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Abstract - The paper presents the solution of time fractional fornberg-whitham equation by a fractional homotopy perturbation 

method (FHPTM). The traditional Adomian Decomposition method (ADM) for solving time-fractional fornberg-whitham 

equation gives good approximation in the neighborhood of initial conditions only. Here, we have presented the solution with 

the method FHPTM. The analysis suggests that FHPTM shows more accuracy as compared to Homotopy Analysis Method 

(HAM) and Adomian Decomposition Method (ADM). Obtained numerical results shows the efficacy of the method. 
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1. Introduction  
Previous decades, there has been tremendous variety of application presented of fractional calculus. Fractional calculus 

includes theory of derivatives and integrals of fractional non-integer order. Much interest has been devoted in the fractional 

calculus and several applications have been presented in the areas of science and engineering. In modeling a real world 

phenomenon, fractional differential equations are using extensively in the areas like, control system using dynamical systems, 

random walk models neural network, signal processing, system recognition, reaction diffusion processes, [1,2]. Fractional 

calculus gives us an important tool to characterizes of memory and hereditary properties of several processes, [3]. Despite of 

unavailability of exact solution, some approximate analytical and numerical methods is used. Many important methods have 

been developed for solving fractional differential equation. The methods includes finite difference methods, Homotopy 

perturbation method, the Adams- Bashforth-Moulten method, generalized differential equation, Adomian decomposition 

method (ADM), variation iteration method (VIM) [4-17].  However, there is no simple method neither perturbation nor 

nonperturbation exist which adjust and control convergence region and rate.             

 

Liao proposed the method homotopy analysis method (HAM). This method gives us an effective way to approximate 

analytical solutions of wide variety of differential equations. HAM is independent of small or large parameter based on 

homotopy of topology, [18-22]. HAM is applied without limitation of perturbation techniques and solution of many nonlinear 

problems in science and engineering, [23–28].  

 

Assuming linear and nonlinear fractional PDE of the form 

𝐷𝑡
𝛼𝑢(𝑥, 𝑡) = 𝑓(𝑢, 𝑢𝑥,𝑢𝑡 , 𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥, 𝑢𝑥𝑥𝑡),         𝑛 − 1, 𝛼, ≤ 𝑛, 𝑡 > 0,                                             (1) 

subject to the initial conditions 

 

u(k) (x,0) = gk(x), k = 0, 1, 2,…….. n-1,                                                                                        (2) 

 

The operator form of the nonlinear fractional partial differential equations (1) 

𝐷𝑡
𝛼𝑢(𝑥, 𝑡) = 𝐴(𝑢, 𝑢𝑥𝑥𝑡) + 𝐵(𝑢, 𝑢𝑥,𝑢𝑥𝑥, 𝑢𝑥𝑥𝑥) + 𝐶(𝑥, 𝑡),         𝑛 − 1, 𝛼, ≤ 𝑛, 𝑡 > 0,                   (3) 

 

 

Subject to the initial conditions 

u(k) (x,0) = gk(x), k = 0, 1, 2,…….. n-1,                                                                                        (4) 
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where A is a linear operator which might include other fractional derivatives B is a nonlinear operator a and C is a known 

analytic function. 

 In the present paper, we shall apply FHPTM to find the approximate analytical solution of a special case of (3) and (4) the so-

called time-fractional Fornberg–Whitham equation and compare it with the exact solution, Homotopy analysis Method and 

Adomian Decomposition Method.  

 

2.  Preliminaries 
Definition 2.1 Consider a real function h (χ), χ > 0. It is called in space ,C R    

if  a real 

                         no. b (> ζ), s.t. h (χ) = χ b h1(χ), 1 [0, ]h C  . It is clear that C C  if γ ≤ ζ. 

Definition 2.2   Consider a function h (χ), χ > 0. It is called in space , {0},mC m N   if  

                          
( )mh C

 
Definition 2.3  The (left sided) Riemann–Liouville integral of fractional order 0  of a function 

 h, , 1h C   −
 
is defined as 
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Definition 2.4 The Caputo fractional derivative (left sided) of h, 
1, {0},mh C m N−  

 

   

( )[ ( )], 1 , ,

( )
( ),

m m

m
t

m

I h t m m m N

D h t d
h t m

dt









− −   


= 
=



 

a.
 

