International Journal of Mathematics Trends and Technology Volume 68 Issue 4, 87-93, April 2022
ISSN: 2231 — 5373/ https://doi.org/10.14445/22315373/IIMTT-V6814P514 © 2022 Seventh Sense Research Group®

Original Article

Local Existence and Uniqueness of Solutions to
Yang-Mills Heat Flow Problem

Duong Giao Ky*?

!Faculty of Education, An Giang University, An Giang, Vietnam.
2VVietnam National University Ho Chi Minh City, Vietnam.

Received Date: 18 March 2022
Revised Date: 20 April 2022
Accepted Date: 30 April 2022

Abstract - In this paper, we consider the following nonlinear equation

Zt—uzéfu +dT+16,u—3(d -2)u?—(d-2)r’u’

where u:(r,t)eR? > R,d e N". This equation has been investigated by Grotowski in 2001 in studying the Yang-Mills heat

flow connections on Riemann manifolds. In the paper, we prove the local Cauchy problem for above equation that is well-
posed in L7 . (R,). More precisely, for any initial data u, € L . (R, ), there exists T (u,)>0 such that the above equation

has a unique solution u(t)e L7 . (R, )forall te[0,T (u,)].

Keywords - Local Cauchy problem, Local existence and uniqueness problem, Yang-Mills heat flows, Yang-Mills connections,
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I. INTRODUCTION
In this paper, we are interested in the following nonlinear heat equation

ou _ d+1

afu+Ta,u—3(d—2)u2—(d—2)r2u3, (r,t)e(0,40)x[0,T), "
u(0)=u, eL"(R,),
where u:(r,t)eIR{i - R,d eN". Equation (1) has a strong connection to the problem of Yang Mills connections in

R® x SO(d) which is an important part in Yang-Mills theory. We would like to mention that the theory was used to study the

weak nuclear forces, governing the nuclear decay of some particles which is considered as a non-commutative version of
Maxwell’s electromagnetism, see more details in [1]-[6]. In particular, the Yang-Mills heat flow has received a lot of attention
from both mathematics and physics communities. Results on existence and uniqueness of weak solutions in other functional
spaces were obtained in [7] for d =2,3, and [8] and [9] for d =4; global existence has proved in [10]-[12]; the regularity
was established in [13] in for higher dimensions; stability were proved in [14] and [15]; singularity formations have been
studied in [16]-[24], the local well posedness was studied in [25] and [26] in Sobolev spaces . In particular, the study of Yang-
Muills connections usually is considered in abstract spaces such as Riemann manifolds which get lot of inconveniences. For that
reason, the author in [17] reduced the study of Yang-Mills connections to the problem introduced in (1).

The main goal of this paper is to study the local Cauchy problem to (1) since strong connections to the Yang-Mills
problem. Recently, the authors in [24] solved the local Cauchy problem for (1) in C; (R, ) defined as the set of smooth

functions with compact supports. However, it remains open if the local Cauchy problem in can be solved L”(R.). In this
work, we aim to prove the Cauchy problemin L . (R, )< L" (R, ) which is strictly larger than C;" (R, ).
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For more convenience, we mention below some important notations which will be used in the proof of the paper. Let Q be a
Lebesgue measurable setin R",neN", we denote L” (Q) as the set of all Lebesgue measurable functions f on Q satisfying

inf {B such thaty({XGQ:|f (x)|> B}) =O} < 40

which is a Banach space with the following norm
| f (o = INF {B such that,u({x eQ:|f(x)|> B}):O}.

Similarly, we also define Li‘x‘z (Q)

1+\x\2

L7 . (Q)= {f e (@) such that |[L+ ") £ () o +oo}

and it is also a Banach space with the norm
If

e (@ = “(1+|X|2) f ()
We call f a radially symmetric function on Q if and only if for all orthogonal matrices Aand x € Q, then it satisfies that
AxeQ and f (Ax) = f(x). Hence, we introduce

L (Q) = {f e L”(Q) suchthat f radially symmetric} ,

@)

. norm. In particular, we also define the abstract space of Banach-valued functions

which is a Banach space with |

X", T>0 by

(@)

XT = L°°([0,T], Ly (Q) AL (Q))

l+\x\2
which is also a Banach space with the norm

el =[2(®)

where Z (t) =z(t)

S(Chy)

L1+M2 ©
d+2

Let A be Laplace operator in Euclide space R®**defined by A = Zaijxj . By taking Q=R"?, we recall the definition of

j=1
semi-group {eA‘ }M as follows
eAt L (Rd+2) N (RCHZ)
and
" 1 et
e f(x):ﬁj f(y)e * dy. )
(47zt)T RY+2
We would like to mention [27, Proposition 48.4] the following fundamental estimate
e f <|f . 3
” L”(LEM) ” "w(;.“] ( )

