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Abstract - In the recent paper the concept of Exponential transform is introduced in [1]. In this paper we have obtained the 

exponential transform of Error function, Unit step function, Periodic function, Dirac-Delta function, Bessel function and 

the exponential transform of Leguerre polynomial. 
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1. Introduction  
Most of the functions encountered in introductory analysis belong to the class of elementary functions. This class is 

composed of polynomials, rational functions, transcendental functions (trigonometric, exponential, logarithmic, and so on), 

and functions constructed by combining two or more of these functions through addition, subtraction, multiplication, 

division, or composition. Beyond these functions lies a class of special functions which are important in a variety of 

engineering and physics applications. the use of integral transforms is heavily interlaced with special functions like the 

gamma function, error function, Bessel functions, and so forth Also, functions such as the Heaviside unit function and the 

impulse function, which are employed in a variety of engineering applications.  

 

Recently N. S. Ambarkhane, H. A. Dhirbasi, K.L. Bondar [1] introduced an integral transform “Exponential 

transform” and proved its some properties like Linearity, Shifting, Second Shifting, Change of Scale. Moreover, 

exponential transform of some basic functions is derived. Ambarkhane Nagnath S., Bondar Kirankumar L. [2] discussed 

convolution theorem and the exponential transform of derivatives and integrations of a function f(t).  Nagnath S. 

Ambarkhane [3] discussed some results and application of the inverse exponential transform. Several authors [4-16] 

discussed the applications of different integral transformations along with its results. 

The aim of this paper is to obtain the exponential transform of Error function, Unit step function, Periodic 

function, Dirac-Delta function, Bessel function and the exponential transform of Leguerre polynomial.  

2. Preliminaries 

2.1. Exponetial Transform 

Definition 2.1[1]: Let 𝑓(𝑡) be function defined for all positive values of 𝑡, then 

�̄�(𝑠) = ∫ 𝑎−𝑠𝑡
∞

0

𝑓(𝑡)𝑑𝑡, 𝑎 > 1. 

Provided the integral exists is called exponential transform of 𝑓(𝑡). It is denoted by A[f(t)]. Thus,      

𝐴[𝑓(𝑡)] = �̄�(𝑠) = ∫ 𝑎−𝑠𝑡
∞

0

𝑓(𝑡)𝑑𝑡, 𝑎 > 1. 

Here A is called exponential transformation operator, the parameter s is real or complex number. 

2.2. Exponential Transform of some functions [1]:  

 i)     𝐴[1] =
1

(𝑠 𝑙𝑜𝑔 𝑎)
, 𝑎 > 1, 𝑅𝑒( 𝑠) > 0. 

 ii)   𝐴[𝑡𝑛] =
𝑛!

(𝑠 𝑙𝑜𝑔 𝑎)𝑛+1
, 𝑎 > 1, 𝑛 ≥ 0, 𝑅𝑒( 𝑠) > 0.

 

http://www.internationaljournalssrg.org/
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 iii)   𝐴[𝑡𝑛] =
𝛤(𝑛+1)

(𝑠 𝑙𝑜𝑔 𝑎)𝑛+1
, 𝑛 > −1, 𝑎 > 1, 𝑅𝑒( 𝑠) > 0.

 

iv) 𝐴[𝑒𝑘𝑡] =
1

(𝑠 𝑙𝑜𝑔 𝑎−𝑘)
, 𝑎 > 1, (𝑠 𝑙𝑜𝑔 𝑎) > 𝑘, 𝑅𝑒( 𝑠) > 0. 

vi)  𝐴[𝑐𝑜𝑠ℎ 𝑘 𝑡] =
(𝑠 𝑙𝑜𝑔 𝑎)

(𝑠 𝑙𝑜𝑔 𝑎)2−𝑘2
, 𝑎 > 1, (𝑠 𝑙𝑜𝑔 𝑎)2 > 𝑘2, 𝑅𝑒( 𝑠) > 0. 

vii)  𝐴[𝑠𝑖𝑛ℎ 𝑘 𝑡] =
𝑘

(𝑠 𝑙𝑜𝑔 𝑎)2−𝑘2
, 𝑎 > 1, (𝑠 𝑙𝑜𝑔 𝑎)2 > 𝑘2, 𝑅𝑒( 𝑠) > 0. 

viii)  𝐴[𝑠𝑖𝑛 𝑘 𝑡] =
𝑘

(𝑠 𝑙𝑜𝑔 𝑎)2+𝑘2
, 𝑎 > 1, 𝑅𝑒( 𝑠) > 0. 

ix)  𝐴[𝑐𝑜𝑠 𝑘 𝑡] =
(𝑠 𝑙𝑜𝑔 𝑎)

(𝑠 𝑙𝑜𝑔 𝑎)2+𝑘2
, 𝑎 > 1, 𝑅𝑒( 𝑠) > 0.

