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Abstract - In this paper, we prove some common fixed point theorems in complex valued metric spaces satisfying (E.A.)
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1. Introduction.

Mathematical results on fixed points of contraction type mappings are well known for their utility in determining the
existence and uniqueness of solutions to various mathematical models. Azam et al. [3] proposed the notion of complex valued
metric spaces and came up with some fixed point solutions for a pair of mappings that meet a rational expression for
contraction criteria. Verma and Pathak[8] recently developed the concept of property (E.A.) on a complex valued metric
space in order to derive some common fixed-point findings for two pairs of weakly compatible mappings that meet a max
type contractive condition. Ahmad et al. [2] establish some common fixed results for mappings fulfilling rational expressions
on a closed ball in complex valued metric spaces, while Rafiq et al. [6] prove some common fixed point theorems of weakly
compatible mappings in complex valued metric spaces.

2.1. Basic Definitions and Preliminaries
We remember some notations and definitions that will be used in the conversation that follows. Azam et al. [3] recently
proposed the following definition:

Let C be the set of complex numbers and z,, z, € C . Define a partial order < on C as follows:
z, S z, if and only if Re(z;) < Re(z,), Im(z;) < Im(zy).
Consequently, one can infer that z; < z, if one of the following conditions is satisfied:

(i) Re(z1) = Re(z), Im(z,) < 1m(z,),
(ii) Re(z,) < Re(z,), Im(z;) = Im(z,),
(iii) Re(z;) < Re(z,), Im(z;) < Im(z,),
(iv) Re(z;) = Re(z,), Im(z;) = Im(z,).

In particular, we write z; < z, if z; # z, and one of (i), (ii), and (iii) is satisfied and we write z; < z, if only (iii) is satisfied.
Noticethat0 S 2z, $ 2z, = |z;| <lzyland 2z, S 7, 2z, < 23 = 2, < z3.

Definition 2.1[3]. Let X be a nonempty set, whereas C be the set of complex numbers. Suppose that the mapping d: X x X —
C, satisfies the following conditions:

(d1) 0= d(x,y) forall x,y € X and d(x,y) = 0 ifand only if x = y;
(d2) d(x,y) = d(y,x) forall x,y € X;
(d3) d(x,y) S d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a complex valued metric on X, and (X, d) is called a complex valued metric space.
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Example 2.1[6]. Let X = C . Define the mapping d: X x X — C by
d(x,y) = e |x —y| where k € Rand forall x,y € X.
Then (X, d) is a complex valued metric space.

Definition 2.2[3]. Let (X, d) be a complex valued metric space and B < X.

(1) b € B is called an interior point of a set B whenever there is
0<r e Csuchthat N(b,7) S B,
where N(b,r) = {y € X:d(b,y) <1}
(i) A point x € X is called a limit point of B whenever for every
0<reC N(xr)n(B\{X}) #¢
(iii) Asubset A < X is called open whenever each element of A is an interior point of A whereas a subset B € X is
called closed whenever each limit point of B belongs to B. The family

F={N(x,r):x € X,0 < r is a sub-basis for a topology on X. We denote this complex topology by
7¢. Indeed, the topology t. is Hausdorff.

Definition2.3[3]. Let (X, d) be a complex valued metric space and {x,, }.=1 be a sequence in X and x € X. We say that

(i the sequence {x,, }»>1 converges to x if for every ¢ € C with
0< c there is ny € N such that for all n > n, d(x,, x) < c. We denote this by lim x,, or x,, = x, asn — oo,
n

(i) the sequence {x,, }»=1 is Cauchy sequence if for every ¢ € C with
0 < cthereisny € N such that for all n > ng, d(x,, Xpim) < €,
(iii) the metric space (X, d) is a complete complex valued metric space if every Cauchy sequence is convergent.

Aamri and Moutawakil [1] developed several common fixed point theorems for mappings having the property (E.A.) on a
metric space under rigorous contractive conditions. In complex valued metric space, Verma and Pathak [8] defined property
(E.A.) as follows:

Definition 2.4 [8]. LetS,T:X — X be two self maps of a complex valued metric space (X, d). The pair (S,T) is said to
satisfy property (E. A.), if there exist a sequence{x,} in X suchthatlimSx, = limTx, = tforsomet € X.

n—-oo n—-oo

Definition 2.5 [4] Let f and g be two self-maps defined on a set X, then f and g are said to be weakly
compatible if they commute at coincidence point.

Definition 2.6 [8]. The ‘max’ function for the partial order < is defined as follows:
Q) max{zy, 2z, } =2z, © z; = z,.

(2) zi;3 max{z,, z3 } = z; S z,0rz; S 73 .

() max{z,,z, } =2z, & z; Sz, 0r| z; | < |z,

2.2. Main Results

Azam et al. [3] introduced the notion of complex-valued metric spaces and derived certain common fixed point findings
in the setting of complex-valued metric spaces. This study proves the existence of common fixed points for weak compatible
mappings on complex-valued metric spaces. Similar findings in the literature are reconciled, extended, and complemented
by our findings. For four mappings employing weak compatibility and property (E.A.) in ordinary metric space and complex
valued metric space, our result expands numerous known results, including Azam et al [3], Sintunawarat and Kumam [7],
Verma and Pathak [8].

Theorem 2.2.1. Let (X, d) be a complex valued metric space and mappings f, g,S,T: X — X satisfying

(2.2.1) SX)cg®X), T&E cfX);

a(fx,5x) d(gy.Ty)
<
(222) d(Sx,Ty) S a.max {d(fx, ay), ATy e dlays) +d(fx‘gy)}

forall x,y € X such that x # y, d(fx,Ty) + d(gy,Sx) + d(fx,gy) # 0
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where « is nonnegative real with a < 1.
(2.2.3) the pairs (S, f) and (T, g) are weakly compatible,
(2.2.4) one of the pair (S, ) or (T, g) satisfy the property (E. A.).