1

0

1
( , )  ( ) ( , ) ;  , 0.

t

tI h x t t s h x s ds t  


−= −   

b.
 

( , )
( , ) , 1 .

m
m

m

V x
D V x I m m

t

 

 


 − 

= −  


 

c.

1

0

( ) ( ) (0 )
km

k

t t

t
I D h t h t h

k

 
−

= − +  

d. 
1

.
1

I t t   

 

++
=

+ +
 

 

Definition 2.5 Mittag-Leffler function is demarcated by the given series representation, valid in  

                         entire complex plane: 

    
0
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Definition 2.6 Laplace transform of a (piecewise) continuous function g (t) in [0,∞) is given as: 

 G (p) = L [g (t)] = ∫ 𝑒−𝑝𝑡∞

0
𝑔(𝑡)𝑑𝑡 

 

Definition 2.7  

a. Laplace transform of (Riemann–Liouville) fractional integral is given as: 

                            𝐿[𝐼𝛼𝑓(𝑡)] = 𝑝−𝛼𝐹(𝑝) 
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b. Laplace transform of (Caputo) fractional derivative is given as: 

   𝐿[𝐷𝛼𝑔(𝑡)] = 𝑝𝛼𝐹(𝑝) − ∑ 𝑝𝛼−𝑘−1𝑛−1
𝑘=0 𝑔(𝑘)(0), 𝑛 − 1 < 𝛼 ≤ 𝑛 

 

 

3. Basic Plan of FHPTM for nonlinear time-fractional differential equations 
To illustrate the process of solution of the FHPTM, we ponder over the system of nonlinear time-fractional PDEs : 

( , )
( , ) ( , ) ( , )

u x t
S u v Q u v g x t

t






+ + =


,                                                                               (5) 

with initial values  u(x,0) = h(x),                                                            (6) 

Here, 
t








is (Caputo) fractional derivative of order α, S and Q are operators, linear & nonlinear respectively; g1 and g2 are the 

source terms. Also, 0 < α ≤ 1. 

The method comprises of taking Laplace transform on both sides of Eq. (2) and Eq. (3), as 

[ ( , )] [ ( , )] [ ( , )] [ ( , )]tL D u x t L S u v L Q u v L g x t + + =                                                                    (7) 

By differentiation property of Laplace transform,   

1[ ( , )] ( ) [ ( , )] [ ( , ) ( , )]L u x t p h x p L g x t p L S u v Q u v − − −= − + +                                           (8) 

Taking inverse transform in Eqs. (5), we get  

1( , ) ( , ) [ { ( , ) ( , )}]u x t G x t L p L S u v Q u v− −= + +                                                                               (9) 

Here G(x, t) are the terms coming from the source term and initial values.  

Applying FHPTM, it is assumed that the result may be articulated as a power series,   

                  
0

( , ) ( , )n

n n

n

u x t p u x t


=

=                                                                                                         (10) 

Here, p is reflected as a small parameter ( [0,1])p  called homotopy parameter.  

The non-linear term is decomposed as              

0
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where nH  is He’s polynomials of 
0 1 2 3,, , , ......, nu u u u u  respectively. They are calculated by the given formulae: 
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This is a pairing of FHPTM and transform of Laplace using He’s polynomials.  

Equating coefficients of the identical powers on both the sides, we get, 

 

0

0: ( , ) ( , )                

       

p u x t G x t=
 

Continuing in this way, the enduring components can completely be achieved also. Thus the series solution is fully calculated. 

At last, the analytical solution is approximated by the series, 

     
1

0

( , ) lim ( , )n

n
p

n

u x t p u x t


→
=

=                        

The above solutions in series converge very rapidly, in general. Cherruault and Abbaoui  proved the convergence of this above 

kind of series.  