                                    

 

3. Main Results 

Theorem 3.1 : the exponetial transform of unit step function is,   

          

𝐴[𝑢(𝑡 − 𝑘)] =
𝑎−𝑘𝑠

(𝑠 𝑙𝑜𝑔 𝑎)
, (𝑠 𝑙𝑜𝑔 𝑎) > 0. 

Proof: we have, 

                      𝐴[𝑢(𝑡 − 𝑘)] = ∫ 𝑎−𝑠𝑡𝑢(𝑡 − 𝑘)𝑑𝑡
∞

0
 

                                              = ∫ 𝑎−𝑠𝑡 . 0𝑑𝑡 + ∫ 𝑎−𝑠𝑡 . 1𝑑𝑡
∞

𝑘

𝑘

0

     

{∵ 𝑢(𝑡 − 𝑘) = { 1,𝑡≥𝑘
0,𝑡<0

 

                                           = ∫ 𝑎−𝑠𝑡𝑑𝑡
∞

𝑘
 

                                      = [
𝑎−𝑠𝑡

−𝑠 𝑙𝑜𝑔 𝑎
]
𝑘

∞

 

                                      =
1

−(𝑠 𝑙𝑜𝑔 𝑎)
[0 − 𝑎−𝑘𝑠] 

                                     =
𝑎−𝑘𝑠

(𝑠 𝑙𝑜𝑔 𝑎)
 

                        

∴ 𝐴[𝑢(𝑡 − 𝑘)] =
𝑎−𝑘𝑠

(𝑠 𝑙𝑜𝑔 𝑎)
, (𝑠 𝑙𝑜𝑔 𝑎) > 0.

 
 

Theorem 3.2: [Exponential transform of periodic function] 

                      

                     If 𝑓(𝑡)be a periodic function with period T, then 

                       𝐴[𝑓(𝑡)] =
∫ 𝑎−𝑠𝑡𝑓(𝑡)
𝑇
0

1−𝑎−𝑠𝑇
𝑑𝑡, (1 − 𝑎−𝑠𝑇) > 0. 

 

Proof: We have, 

   𝐴[𝑓(𝑡)] = ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡
∞

0
 

 𝐴[𝑓(𝑡)] = ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 +
𝑇

0
∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 +
2𝑇

𝑇
∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡+. . . . . . . . . . . . . . .
3𝑇

2𝑇
 

Substituting 𝑡 = 𝑢 + 𝑇in second integral and 𝑡 = 𝑢 + 2𝑇, in third integral and so on, we get  

           

∴ 𝐴[𝑓(𝑡)] = ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 +
𝑇

0
∫ 𝑎−𝑠(𝑢+𝑇)𝑓(𝑢 + 𝑇)𝑑𝑢 + ∫ 𝑎−𝑠(𝑢+2𝑇)𝑓(𝑢 + 2𝑇)𝑑𝑢+. . . . . . . . .

𝑇

0

𝑇

0
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                = ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 +
𝑇

0
𝑎−𝑆𝑇 ∫ 𝑎−𝑠𝑢𝑓(𝑢)𝑑𝑢 + 𝑎−2𝑆𝑇 ∫ 𝑎−𝑠𝑢𝑓(𝑢)𝑑𝑢+. . . . . . . . .

𝑇

0

𝑇

0
 

              [∵ 𝑓(𝑢) = 𝑓(𝑢 + 𝑇) = 𝑓(𝑢 + 2𝑇) = 𝑓(𝑢 + 3𝑇) =. . . . ] 

               = ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 +
𝑇

0
𝑎−𝑆𝑇 ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡 + 𝑎−2𝑆𝑇 ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡+. . . . . . . . .