If the range of one of the mappings f or g is a complete subspace of X, then mappings f, g, S and T have unique common
fixed point in X.

Proof. First suppose that the pair (T, g) satisfies property(E. A.), there exists a sequence {x,} in X such that

lim Tx, = lim gx, =z for some z eX.
n—oo

n—oo
Further, since T(X) c f(X) , there exists a sequence {yn} in X such that Tx, = fy, for all

n € N. Hence, we have lim Tx,, = lim fy, = z. Now we show that lim Sy, =z. If not, then by using (2.2.2), with x =
n—-oo n—oo n—-oo

y,and y = x, , we have

A(fynSyn) A(gxn,Txn)
<
d(syn’ Txn) ~ @.max {d(fyn’ gxn)’ A(fynTxn)+ d(gxnSyn)+ d(fyn gxn)}

Taking lim n — oo, and using above conditions we get

lim d(Sy,,z) = a.0, which is a contradiction. Hence lim Sy, =z
n—-oo n—oo

Thus lim Sy, = lim Tx, =z.
n—-oo

n—-oo
Suppose that f(X) is complete, then fu = z for some u € X. Consequently, we obtain

lim Sy, = 711_{1010 Tx, =7£1£§0 gxn:%ijlgo fyw=z= fu

n—oo

Now we claim that Su= fu. For ,putting x=uand and y = x, in (2.2.2), we get

d(fu,su) d(gxn,Txn)
<
a(su,Tx,) = a.max {d(fu, gxn), A(fuTxn)+ d(gxnSw)+ d(fu gxn)}

letting lim n —» oo and using results above, we get

d(z,Su) d(z,z)
<
d(su' Z) ~ a.max {d (Z' Z)' d(z,z)+ d(z,Su)+ d(z,z)}

111_1)210 d(Su,z) 3 a.0, which is a contradiction. Hence Su = z. Thus, Su = fu=z.

Hence u is a coincidence point of (S, f). Now the weak compatibility of the pair (S, f) implies that fSu = Sfu or fz =Sz.
On the other hand, since S(X) c g(X), there exists v in X such that Su= gv. Thus Su = fu=gv= z.

Let us show that v is coincidence point of (T, g) i.e., Tv=gv = z. If not, then putting x=uandy =v in (2.2.2), we get

d(fu,Su) d(gv, Tv) }

d(Su,Tv) 2 a.max {d(fu,gv),d(fu’ Tv) + d(gv,Su) + d(fu, gv)

d(z,Tv) < .0, a contradiction. Thus Tv = z. Hence Tv = gv = z and v is a coincidence point of (T, g). Further the weak
compatibility of pair (T, g) implies that
Tgv =gTv, or Tz =gz. Therefore z is a common coincidence point of f,g,S,T.

In order to show that z is a common fixed point, let us put x=uandy =z in (2.2.2), we get

d(fu,Su) d(gzTz)
d(fu,Tz)+d(gz,Su) +d(fu,gz)

d(Su,Tz) S a.max {d(fu, 97), } = a.max{d(z,Tz),0}
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Or|d(z,Tz)| < a.|d(z,Tz)| < |d(z, Tz)|, a contradiction.
Thus Tz =z. Hence Sz=fz=Tz =gz = z.

Similar argument arises if we assume that g(X), is a complete sub space of X. Similarly, the property (E.A.) of the pair
(S, f) will give the similar result.

For uniqueness of common fixed point, let us put x=w andy =z in (2.2.2), we get

d(fw,Sw) d(gz,Tz)
d(fw,Tz) +d(gz, Sw) +d(fw, gz)}

dw,z) =d(Sw,Tz) < a.max {d(fw, gz),

= a.max{d(w, 2), 0}
Or|d(w,2)| £ a.ld(w,z)| < |d(w, z)|, a contradiction.
Thus w = z. Hence Sz=fz =Tz =gz = z, and z is the unique common fixed point of S, T, f, g. This completes the proof.
By setting f = g = I, in theorem 2.2.1, we get the following corollary:
Corollary 2.2.1 Let (X, d) be a complex valued metric space and mappings S, T: X — X satisfying

(i) SX) e T(X),

.. d(x,Sx) d(y,Ty)
<
(i) d(Sx,Ty) 2 a.max {d(x, ¥), ATy rdlrsm) +d(x’y)}

forall x,y € X suchthatx # y, d(x,Ty) + d(y,Sx) + d(x,y) # 0

where a is nonnegative real with a < 1.

(iii) the pairs (S, T) is weakly compatible,

(iv) the pair (S, T) satisfy the property (E. A.).

If T(X) is a complete then mappings S and T have unique common fixed point in X.
By setting f = g =S =1, in theorem 2.2.1, we get the following corollary:

Corollary 2.2.2 Let (X, d) be any complete complex valued metric space and mapping T: X — X satisfying

d(x,Tx) d(y,Ty)
<
d(Tx,Ty) 2 a.max {d(x, y),d Ty (y’Tde(x’y)}

forall x,y € X such that x # vy, d(x,Ty) + d(y, Tx) + d(x,y) # 0. where « is non-negative real with @ <1. ThenT has a
unique fixed point in X.

3. Conclusion

The presence of common fixed points for weak compatible mappings on complex-valued metric spaces is demonstrated
in this paper. Our findings reconcile, broaden, and reinforce similar findings in the literature. Our work extends multiple
previous findings, including Azam et al [3], Sintunawarat and Kumam [7], Verma and Pathak [8], for four mappings in
ordinary metric space and complex valued metric space that use weak compatibility and property (E.A.).
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