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Abstract - In recent years, graph coloring includes star coloring, prime coloring, face coloring etc., plays a vital role
among researchers. In this disquisition, we examine the star chromatic number ys of the line graph of ladder graph L(L.)
and book graph L(By).
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I. INTRODUCTION

All Graphs considered in this paper are loopless, simple and undirected graphs without multiple edges. A Graph has
various special patterns like star, path, cycle, regular graph, bipartite graph etc., [4] Ladder and Book graph are described
for graph cartesian product where ladder graph is defined as L, = P, X P, where P, is path graph and book Graph is the
combination of star graph and path graph on two vertices and it is defined by Bn = Sp+1 X P2 where Sp41 is star graph and
P, is path graph [8]. Hosoya and Harary (1993) used ladder graph for graph cartesian product K, x C, where K; is the
complete graph on two vertices and C, is the cycle graph on n vertices. A Line Graph notion was introduced by Whitney in
1932 [6]. In 1973, Branko Grunbaum introduced the star chromatic number. Here, we discuss the star chromatic number
of line graph of ladder graph and book graph The Star Chromatic Index of a graph G [2] is the minimum number of colors
needed to properly color the vertices and edges of the graph so that no path or cycle of length 4 is bi-colored.

Il. PRELIMINARIES
Definition 2.1: Line Graph

The Line Graph L(G) [1], [4] of a graph G is defined as

e Each edge of G represents an vertex of L(G)
e Two vertices of L(G) are adjacent iff their corresponding edges share common endvertices in G.

Definition 2.2: Proper Coloring

A Proper vertex coloring or proper edge coloring of a graph G is the assignment of colors such that no two adjacent
vertices or edges receive the same color [5].

Definition 2.3: Star Coloring
A Star Coloring of a graph G is a proper coloring of graph G such that no path of length 3 in G is bicolored [3], [7].
Definition 2.4: Star Chromatic Number

The Star Chromatic Number of an undirected graph G, denoted by ys, is the smallest integer k for which G admits a star
coloring with k colors [9], [10].

I11. STAR COLORING OF LINE GRAPH OF BOOK GRAPH
Theorem 3.1
The Star Chromatic Number of line graph of book graph for n >3 is ys(L(By)) = 4

Proof

Let V(Bn) = {vi : 1<1 < 2n+6} and E(Bn) = {ei : 1< i < 3nt+1} where ¢; is the edge vivis (1< 1 < n-1). By line graph
definition V[L(Bn)] = E(Bn) = {v’i: 1<i<3n+1}, where v’ represents the vertices of line graph of book graph. L(B,) is n-
rhombus at one midpoint.
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Assign the coloring as follows:

Let o be the proper star coloring

C1, i=1
o(v’) = C, i=3n-1
—
Cs, i=3n
Cs4, Otherwise

To Prove: ys(L(Bn)) = 4
Suppose ys(L(Bn)) < 4, say 3. Here, n — rhombus (L(Bn)) is {Vi, Vi+1, Vis2, Viss,...} color with {C;, Ci+1, Ci+2, Ciss}. Obviously,
midvertex v’; is colored with ¢; . We conclude that { van, Van1, Van+1} Needs atleast 3 colors. Our assumption is contradiction
to proper star coloring. So, four colors is adequate to color the L(Bn).
Therefore, ys(L(Bn)) = 4
Theorem 3.2
Let By be a book graph with (3n+1) edges, then y’s(L(Bn)) = 2n for alln>3
Proof
Let EBn) ={ei: 1 <i<3nt+l}, VBp) ={vi: 1 <i<2n+6} and E[L(Bp)] ={e’i: 1 <i<4n}, VILB)]={vi: 1 <i<
3n+1} here E(Bn) = VIL(Bn)] = {v’i : 1 <1< 3n+1} where v’; and e’; represents the vertices and edges of line graph of book
graph respectively. L(By) is n — rhombus at one midpoint.
Case— (i) Forn=3
Assign the colors as follows:
o(eax) = o(eak+s) = Cok
o(ew-3) = o(eak-1) = Coxa forallk=1,2,...

Case - (ii) Forn>3

For n > 4, color assigning order is as follows:
o(€eak-3) = o(eak-1) = Cox1

G(e4k.2) = G(e4k.4) = Couz forallk=1,2,...
There remains two uncolored edges, so we assign ¢, color to o(es) = o(ea+10) foralln > 4.
To Prove: y’s(L(Bn)) =2n for all n > 3.

Suppose ’s(L(Bn)) < 2n, say 2n-1; graph E(L(B,)) has 2n edges incident at the midvertex. By the definition of proper
coloring we need 2n colors to color the E(L(Bn)). Our assumption is contradiction to proper coloring. So, y’s(L(Bn)) = 2n
for all n > 3. Therefore, y’s(L(Bn)) = 2n.

