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I. INTRODUCTION
The study of fixed point theorems for satisfying contractive type conditions in partial metric spaces is a very active field
of research activity recently. In 1994, Mathews [15] established the notion of a Partial metric spaces and proved common
fixed point theorems for compatible maps in partial metric spaces. Also Matthews generated the Banach contraction principle
is valid in partial metric space and it should be applied in program verification. Ciric [10] gave the Quasi contractions in
metric spaces and established Banach contraction principle and many other fixed point theorems in metric spaces. In fact, it is
clear that partial metric spaces play an important role for constructing models in the theory of computation.

Definition 1.1: A partial metric on a nonempty set X is a function P : X x X - R* such that
forall x,y,z € X :

(P): x =y @ p(x,x) =p(x,y) =p(y,y)

(p2) : p(x,x) <p(xy)

(P3): p(x,y) = p(y,x)

(p4): p(x,y) < p(x,2) +p(z,y) —p(z,2).
Then the pair (X, p) iscalled a partial metric space.
Remark 1.2: If p(x,y) = 0, then from (p1) and (p2) , we have x = y.. But ifx =y then p(x,y) may not be 0.
If p is a partial metric on X , then the function p™ : X X X —» R* given by

P"(x,y) =2p(x, y) —p(x, x) — p(y, y) isametricon X.
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Definition1.3: Let (X, p) be a partial metric space and {x,,} is a sequence in X ,then

(i) {x,.} converges to a point xeX , iff p(x,x) = lim p(x, x,,).
n—oo
(i) {x,} iscalled Cauchy sequence if lim p(x,,x,, ) is finite.
n,m—-oo

Definitionl1.4: A partial metric space (X, p)is said to be complete if every Cauchy sequence {x,,} is converges to X , with
respect to a point x € X ,suchthat p(x,x) = lim p(x,,x,).
n,m—oo

Remark1.5: It is easy to see that every closed subset of a complete partial metric space is complete. Lemma 1.6: Let
(X, P) be a partial metric space, then

(i) {x,.} is a Cauchy sequence in (X, p ) iff it is a Cauchy sequence in the metric space (X, p"),

(i) (X, p) is complete if and only if the metric space (X, p")is complete. Further more lim p"(x, ,x ) if and only if p(x, x) =
n—-oo

lim p(x,,x) = lim p(x,,x,).

n—oo n,m—oo

Mathews[16] obtained the following Banach fixed point theorem for complete partial metric spaces.

Theorem 1.7: Let f be a mapping of a complete partial metric space (X, p) into itself such that there is a real number c with
0 <c <1,satisfying for all x,y € X , p(fy, ;) < cp(x,y). Then has a unique fixed point.

Definition 1.8 : A non decreasing function ¢ : (0,0 ) — (0, ) is said to be a Bianchini — Grandolfi gauge function on R*
if X5, @™(t) convergent forall t € R*, where @™ is the nth iteration of ¢ .

and @°(t) = t ie. %) =t,9 (@) = @), P%() = P(P(D)), v v v, L) = (P L(D)).
Lemmal9: If o € ¥, thenp(0) =0and o(t) <t,forall t > 0.

Definition 1.10 : Let X be a non-empty setand A, B : X — X aregivenself mapson X. If u = Ax =Bxforsomex e X
, then x is called a coincidence point of A, B and and wu is called a point of coincidence of A and B .

Definition 1.11: Let X be a non-empty setand A ,B : X — X are given self maps on X . Then the pair (A, B ) is said to be
weakly compatible if ABt = BAt , whenever At = Bt forsomet € X .

I1. MAIN RESULT
Our main result is the following:
Theorem 2.1: Let A,B, Sand T are four self mappings of a complete partial metric space (X, p) such that

AX) S T(X),B(X) € S(X) and p (Ax, By) < ¢ (max{p (Sx,Ty),[ p(Sx,Ax)+ p(Ty, By)], [p(Sx,By) +
p(Ty, Ax)]}), forall x,yeX ,wherep € ¥ (2.1)

If one the ranges A(X), B(X), T(X)and S(X) is a closed subset of (X, p), then
(1) Aand S have a coincidence point, (2) Band T have a coincidence point.
Moreover, if the pairs (4, S)and (B, T) are weakly compatible, then A, B, S and T have a unique common fixed point.

