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Abstract - Generating, Minimal polynomial and Minimum distance of all 3(2n+1) quadratic residue codes(QR-Codes) of

length 4p™ over GF(l), where p, [ are distinct odd primes, o (1), = (p(zn),o(lh = @(4), gcd(p(P™), p(4)) = 2, p does

not divide 3 , are obtained.
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1. Introduction

Let F = GF (1) be a field of odd prime order | and k > 1 be an integer such that gcd(l, k) = 1. Let o(l),, denotes the
order of | modulo k. Many authors have obtained the complete set of primitive idempotents of the minimal cyclic codes of
various lengths. Sahni and Sehgal [1] described the minimal cyclic codes of length p™q, p, q are distinct odd primes and
o(Dpn = @(@™), 0(D)g = ¢(q), ged(9(®P™), ¢(q)) = d, p does not divide g — 1.

In this paper, we extend the results of Rani S. Singh I.J and Kumar P. [13]. We consider the case when k = 4p™,
where p, [ are distinct odd primes, o(l),,n = @(2p™)/d = (™), 0(D)4 = @(4), gcd(p(2p™), 9(4)) = d, p does not
divide 3. In Section 2 (Lemmas 2.1 — 2.4 and Theorem 2.5), we obtain the generating polynomials, minimal polynomial
and minimum distance of all 3(2n+1) quadratic residue codes (QR-Codes) of length 4p™ .

2. Dimension, generating polynomial and minimum distance of minimal cyclic codes of length
4p"

The dimension of minimal cyclic code Qs is the number of non-zeros of the generating idempotent 6s; which is the
cardinality of the cyclotomic coset Cs that is dim (€s) = | Cs |. We denote the minimum distance of Qs by d (€s).

2.1 Theorem Let p, [ be distinct odd primes and n, d > 1 be integers. If o(l)n-j = o™ 7)/2 and o(1), = ¢ (4) with

gcd ((p(p”‘f),<p(4)) =2 and p does not divide 3,, then for the integer n > 1, there are 3(2n + 1) cyclotomic cosets
(mod 4p™) given by

(i) Co= {0},

(i) Cp=0mr"

(i) Copn = 20"}
For0<j<n—-10<k<1,

(V) Cyrpr ={g"p/, g*pIL g*PII2, . . . ghplle TNy,
V) Cogry ={29%D7, 29"p7L, 2g*p12, . . . 2g"p 10 )21y,
(Vi) Cygry ={4g"p), 4g"PIL, 4g*pI 2, . . . 4g"p/1e@" )21y

where g is fixed integer
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2.2. Lemma If C is the cyclic code of length m generated by g(x) and is of minimum distance d, then the code C is of
length mk generated by g(x)(1 + x™ + x2™ + ... + x*&Ym) js a repetition code of C repeated k times and minimum distance is
kd.

Proof. Trivial.

2.3. Theorem (i) €o and f,,» are equivalent codes, each of length 4p", dimension 1 and minimum
distance 4p".
(i) Qpn and (3,» are equivalent codes, each of length 4p", dimension ¢(4) and minimum

distance 4p".
(i) 2,,; andf2,,,;, for 0 < j < n-1 are equivalent codes, each of length 4p", dimension 4p"

and minimum distance 8p'.

Proof (i) Clearly, the minimal polynomial of a®=1is x - 1, therefore the generating polynomial of Qg is
X4 n— n « o - -
% =1+ x + x2+ ...+ x*1and the minimal polynomial of a?" is x + 1. Therefore,
X4 n— n n - -
the generating polynomial of 2,,,» is % = x%1-x%2 4+  -x+ 1 These obviously imply that Q and
0,,m are equivalent codes, each of length 4p", dimension 1 and minimum distance 4p".

(i) The minimal polynomial of " and 3" are
M(Pn)(x) =x¢+1
and
MCP)(x) = 1+ x2 respectively.