IV. STAR COLORING OF LINE GRAPH OF LADDER GRAPH
Theorem 4.1
The Star Chromatic Number of line graph of ladder graph L(L.), where n is any positive integer and n = 3 is ys(L(Ln)) =
4.

Proof

Let V(Ln) ={vi:1 <i <2n}and E(L,) ={ei: 1 <i <3n—2} where gjis the edge vivia (1 <i <n—1). By the
definition of line graph V(L(Lh))={v’i:1 <i <3n—2}, E(L(L) ={e’i:1 <i <4n} E(L))=V(L(Ly))={v’i:1 <
i < 3n— 2}, where v’; represents the vertices of line graph of ladder graph.
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Case— () n=0mod 3

Since V(L(Ln)) = {v1’, v2’, ..., voan’ }U {Van+1’, Vons2’,..., Van2’} and o be star coloring
gl
ci i=1mod3
O'(Vi’)= C2 i=2mod3
—_—
c3 i=0mod3
¢4 otherwise
—
Therefore, {c1, C2, C3, C1, C2, Cs,..., C1, C2, Ca} be the colors assigned to consecutive vertices { vi’, v2°, ..., v2n’} and for inner

cycle ¢4 color is applied.
Case — (ii)n=1mod 3

Rearranging the color sequence for n =1 mod 3 are given below:

c1 i=2n+l
o(vy’) = c; 1=4n-2
—_—
c3 i=4n
¢4 otherwise

By repeating the sequence of colors { ¢z, €1, Cs, C1, C2, C1,Cs,..., C3,C1, C2 } for the vertices { vi’, v2’, ..., v2a’} and remaining
vertices ¢4 color is applied.

Case — (iii) n =2 mod 3

Let o be the star coloring

[ c1 i=2n+1
o(Vi’) = c; 1=4n-2
— .
c3 1=4n
cs otherwise

To Prove:;(L(Ln)) =4forn =3

Suppose xs(L(Ln)) < 4, say 3; ys(L(Ln)) = 3.

Here { vi’, v2°, v3’..., vaa’} be the vertices of outer cycle is assigned colors with {ci1, ¢z, cs} and inner cycle {van1’,
Vans2',..., Van2’} be uncolored vertices. By proper coloring, introduce new color ¢4 to inner cycle of V(L(Ln)). Our
assumption is contradiction to proper coloring. Hence, ys(L(Ln)) = 4

Theorem 4.2

The line graph of ladder graph, y’s(L(Ln)) =5 for n>4

Proof

Let V(L)) ={vi:1 <i <2n}and E(L,) ={ei: 1 <i < 3n—2} where gjis the edge vivis1 (1 <i <n—1). By the

definition of line graph V(L(Ln)) = {v’i:1 <i <3n—2} E(L(Lny)={e’i: 1 <i < 4n} where Vi’ and ¢’ represents the
vertices and edges of line graph of ladder graph respectively.
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Let E(L(Ln)) ={e1’, e2’, €3’,..., €2n’} U {€ons1’, €2ns2’,..., €2n-a’ 3. Here { €17, €2, e3’,..., ean’} be the edges of outer cycle and
{ eans1’, €2n42’,..., €2n-a"} be the edges of inner cycle of E(L(Ln)).

Case — (i) n=0mod 3

Let o be star coloring

—

¢t i=1mod3

Cc i=2mod3
o(e’)= — c¢3 i=0mod3

cs i=odd

Cs i=even

To Prove: y’s(L(Ln)) =5
Suppose x’s(L(Ln)) <5, say 4. The edges { e1’, e2’, e3’,..., e’} of the outer cycle assigned with colors {c1, Co, C3} as proper
coloring. One more is not sufficient to proper color the inner cycle with edges {ezn+1’, €2n+2’,..., €2na’}. So, we introduce

new color ¢4 and cs to inner cycle. {cs, ¢y, c3, €1, Cy, Cs,..., c1, C2, C3} be the colors assigned to consecutive edges { e1’, e2’,
es’,..., e2n’} and for inner cycle ¢4 and cs colors are applied.

Case—(ii-a)n=1mod 3

Rearranging the color sequence for n =1 mod 3 as follows:

—

Ci i=2n+l
C2 i=4n-2
oe’)=— €3 i=4n
cs 1=odd
Cs i=even

—

By repeating the sequence of colors { ¢z, Ci, Cs, C1, C2, Cy, Ca,..., C3, C1, C2 } for the edges { e1’, e2’, ..., e’} and ¢4 and
cscolors are applied to inner cycle of E(L(Ln)).