Proof: Let x, be an arbitrary point in X. Since A(X) € T(X), there exists x; € X such that
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Tx, = Ax, . Since B(X) € S(X), there exists x, € X such that SSx, = Bx;. Continuing
this process we can construct sequences {x, } and {y, } in X defined by
Yon = TXone1 = AXopn y Yons1 = SXonsz = BXonyq fOrevery n € N. (2.2)
We have to prove that {y,} is a Cauchy sequence in the partial metric space (X, p).
Now p(Yam »¥am+1) = PAXam , Bxamer)
< @ (max{p(Sxzm » TxXzme1), [P(Sxom »A%om) + P(TXzms1, BXomer )],
[p(Sx2m , BxXzms1) + P(TXome1 , AXom)] })
< emax{ p(Yam-1, Yam)r [PWom-1,Y2m ) + P(YVom» Yams1 )]
[P2m-1,Yam+1) + P(Yam » Y2m) 1D
< @ max{ p(Yam-1,Y2m ) » [PW2m-1,Y2m+1) + P(Yam, Yam )],
[POam-1,Y2m+1) + PWam» Yam )1})-
< @ max{p (Yzm-1,Y2m ) »P(Yam-1,Y2m+1 ) PW2m-1,Y2m+1)})
< @ max{p (Yzm-1,Y2m)» PWam-1,Y2m+1)}) (23)
Similarly we obtain,
P(Vams1 »Yomsz) < @ max{p (Yom Yoms1 ) PO2m»Yame2 ) (2.4)
Therefore from (2.3) and (2.4) , we get
POn s Yne1) < @max{ p(Vn-1,¥n), POn» Yn+1)3) (25)

Let there exists m € N such that

PVam-1,Y2m) =0 ,thenwe have y,,_1 = Yom.

From (2.3) , we get

P(Yem »Yame1) < @ {P Vam s Yomsa )}

Since @(t) <t foreveryt >0, wehave p (Vom ,Voms1 ) = 0 andthen y,., = Vomeq -

From (2.4) , we get

P(Yoms1 »Yomez) < @ (PO2me1  Vamsz)}) €N Yoy = Yoz -

Hence, we have

Vome1 = Yom = Yoma1 = Yoma2 = ewvereiennn (2.6)
Hence {y, } isa Cauchy Sequence in(X,p) .

Now we assume that p(y,,, yne1) > 0, where nis large, then from (2.5) at @(t) < t for each
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t>0,wehave p(yn,yn+1) < @(max{ pWn-1,Y), POn» Yn1 )}
=@ @Wn-1, ¥))
= PO Yns1) < @ {PWn-1, yu)} , Whereniis large. 2.7)
Replacing this inequality n times, we get
POn» Yne1) < @™ {p(yo, ¥1)} (2.8)
By the properties (p1) and (p2) , we have
max{ p(Vn, ¥n), PWns1,Yn+1)} < PO, Ynsa) (2.9)

Therefore from(2.8) and (2.9) , we have

max{ p(Vn , ¥n), PWns1,Yne1 )3 < @™ {p(o, 1)} (2.10)
Hence
P" W, Yne1) = 20n s Yne1) =POns Y) = POnsrs Yne1)
S 2Oy Yua) = POy Y) =POnsrs Ve
<4¢™{p(vo, y1)} (2.11)
Now for the metric p™ , by triangle inequality for anyl,m € N*, we have
P" (s Ynet) < PTOnuYnan) + P Ynw2) 00 e e +PT i1 Ynd)
<4¢™{p0o, y1) + 40" (P, I+ v+ 4 0™ (P, 11D}
<42 e {p(o, yDH
Hence we conclude that for any arbitrary number € > 0 there exists a positive number n,
Such that
P"(yy ,Vne) < € foreveryn=ngandall [ € N*.
Thus {y,} isa Cauchy Sequence in the metric space(X ,p”).

Since (X, p) is a complete metric space, then from lemma (1.6), (X ,p") is a complete metric space. Therefore the sequence
{y,.} converges to some y € X.

ie. lim P"(y,,y) =0
n—-oo
From Lemma (1.6) , we have
p(y, y) = lim p(y,, y) = lim pQn,ym) (2.12)

Moreover, since {y,,} is a Cauchy Sequence in the metric space(X ,p") , then
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lim p"(Vn,Vm) = 0. Therefore from Lemma (1.6), we have

nm-wm
lim p(yn, ym) = 0
Thus from the definition of p™ and (2.13) , we have
dim p(n,ym) = 0
Therefore from (2.12) , we have
p(y, y)=limp(y,, y) = lim p@,,ym)= 0
Thus
7111_{{)10?’(3’211'3’) =1lli_1;{}op()’2n—1:)’) = 0
Hence from (2.15), we have
lim p(Axzy, y) = lim p(Txznes, ¥) = 0
and lim p(Bxzp—1, ¥) = lim p(Sxzp, y) = 0
Since B(X) € S(X) and y € S(X), then from (2.17) there exists u € X such that y = Su .
We have to prove that p( Au,y ) = 0. Now suppose that p(Au,y) > 0, then we have
< p(¥,BXop41) + D(BXoni1, AU )~ D (BXani1, BXonir )
< p(y,Bxan1) + P(Bxznis , Au)
< p(y,Bxzn41) + p(Au, Bxypyq )
<p(Y,¥ane1) + @ max[ p(Su, Txpn41), [P(Su,Au) + p(Txon41, BXoni1)],
[P(Su, Bxzns1) + P(Txoneq, Au)l})
S pP(Y.Y2ne1) + @ Max[p(Su, ¥20), [P(Su,Aw) + p(Van, Yonsd))
[P(SwYons1) + P(Yon , Au)l})
S P(Y.Yene1) + @ Max{p(y, y2n), [P(y,A0) + pVan,s Yonsa)l,
[P(¥,¥2n+1) + P(Y2n, Au)1})
Taking limitas —» oo , we get

p(y, Au) < lim p(y, yzni1) + @ (lim max{p(y, y2n), [P(y,AW) + P(V2n, Yansa)]

(¥, y2n+1) + p(Yan, Au)l})

=0+¢(p(y, Au)) = ¢ (p(y, Au))
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Hence for t > 0, ¢(t) < t,we have

p(y, Au) < p(y, Au) , which is a contradiction.