Il. MAIN RESULTS
In this section, we aim to prove the local Cauchy problem for equation (1) in Li\xf (R+). However, it is so hard to give a

direct proof to equation (1) due to complexity of the linear operator

6f+d—+16,.
r

To overcome this challenge, we used the idea investigated in [28] where the authors successfully handled the Cauchy
problem for harmonic heat flows. Let f be a function defined in R , then we denote f as f ’s extension on R%*? given by

F(x)=1(x]). “)
We can see that the extension is always a radially symmetric function on R**?. In particular, once f e C*(R,), then we
have f eC?(R‘*)and the following identity holds
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AT (%)= 62f+d—+18 ()

Let us consider u isa C*(RR, ) -solution to (1) (so-called the classmal solution), then the extension (i belongs to CZ(R”*Z)
and U satisfies the following equation
0,0 = AL]—B(d ~2)a% —(d - 2)|x[" &%, (x,t) e R**?x(0,T),
1(0) =0, e Li,y (R*?).
From the symmetricity of equation (5), the solution G remains radially symmetric as well as the solution exists. In the

following, we aim to prove the local Cauchy problem to equation (5) in L, (R***)~ L (R%*?). Firstly, we have the

®)

following Lemma:
Lemma 2.1. Let us consider « be a positive number and f e L” (Rd*z) satisfying

Jst ) )

<A. )

Lm(]Rmz)

Then, it holds that
< C(a)A,t >0,

L (Rmz)

H(1+|x|“)emf

where the semi-group e" defined as in (2).
Proof: By the explicit formula in (2), we write as follows

1 L
e (x)=— oy [ € f(y)dy.

(47zt )T RI+2

Let us consider R >0 large enough and fixed later. For all |x| <R, we use (6) to derive

2

xyf
AL+ R*) j e «

d+2

(47rt R 21"'|y|

@ xer f (x)|< C(R,a)A.

It remains to the case |x|>R. Let us define K, :{y:|y|£%} and K, = {y ly| > | |} It is obvious that K, UK, = R"*?.

Then, we have the decomposition

(1+|x|“)emf (x)=

1 1+|x oof
(4 [ B ettt
Art) 2 r%?

where

1 1+|x
l, = d+2J‘ || e 4t (1+|Y|) ( )dy’
(4rt) 2 &1+

and

1 1+(x
l=—"%7] L (1+|y|) (y)dy.
(4nt) 2 w1+

+ For I,: We use the facts that t € (0,1)and y e K;,|x— Y| 2|x|—|y|2m , then it follows

[x=yf

J'<1+|x| )e “ dy.

(47Tt) Ky

1<
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Using the changing variable z = Xy , We get the following

2t
eyt
(4 tl)M!(“'X'a)e X"
wl) 2 K

= (1+|:(E) _[ e’ dz

(ﬂ') 2 yeKl,z:«/t—y—x

S5 I e dz<C(1+]| |)d+2m e
(77) 2 @s\z\s?";‘
<C(R,a),
which implies [I,|<C(R,a)A.
| Mo L .
+ For 1,: Using the fact that y e K,,|y| 2? , then it followsws C(a). Hence, we estimate I, as follows
+y
ey
I1,| < C(a)d'i [e “dy<C(a)A.
(47Tt) 2 K

Thus, we conclude that for all |x| > R, we have
@ |x)e (0] <C(Ra)A.

Finally, we get the conclusion of the proof.

Now, we have the following result:
Proposition 2.2 Let 0, € Ly, (R*?) A7, . (R )arbitrarily, there exists T =T (@) >0 such that problem (5) has a unique

1+\x\2

solution on [0,T] and d(t)e Ly, (R***) L7, . (R**)for allte[0,T]. In particular, the following estimate holds

1+\x\2
ol <[ sy 2
Proof: The result follows from the Banach fixed point theorem (the unique fixed point of a constructive mapping). Let us
consider initial data 0, € L, (R*) L (R°*?) and T >0 and define
B, = {a e X" such that a—e* (a,)] , sl} :
In addition, we define I a mapping on X'

r(0)(t)=e"d, +ie("s)AF (s,a(s))ds,t >0 and T'(z)(0)=0,, @)

and F defined by

F(0)=-3(d -2)a* —(d -2)|x"a°. ®)
In the below, we aim to prove that once T small enough, T satisfies the following properties:
(H1): T maps B, into itself.