4. Implementation of FHPTM 

Ex. 1. To illustrate the process of solution of the FHPTM, we ponder over the system of nonlinear time-fractional PDEs : 

3 3 2

2 3 2
3 , 0,0 1,

u u u u u u u
u u t

t x t x x x x x






      
− + = − +   

       
,                                                    (14) 

with initial values  u(x,0) = 
4

3
 𝑒

1

2
𝑥
.                                                                         (15) 

The method comprises of taking Laplace transform on both sides of Eq. (15), as 

3 2 3

3 2 2
3 , 0,0 1,

u u u u u u u
L L u u t

t x x x x x t x






         
= − + + −      

          
                                           (16) 

By differentiation property of Laplace transform,   

1 3 2 3
1 2

3 2 2

4
[ ( , )] [0] 3

3

x u u u u u u
L u x t p e p L p L u u

x x x x x t x

 − − −        
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                         (17) 

Taking inverse transform in Eqs. (17), we get  

1 3 2 3
12

3 2 2

4
( , ) 3

3

x u u u u u u
u x t e L p L u u

x x x x x t x

− −
         

= + − + + −    
          

                                                (18) 

Applying FHPTM, it is assumed that the result may be articulated as a power series,   

                  
0

( , ) ( , )n

n n

n

u x t p u x t


=

=                                                                                                                           (19) 

Here, p is reflected as a small parameter ( [0,1])p  called homotopy parameter.  

The non-linear term is decomposed as              
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0

( , ) ( )n
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Nu x t p H u
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=                    (20) 

where nH  is He’s polynomials of 
0 1 2 3,, , , ......, nu u u u u  respectively. They are calculated by the given formulae: 

0 1 2

0 0
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( , , ,....) , 0,1,2,3,...

n
i
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H u u u N p u n
n p



= =
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                             (22) 

This is a pairing of FHPTM and transform of Laplace using He’s polynomials.  

Equating coefficients of the identical powers on both the sides, we get, 

 

0

0: ( , ) ( , )                

       

p u x t G x t=
                                                                                                                 (23) 

we start with an initial approximation u0 = u(x,0) given by Eq. (4) by the above Eq. (23), we can obtain the other components 

as 

𝑢0(𝑥, 𝑡) =  
4

3
𝑒

1

2
𝑥 ,  

𝑢1(𝑥, 𝑡) =  
2

3
𝑒

1

2
𝑥 (2 − 𝑡),  

𝑢2(𝑥, 𝑡) =  
1

6
𝑒

1

2
𝑥 (8 − 9𝑡 + 𝑡2 +

4 𝑡2−𝛼

 (3−α)
), 

𝑢3(𝑥, 𝑡) =  
1

6
𝑒

1

2
𝑥 (8 − 9𝑡 + 𝑡2 +

4 𝑡2−𝛼

 (3−α)
), 

 

and so on, in the same manner the remaining components can be obtained from Mathematica.  
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Fig 1. Shows Exact solution with respect to u, x and t. 

 

Fig 2. Shows approximate solution with respect to u, x and t. 
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Fig. 3 Shows Exact and Approxiamte solution with respect to u and t 

 

 
Fig. 4 Comparison between ADM, HAM and FHPTM 
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Fig. 5 Comparison between exact solution and different values of α 

 

Table 1. Comparison between Exact Solution and Approxiamte solution  

(FHPTM, HAM and ADM) 

x 𝑬𝒙𝒂𝒄𝒕 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒖(𝒙) 𝑭𝑯𝑷𝑻𝑴 𝑯𝑨𝑴 ADM 

-4 0.0024787521 0.0024787400 0.0015123400 0.0056037265 

2 0.0067379469 0.0067368000 0.0041109600 0.0152325081 

0 0.0183156388 0.0183450901 0.0111748000 0.0414062500 

2 0.0497870683 0.0497800050 0.0303761000 0.1125538569 

4 0.1353352832 0.1353343227 0.0825709000 0.3059531040 

 

5. Conclusion 
In this paper, FHPTM is successfully applied to obtain a rapidly convergent approximate numerical solution of Riccati 

differential equations. Results obtained are compared with those from MVIM and VIM. It is seen that FHPTM is capable of 

reducing size of calculations and easy to use for both small and large parameters in nonlinear fractional problems.  FHPTM is 

applied to solve easily, effectively and perfectly, a big class of non-linear problems with the numerical approximations which 

quickly congregate to exact solution. In this work, FHPTM is efficaciously used to obtain the analytical approximate solutions 

to the nonlinear systems of coupled time fractional PDEs. It does not require Adomian polynomials. FHPTM is applied directly 

without linearization or any restrictive assumptions. Hence FHPTM is more convenient and accurate than other existing 

methods. 
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