X1, 4 8 4(p™-1)
Therefore, Voo (" =DA+x*+x°+... +x )
and
x4 1

n_
M(Tn)(x)z (xz — 1)(1 + ot 4+ x84 Hxt® 1))

are generating polynomials of the minimal cyclic codes Qpn and 23,n. This implies that Qpn and 23, are

equivalent codes. Trivially, the dimension of each code is 2.
The minimal cyclic code Qpn is p" times repetition of a code generated by (x2 — 1) and of minimum distance

2. Therefore, by Lemma 2.2, the minimum distance of Qpn is 2p".

Analogously, the minimal cyclic code 2, is p" times repetition of a code generated by same generating
polynomial (x? — 1) and of minimum distance 2. Therefore, again by Lemma 2.2, the minimum distance of
D3pmis 2p".

(iii) For 0 <i<n-1, the minimal polynomial of a2?’, a9’ over GF (I} is

M@ ()M@IPD) () =1 — 3" 4 20" -0
Also,
X — 1= (P S ) (L4 2T " @ D"y
=(x*" = DT ) (L= T T

(14 22" 48" @D 20"

Thus, generating polynomial of cyclic code 2, ,,; is

(P = DT 1) (1 22T T @YD 2
Similarly, the minimal polynomial of a*”’ over GF D is
M) (x) M@IPD ()= 1 4 xP" 77 4 422" - DP
Also, x#" — 1= (" — 1) (1 + 2" + 22" 4 4@ -0
=(xT S 1) @A P 2T e

(142" + 22" @D Py
Thus, generating polynomial of cyclic code 2,,,; is

(P 1) L+ T a0 o),

n—j-1
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This obviously implies that £2,,,; and (2, ,; are equivalent codes, each of length 4p" and dimension 4p". By Lemma 2.2,
minimum distance of each is 8p.
24. Lemma Let y, be the code of length 2p™ over GF(l) generated by g(x) =( G (1 +xP" ¢

K2 4x®DP™) Then the minimum distance of Z;is4.
Proof. Trivial.

2.5. Lemma Let Xi be the code of length 4p™ over GF(I) generated by

g(x) =( I DO = DA+ x0T+ x4 +x® D0 Then the minimum distance of Xj is8.
Proof. It is easy to see that )E]-is repetition code of y; repeated twice as defined in Lemma 2.4, which is a cyclic code of
length 2p™¥ and minimum distance 4. Then by Lemma 2.2, X; is the cyclic code of length 4p™ and minimum distance 8.

We shall further discuss some results for finding out the minimum distance of the minimal cyclic codes 2

n-land0<k<lI.

. <i<
ngpJ,forO_J_

2.6. Theorem Foreachj,0<j<n-land0<k<1
(1) 02,4k, sare equivalent codes.
(ii) The minimum distance of (2, «,,; is at least 8p/.
Proof. (i) Trivial..
(i) Let 0<j<n-land 0 <k <1.
We observe that, M(Z”_l) GOMBIP) (x)= (1 + 227" 77" 4 x0T
Also, x®" — 1= (x*" = 1)(1 4+ x4 x5 4. 4x0D 9™
= (P = DO 4 D+ x4 xS @D

n-j-1

= (7 DO = DA+ 2T T e
(L +x*"7 4 x84 x @ -D 4
Therefore, we have
x4pn—1 _ 2pﬂ-j 2pﬂ‘j‘1 pn-j-l zpn-j-l (p-l)pn_j_l
=(x7 +1)(x - D +x +x +...+x )

ﬂl M(ngpj)(x)
k=0 . . . .
(1 +x*"7 4 x84y
* . 4p™_
Let y; be the cyclic code of length 4p", generated by %
1_[ Mg p])(x)
k=0

Then, by Lemma 2.2, ;(J* is a repetition code of Xi repeated p/ times and its minimum distance is 8pl. Further, ;(J*

=@j-o 02, gkpiy thus ngkpj is sub code of ;(J* .Therefore, the minimum distance of ngk is at least 8pl.

pj
Theorem 2.7 Foreach j,0<j<n-land0<k<1
0] ngpj are equivalent codes.

(ii) The minimum distance of each ngpj is at least 8p/.
Proof. The proof follows on the similar lines as Theorem 2.6.
3. Conclusion
We have discussed three parameters viz generating polynomial, minimal polynomial and minimum distance of

quadratic residue codes (QR-Codes) of length 4p™. These parameters are useful to detect and correct the transmission
errors.
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