(H2): Tis a contraction mapping on B; i.e. there exists 4 €(0,1) such that
o (a,)-T(0,)|, . <)% -0, . va,,0, € B,.
- Proof of (H1): Let 0 e B, arbitrarily, we derive from (8) and the fact ||d]|, . <1
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3

Li‘x‘g (\;@}Mz) j <C ||l:i (S)|||_'1’i‘x‘2(€d+z) y

Jfa i) F a(s)

() sc["a(s)

:’;\xxz(ww) - "U(S)

Applying Lemma 2.1 with ¢ =2and t-s e (0,1) , Wwe get

(t-s)A ~ ~
e F<U(S)) "E\XF(RG‘Z) < Cl "u”xT !
which yields
t
[T (a)-e“q, o= Ie("S)AF(G(s))ds <CTd],. . (9)
0 X7
1 2
forall e B,. Taking T < [Ej , We get
1
[T (0)-ea,|, <[], . vaeB,.

In addition, since 0 is radially symmetric, so F(ﬁ) defined as in (8) is and the convolution in (2) saves the symmetry that

leads F(U(t)) is radially symmetric for all t [0, T]. Finally, we conclude (H1).

- Proof of (H2): Let a,,0, € B,, and we write
F(0,(s))-F(t,(s))=-3(d -2)(t,(s)-0,(s))(0,(s)+0,(s)
—(d=2)|x (g, (s)-a, (s))(a7 (s)+0, (s)0, (s)+ 03 (s))-
Since |0, <land ||d,|,. <1, we derive
|7 (a.(s)-F (2. (s))
Regarding to Lemma 2.1, we have
e (F (a.(s)) - F (e (5))) o) S Cla, (s)-q, (s)||L;‘X‘2 oy <CIE -0

forall t—s>0,se(0,t). Thus, we derive from (6) that for all t (0, T]

T (a,)(t)-T () (V)] (o) < Clo, 0], [jdsj <C,T|d, -0, ,

{2

L;x‘z(re,m) <C ||l]1 (5) -0, (S)”Li‘X‘Z(RM) ,Vs e [O,T] .

which yields

(@) -T(a,)|,, <C,T|d -0, va,d, eB,.

xT

2
Finally, we choose CZ\/?g1 ie. T< L then
2 2C,

1, -
£E||u1—u2||XT , V0,0, € By,

||F(l]1)—r(l]2)

XT
which concludes (H2).

Now, we continue on the proof of the proposition, since X is a Banach space and I is a contractive map from B, to itself, so
we apply Banach fixed point theorem that there uniquely exists 0 € B, such that

a(t)=r(a)(t),vte[0,T],
and we have the estimate
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e < g,

. +||r(u)—ema0

<||d,

1 (k942) +1. (10)

T
X 2

In particular, by the parabolic regularity of the semi-group e, we improve that G(t) eC? (Rd*z),Vt €(0,T) and it satisfies
equation (5) for all (x,t) e R**?x(0,T ) point-wise, and we derive from (10)

[l , +2
|a(xt) < ——,v(x,t) e R**x(0,T].

Finally, we get the conclusion of the Proposition.

Consequently, Proposition 2.2 implies the following result:
Proposition 2.3: Let d >1be an integer number and initial choiceu, € Ly . (R, ). Then, there exists T =T (u, ) such that

problem (1) has a unique solution on [0,T]andu(t)eL” . (R,)nC?(R,),Vte(0,T]. In particular, we have the following

1+hf
estimate
C(u
|u(r.t)|< %,v(r,t) eR, x(0,T).
Proof: Let u, € L7, . (R, ), then, it follows from the extension (4) that 0, & L, (R***) L (R**). Applying Proposition

2.2, we obtain the existence and the uniqueness of the solution (0 to equation (5) on [O,T(uo)] and

a(t)eli, (R,)NL", . (R,)nC*(R,),vte(0,T], then, the problem (1) and (8) are equivalent in the radially symmetric

l+hf

setting, this leads to the existence and the uniqueness of u and also the conclusion the proposition completely follows.

Remark 2.4: We can repeat the proof of Propositions 2.2 and 2.3, to establish the local existence and uniqueness in spaces

L” . (R,)where o> g Since the main difficulty is to handle the hugeness of nonlinear term r?u®at infinity. However, once

1+r%

1+

uel” (K),a 2% it follows that the nonlinearity is controlled well by

riud = %((u r”’)u)3 < u

(1+r)

since E—3 < 0. We kindly refer the readers to check the details of the general results.
[04

2

3 a\-3
o ()

I1l. CONCLUSION

As we showed in Proposition 2.3, the local Cauchy problem in L/ , (R+) is completely solved (also inL; . (]R+),a 2%

as in Remark 2.4). In comparison to the result proved in Donninger and Schérkhuber, 2019 where the authors considered the
problem in C; (R, ), our result is better. The technique of the proof replies to the idea given by Biernat and Seki, 2019 that

extended the original problem to the radially symmetric one in R%*?, and then, we established a new property that the semi-

group e”,t>0 reserves the polynomial decays showed in Lemma 2.1, then the existence and uniqueness follows by the
route map based on Banach fixed point theorem.
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