T

Brw
∗
r > fr(x̄) + x̄TBrw̄r

Let I1 denote the set of indices which satisfy () and I2 = I − (I1 ∪ n∗) .
Let M > µn∗

µn
| I1 |.

Therefore, from (72), we get

µn∗

(
fn∗(x̄) + x̄TBn∗w̄n∗ −

(
fn∗(x∗) + x∗

T

Bn∗w∗n∗

))
>
∑
r∈I1

µr

(
fr(x

∗) + x∗
T

Brw
∗
r −

(
fr(x̄) + x̄TBrw̄r

))
(73)

Using the definition of I2 and (73), we get

q∑
n=1

µn(fn(x∗) + x∗
T

Bnwn

= µn∗

(
fn∗(x∗) + x∗

T

Bn∗wn∗

)
+
∑
n∈I1

µn

(
fn(x∗) + x∗

T

Bnwn

)
+
∑
n∈I2

µn

(
fn(x∗) + x∗

T

Bnwn

)
< µn∗

(
fn∗(x̄) + x̄TBn∗w̄n∗

)
+
∑
n∈I1

µn
(
fn(x̄) + x̄]TBnw

∗
n

)
+
∑
n∈I2

µn
(
fn(x̄) + x̄TBnw

∗
n

)
=

q∑
n=1

µn
(
fn(x̄) + x̄TBnw

∗
n

)
(74)
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From (6)and (74), we have

q∑
n=1

µn(fn(x∗) + (xTBnx
∗)

1
2 ) <

q∑
n=1

µn
(
fn(x̄) + x̄TBnw

∗
n

)
(75)

a contradiction to Weak Duality Theorem.
Hence, (x∗, µ∗, η∗, w∗, v∗,Ω1, p

∗ = 0) is a properly efficient solution of (MWD).

Theorem 3.6. (Restricted Converse Duality) Let x∗ and (ū, µ̄, η̄, w̄, v̄, Ω̄, p̄) be feasible solutions for problem (P) and
(MWD) respectively, such that

fn(x∗) + x∗
T

Bnw̄n ≤ fn(ū) + ūTBnw̄n (76)

Further assume that
(
(fn(.) + (.)TBnw̄n, n ∈ I), (gt(.) + (.)TCtv̄t, t ∈ Ω̄)

)
is higher-order strictly (Φ, ρ, Ω̄)− type I

objective and constraint functions at u on M ∪ U . If
∑q
n=1 µnρfn +

∑
t∈Ω̄ ηtρgt = 0, then x∗ = ū.

Proof Suppose on the contrary that x∗ 6= ū
Since µ̄n > 0, n ∈ I and

∑p
n=1 µ̄n = 1, therefore from (76), we have

p∑
n=1

µ̄n

[
fn(x∗) + x∗

T

Bnw̄n

]
≤

p∑
n=1

µ̄n
[
fn(ū) + ūTBnw̄n

]
(77)

Since
(
(fn(.) + (.)TBnw̄n, n ∈ I), (gt(.) + (.)TCtv̄t, t ∈ Ω̄)

)
is higher-order strictly (Φ, ρ, Ω̄)− type I objective and

constraint functions at ū on M ∪ U , therefore, we have

fn(x∗) + x∗
T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)

> Φ(x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn), n ∈ I

−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄) ≥ Φ(x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt), t ∈ Ω̄

Since µ̄n > 0, n ∈ I and η̄t ≥ 0, t ∈ Ω̄, therefore, we have

µ̄n[fn(x∗) + x∗
T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)]

> µ̄nΦ(x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn), n ∈ I (78)

η̄t[−gt(ū)− ūTCtv̄t − ht(ū, p̄) + p̄T∇pht(ū, p̄)] ≥ η̄tΦ(x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt), t ∈ Ω̄ (79)

Adding (78) and (79), we get

q∑
n=1

µ̄n[fn(x∗) + x∗
T

Bnw̄n − fn(ū)− ūTBnw̄n − kn(ū, p̄) + p̄T∇pkn(ū, p̄)]−∑
t∈Ω̄

η̄t[gt(ū) + ūTCtv̄t + ht(ū, p̄)− p̄T∇pht(ū, p̄)]

>

q∑
n=1

µ̄nΦ(x∗, ū, (∇pkn(ū, p̄) +Bnw̄n, ρfn)) +
∑
t∈Ω

η̄tΦ(x∗, ū, (∇pht(ū, p̄) + Ctv̄t, ρgt)) (80)

From (51), (52) and (80), we have

q∑
n=1

µ̄nΦ(x∗, ū, (∇pkn(ū, p̄) +Bnw̄n, ρfn)) +
∑
t∈Ω̄

η̄tΦ(x∗, ū, (∇pht(ū, p̄) + Ctv̄t, ρgt)) < 0 (81)

Put

µ∗n =
µ̄n∑p

n=1 µ̄n +
∑
t∈Ω̄ η̄t

, n ∈ I and η∗t =
η̄t∑p

n=1 µ̄n +
∑
t∈Ω̄ η̄t

, t ∈ Ω̄ (82)
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Clearly µ∗n, η
∗
t ∈ [0, 1] and

∑p
n=1 µ

∗
n +

∑
t∈Ω̄ η

∗
t = 1

Using (81) and (82), we get

p∑
n=1

µ∗nΦ(x∗, ū,∇pkn(ū, p̄) +Bnw̄n, ρfn) +
∑
t∈Ω̄

η∗tΦ(x∗, ū,∇pht(ū, p̄) + Ctv̄t, ρgt) < 0 (83)

Since, Φ(x, u, .) is convex on Rm+1, µ∗n, ηt ∈ [0, 1], n ∈ I, t ∈ T and
∑p
n=1 µ

∗
n +

∑
t∈Ω̄ η

∗
t = 1, therefore, we have

Φ

x∗, ū,( p∑
n=1

µ∗n (∇pkn (ū, p̄) +Bnw̄n) , ρfn

)
+

∑
t∈Ω̄

η̃t (∇pht (ū, p̄) + Ctv̄t, ρgt)

 < 0 (84)

From (50) and (84), we have

Φ

x∗, ū, 1∑p
n=1 µ̄n +

∑
t∈Ω̄ η̄t

0,

p∑
n=1

µ̄nρfn
∑
t∈Ω̄

η̃tρgt

 < 0 (85)

Since Φ(x∗, ū, (0, a)) ≥ 0 for every a ≥ 0 and
∑p
n=1 µ̄nρfn +

∑
t∈Ω̄ ηtρgt ≥ 0, therefore, we have

Φ

x∗, ū, 0, p∑
n=1

µ̄nρfn
∑
t∈Ω̄

η̃tρgt)

 ≥ 0

a contradiction to (85).
Hence, x∗ = ū.

IV. CONCLUSION

In this paper, we proposed higher order Mangasarian and Mond-Weir duals for multiobjective semi-infinite program-
ming problems with square root term both in objective functions and constraints. The results of this paper improve
the results in [23].
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