Therefore p(y,Au) = 0=y = Au. (2.18)
Since y = Su, then Au = Su. Therefore u is called coincidence point of A and S.

Hence the proof (1).

Since A(X) € T(X), then from (2.18) ,we have y € T(X). Therefore there exists v € X such that

y=Tv.

We have to prove that p(Bv,y) = 0. Suppose that that p(Bv,y) > 0.

Now y = Su = Au = Tv and from (2.1) , we have

p(y, Bv) =p(Au,Bv)

< @ (max{p(Su,Tv),[ p(Su, Au) + p(Tv, Bv)], [p(Su, Bv) + p(Tv,Auw)l})

IA

o (max{p(y, y),[p(y, ¥) +p(»,Bv)],[p(y,Bv) + p(y, Y1}

IA

@ (max {p(y,Bv),p(y,Bv)})

IA

¢ (p(y, Bv))
<p(y,Bv).
which is a contradiction. Therefore we have
p(Bv,y) =0 and y = Bv =Tv. (2.19)
Therefore v is coincidence point of B and T. Hence (2) holds.
Since the pair {4, S} is weakly compatible, then from (2.18) , we have
Ay = ASu = SAu = Sy.
We have to prove that p(Ay,y) = 0. Suppose that (Ay,y) > 0, then we have
P4y, y) < p(AY,Y2n+1) + P(Vons1,¥ ) = P(Van+1,Yan+1)
< p(4y,Yan+1) + D(Vans1,¥)
< p(Ay, Bxzns1) + D(V2ns1,¥)
< emax{ p(Sy,Txzn41), [P(Sy, Ay) + D(T X2n+1, BXan+1)],
[p(Sy, Bxzni1) + p(Txzn41, AV + P(V2ne1,¥)
< p(max{ p(Ay,y22), [P(Ay,Ay) + PYan, Yan+1)],

[P(AY, Yone1) + P(Yon, AV]D) + P(Yan+1,Y)
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< p(max{p(Ay, y), 0,[p(Ay, ¥) + p(y,A¥)]})
< o(p(y,Ay))

< p(y,4y))

= p(dy,y) < p(y,Ay)) , which is a contradiction.

Hence we have

p(Ay,y) =0and Ay =Sy =y.

Since the pair ( B, T) is weakly compatible , therefore from (2.19), we have

By=BTv =TBv =Ty

We have to prove that

p(By, y)=0.

Suppose that p(By,y ) > 0, then from (2.1) and (2.20) , we have

p(y, By) = P(Ay,By)
< ¢ (max{ p(Sy,Ty), [ p(Sy, Ay) + p(Ty, By)], [p(Sy, By) + p(Ty,Ay)]}
< ¢ (max{p(y,By),[p(y, y) + p(By, By)l.[p(y, By) + p(By, »)I}
< ¢(p(y,By))

Which is a contradiction. Therefore we have

p(By, y)=0and By =Ty =y

Now from (2.20) and (2.21) , we have

y =Ay=By=Sy=Ty

Therefore y is a common fixed point of A,B,Sand T .

Uniqueness: Let w € X is a common fixed pointof A, B, Sand T.

We have to prove that w = y. Suppose that p(w,y ) > 0, then by using ( 2.1) , we get

p(y, w) = P(Ay,Bw)

IA

@ (max{p(Sy,Tw), [p(Sy, Ay) + p(Tw, Bw)], [p(Sy, Bw) + p(Tw, Ay)]}
< ¢ (max{p(y, w),[p(y, ¥) +p(w, W)l [p(y, w) + p(w, y)I}

< ¢ (max{p(y, w), 0,[p(y, w) + p(w, )1}

< ¢ (2p(y,w))

< p(y, w), which is a contradiction .
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Therefore we have , p(y, w) =0 2y =w.

Hence uniqueness for the common fixed point theorem is proved.

Corollary 2.2 : Let A, B, Sand T are self maps for a complete metric space (X, p) such that

AX) € T(X),B(X) € S(X) and p (Ax, By) < @ (max{.p (Sx,Ty),p(Ax,Sx),

p(By,Ty),p(Ax,Ty),p(Sx,Ty)}) ,wherep € ¥ .

If one of the ranges A(X), B(X), T(X)and S(X) is a closed subset of (X,p), then

(1) Aand S have a coincidence point, (2) B and T have a coincidence point.

Moreover, if the pairs (A, S)and (B, T) are weakly compatible, then A, B, S and T have a unique common fixed point.

111. CONCLUSION
In this paper, we proved some fixed point results under Banach algebra on partial metric spaces. Our result extend and

generalize several results from the existing literature in the context of partial metric spaces.
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