Case — (ii-b)n=2mod 3

Let o be the star coloring and rearranging the color sequence for n =2 mod 3 as follows:

—

i i=3n
Co i=3n-1
oe’)=— 3 i=3n+l
cs i=odd
__Cs i=even
The sequence of colors { ¢z, €1, C3, C, C1, Cs,..., C2, C1, C3 } for the edges { e2’, e3’, ..., e2n’} and ¢4 and cs colors are applied

to inner cycle of E(L(Ly)).

Thus, there remains one uncoloured edge e;’ in outer cycle, by the definition of star coloring we use either c4 or cs color for
the respective edge.

Hence, y’s(L(Ln)) = 5.
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V. CONCLUSION
In this paper, we found the star chromatic number for line graph of book graph and ladder graph. In future, we can
extend into some other classes of graphs by using star coloring, face coloring, map coloring, prime coloring etc,.

REFERENCES

[1] BondyJ. A and Murty. U. S. R, Graph Theory with Applications, London, MacMillan. (1976).

[2] Branko Grunbaum, Acyclic Colorings of Planar Graphs, Israel J. Math. 14 (1973) 390-408.

[3] Fertin, Guillaume, Raspaud, Brue, Star Coloring of Graphs, Journal of Graph Theory. (2004) 163-182.

[4] Frank Harary, Graph Theory, Narosa Publishing Home, New Delhi. (1969).

[5] Gary Chartrand, Ping Zhang, Chromatic Graph Theory. (2019).

[6] Hassler Whitney, Congruent Graphs and the Connectivity of Graphs, Amer. J. Math. (1932).

[7]1 Jay Yellen, Jonathan L.Gross, Mark Anderson, Graph Theory and its Applications. (2018).

[8] Kavitha. B. N, Indrani Pramod Kelkar, Rajanna. K. R, Perfect Domination in Book Graph and Stacked Book Graph, International Journal of
Mathematics Trends and Technology. 56(7) (2017)

[9] Kowsalya. V, Vernold Vivin. J and Venkatachalam. M, On Star Chromatic Number of Sunlet Graph Families, Ars Combinatoria. 123 (2015) 431-
437,

[10] Vernold Vivin. J, Kowsalya. V, Vimal Kumar. S, On Star Chromatic Number of Prism Graph Families, TWMS Journal of Applied and Engineering
Mathematics. 9 (2017) 687-692.

[11] Van Bang Le, Florian Pfender, Color-Line and Proper Color-Line Graphs. (2019).

[12] V. K. Balakrishnan, Graph Theory. (2012).

[13] Douglas B. West, Introduction to Graph Theory. (2005).

[14] Jay Yellen, Jonathan L.Gross, Mark Anderson, Graph Theory and its Applications. (2018).

[15] Maria Chudnovsky, Neil Robertson, Paul Seymour, Robin Thomas, The Strong Perfect Graph Theorem, Ann. of Math. (2006).

[16] T. L. Austin, The Enumeration of Point Labelled Tress and Chromatic Graphs. (1960).

[17] S. Arumugam, S. Ramachandran, Invitation to Graph Theory. (2009).

[18] Gary Chartrand, Linda Lesniak, Ping Zhang, Graphs and Digraphs. (2015).

[19] M. C. Golumbic, Algorithmic Graph Theory and Perfect Graphs. (1980)

[20] Kowsalya. V, Vernold Vivin. J and Venkatachalam. M, A Note on Acyclic Coloring of Sunlet Graph Families, International J.Math. Combin. 1
(2017) 135-138.

[21] A.A.l Perera and D.G.T.K. Samarasiri, Mathematical Induction and Graph Coloring, International Journal of Mathematics Trends and Technology.
2(2) (2011).

[22] C. Shobana Sarma, K. Thirusangu, Acyclic Coloring of Middle and Total Graph of Extended Duplicate Graph of Ladder Graph, International
Journal of Mathematics Trends and Technology (IJIMTT). (2018).

[23] G.Jothilakshmi, A.P.Pushpalatha, G.Sudhalakshmi, S.Suganthi, v.Swaminathan, Distance r-Coloring and Distance r-Dominator Coloring Number of
a Graph, International Journal of Mathematical Trends and Technology (IIMTT). (2014).

[24] J.A. Andrews and M.S. Jacobson, On a Generalization of Chromatic Number, Congr. Numer. 47 (1985).

[25] G. Chartrand, D. Geller and S. Hedetniemi, A Generalization of Chromatic Number, Proc. Cambridge Philos. Soc. 64 (1968) 265-271.

106



