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Abstract - Explicit expressions for all the 2n(d+1)+4 Cyclotomic Cosets in the ringR, . =GF(N[X]/(x*""" -1),

where p, g, | are distinct odd primes o(I)2pn =¢2p"), (n >1) and o(1 )¢=¢(q) with gcd (¢(2p™), ¢(q))=d, are obtained.
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I. INTRODUCTION
Let GF(1) be a field of odd prime order | .Let m=>1be an integer with gcd(l,m)=1.Let Ry, = GF()[x]/(x™ ~1) .In

this paper, we consider the case when m=2p"q where p, g and | are distinct odd primes and o(I)2pn =¢2p"),(n=1)

and o(l )q=¢(q) with ged (#(2p"), #(q) )=d.We obtain explicit expressions for all the 2(d+1)n+4 Cyclotomic coset in
Rzpnq (see theorem2.3).

REMARK 2.1 For 0<s<m-1, let Cg Z{S,S|,S|2,---,S|ts_l}, where t; is the least positive integer such that

It = _ .
SI'> =S (mod 2p"q) be the cyclomic coset containing s.
LEMMA 21 Letp,qgl be distinct odd primes, n > 1 an integer,o(l)zpnij:¢(2pn—j), ol =¢(q) and

ged (#(2p" 1), 4(q)) =d, then o), .1, = #(2 r;“‘jq) forallj,0<j<n-1.

Proof.Let o(I)2p =), 0 <j <n - 1.Then, 1% =1 (mod 2p™ q), but p and g are distinct odd primes.  Hence

n—jq
I“i =1(mod 2p™) and 17 =1(modq).Since 0(|)2pn,j=¢(2p”’j) and, o(l), = ¢(q) therefore, #(2p"") and

#(q) divides 2. Then lem(4(2p""), ¢(q) )=#(2p"'a) divides A.On the other hand, sinceO(l), = #(q), therefore,
d

an—jq ' (2pn—jq) -
12 _ ¢ (mod q) hence |¢(7d )51(m0d q).Similarly, o(I)ZpH =4(2p"7), yields I @~ =1(mod p™). As p and q are
2ol _
distinct primes, therefore, weget | ¢ ° =1 (mod 2p" q),
Hence, 2; =0(I), ,n-j divides ¢(2p"'a) and we get that A, =¢(2p"q) .
d d

LEMMA 2.2 For given p, g, | distinct odd primes such that gcd (¢(p ), ¢(a))=d,and I is primitive root mod(p) as well as
g then there always exists fixed integer a satisfying gcd(a, 2pg)=1, ,1 <a< 2pg,such that a is primitive root mod(p) and

$2p q) ,
order of a mod q is #(9) .Also a,a2 as....... a%! does not belong to the set S={1, 1,12 ..., ¢ .Further for this fixed
d
$(2p"a) ¢2p"a) $2p" o)
integera andfor0<j<n-—1theset{1,1,12 ..., 1 ¢ ,a,al,...al d ,a%,a%l, a2 ... a2l 4 ,
$2p" o)
adt gl .. a%t] d } forms a reduced residue system modulo 2p"™iq
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Proof . Trivial

THEOREM 2.3 If n= 2p"g (n > 1), then the 2n(d+1)+4 cyclotomic cosets modulo 2p"q are given by (i) Co= {0}
(i) C yng =L P"a 3 (iil) C o ={p" Pl ...y " 7@ (iv) C, .o = 20" 20", ... 2p" 171 and for0<j<n-1,

: )1 "
pJq|¢(|0 ) [#(P") 3

Wc , ={ra pal ..., } ()G, i, =420/, 2p'dl, ..., 2p)q
p’q

ForO0<j<n-1,and for0<k<d-1,
o 2™
(vii) Cakpj ={a<pl,a<pll,....,akpi | ¢ '}
' ' ™)
2a¥p) ={2apl,2akpll,...,2akpi | d 1}  .where the number a is given by Lemma2.2.

Proof (i) Co= {0}, (ii) Cpnq ={p"q }are trivial

(viii) C

(iiii) since o(1),, = #(q) , therefore, 179 = 1 (mod2q)

p" 17 =p" (mod 2 p" q)

.Hence C o" ={p", p"l..., p" [#(@ } is the cyclotomic coset containing p".
(v)similarly C, , = {2p" 20", ..., 2pn |91y

is the cyclotomic coset containing 2p".

(v) As by our choice for 0 < j <n-1, o(l), ., =¢(2 p"), therefore,
p

172" _ g (mod 2p™).Let, if possible pi g 1" =pi g I¥ (mod 2p" g) ,for some hzk , 0 < h, k < #(2p" ') —1.By
= | (mod 2p™), which is a contradiction, since by our choice h-k <

g9 1

dividing the above congruence by pig, we get I

$(2p") and ol), s =42 p"’).Therefore, the set C ; = {p'q, plal . ..., p/
q.

}is cyclotomic coset containing p!

n—jy_
2qu|¢(|0 )-1

(vi) Similarly, Czqu: {2p'q, 2pql , . }is cyclotomic coset containing 2p' g. (vii) By lemma2.1,

o(l), . _ #(2P"'9) Then, for integers h, k such that O<h, k< #(2P"'a) _1 we get that 1" % 1X (mod 2p™ig).Since p is co

p"lq d d

prime to both | and q ,therefore it follows that for given integer j, 0 < j < n—1,we have pi I % pl & (mod 2p" ). Also
- o ) ) C ™)

(a,pgh=1So akp' I" # akp I (mod 2p" g). Thus the set Cakp q={akplakpl,...,akpl | ¢ } iscyclotomic coset

$(p"la)
containing Cakpj . (viii) On similar lines, the set C2ak N ={2ap,2akpl ...,2ap | ¢ }is cyclotomic coset containing
C2akp ;-

2p"g. By constructions of cyclotomic cosets in (i)-(viii) it follows easily that: Then by order considerations, it follows
that the sum:

Co|+C + +
|Col#1C g, #1C 1 +1C, 0|

. We now claim that the cyclotomic cosets obtained in (i)-(viii) above are the only cyclotomic cosets modulo

d-1 n-1 n-1
+ +
kZ:[:) JZ:; |Cakpj |+|C2akpj | ;[lcqu |+|Czqu |

=248 @] 15 20 90D g0
j=0

n-1 . .
= 2+2¢(q)+2 _20{¢(p”‘1)+¢( P )} =29 +24" 4(p" 1) =29 +2q(p"™1)= 2p"g.
j= =0
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1. CONCLUSION
As the code of length 2k + 1 is capable of detecting 2k errors and correcting k errors. So the following conclusions are
made for error correction and detection capabilities of the cyclic codes when 2n(d+1)+4 the cyclotomic cosets are

obtained in the ring R, g =GF (I)[x]/(x**"9 =1) the corresponding primitive idempotents are also obtained and

consequently the minimum distance of the cyclic codes may be obtained which help in the correction and detection of
transmission errors.
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