𝑇

0

𝑇

0
 

               = [1 + 𝑎−𝑆𝑇 + 𝑎−2𝑆𝑇 + 𝑎−3𝑆𝑇+. . . ] ∫ 𝑎−𝑠𝑡𝑓(𝑡)𝑑𝑡
𝑇

0
 

         
∴ 𝐴[𝑓(𝑡)] =

∫ 𝑎−𝑠𝑡𝑓(𝑡)
𝑇
0

1−𝑎−𝑠𝑇
𝑑𝑡, (1 − 𝑎−𝑠𝑇) > 0.  {∵ 1 + 𝑎 + 𝑎2 + 𝑎3+. . . . . . . =

1

1−𝑎
 

 

Theorem 3.3.: If Dirac -Delta function given by  

          𝛿(𝑡 − 𝑘) = 𝑙𝑖𝑚
∈→0

𝛿∈(𝑡 − 𝑘) where  𝛿∈(𝑡 − 𝑘) =
1

∈
, for 𝑘 ≤ 𝑡 ≤ 𝑘+∈ 

                                                                           = 0 otherwise, 

                        then 𝐴[𝛿(𝑡 − 𝑘)] = 𝑎−𝑘𝑠. 

Proof: we have, 

          

𝐴[𝛿(𝑡 − 𝑘)] = ∫ 𝑎−𝑠𝑡𝛿(𝑡 − 𝑘)𝑑𝑡
∞

0
 

                 = 𝑙𝑖𝑚
∈→0

[∫ 𝑎−𝑠𝑡𝛿∈(𝑡 − 𝑘)𝑑𝑡
∞

0
] 

   = 𝑙𝑖𝑚
∈→0

[∫ 𝑎−𝑠𝑡 . 0𝑑𝑡
𝑘

0
+ ∫ 𝑎−𝑠𝑡

1

∈
𝑑𝑡

𝑘+∈

𝑘
+ ∫ 𝑎−𝑠𝑡 . 0𝑑𝑡

∞

𝑘+∈
] 

   = 𝑙𝑖𝑚
∈→0

[
1

∈
∫ 𝑎−𝑠𝑡𝑑𝑡
𝑘+∈

𝑘
] 

   = 𝑙𝑖𝑚
∈→0

[
1

∈
∫ 𝑒−𝑠𝑡 𝑙𝑜𝑔 𝑎𝑑𝑡
𝑘+∈

𝑘
] 

  = 𝑙𝑖𝑚
∈→0

[
1

∈
(
𝑒−𝑠𝑡 𝑙𝑜𝑔𝑎

−𝑠 𝑙𝑜𝑔 𝑎
)
𝑘

𝑘+∈

] 

               = 𝑙𝑖𝑚
∈→0

[
1

−∈𝑠 𝑙𝑜𝑔 𝑎
(𝑒−𝑠 𝑙𝑜𝑔 𝑎(𝑘+∈) − 𝑒−𝑠𝑘 𝑙𝑜𝑔 𝑎)] 

       

                     = 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎 [𝑙𝑖𝑚
∈→0

1

−∈𝑠 𝑙𝑜𝑔 𝑎
(𝑒−∈𝑠 𝑙𝑜𝑔 𝑎 − 1)] 

       = 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎𝑙𝑖𝑚
∈→0

1

−∈𝑠 𝑙𝑜𝑔 𝑎
[(1−∈ 𝑠 𝑙𝑜𝑔 𝑎 +

(∈𝑠 𝑙𝑜𝑔 𝑎)2

2!
−

(∈𝑠 𝑙𝑜𝑔 𝑎)3

3!
+. . . . . . . . . . ) − 1] 

       = 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎𝑙𝑖𝑚
∈→0

[
1

−∈𝑠 𝑙𝑜𝑔 𝑎
(−∈ 𝑠 𝑙𝑜𝑔 𝑎 +

(∈𝑠 𝑙𝑜𝑔 𝑎)2

2!
−

(∈𝑠 𝑙𝑜𝑔 𝑎)3

3!
+. . . . . . . . . . )] 

                    = 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎𝑙𝑖𝑚
∈→0

[
1

−∈𝑠 𝑙𝑜𝑔 𝑎
(−∈ 𝑠 𝑙𝑜𝑔 𝑎 [1 −

(∈𝑠 𝑙𝑜𝑔 𝑎)

2!
+

(∈𝑠 𝑙𝑜𝑔 𝑎)2

3!
−. . . . . . . . . . ])] 

                    

= 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎𝑙𝑖𝑚
∈→0

[1 −
(∈𝑠 𝑙𝑜𝑔 𝑎)

2!
+

(∈𝑠 𝑙𝑜𝑔 𝑎)2

3!
−. . . . . . . . . . ] 

                    = 𝑒−𝑘𝑠 𝑙𝑜𝑔 𝑎[1] 

∴ 𝐴[𝛿(𝑡 − 𝑘)] = 𝑎−𝑘𝑠 .
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Theorem 3.4: Exponential transform of Error function is,   

𝐴[𝑒𝑟𝑓(√𝑥)] =
1

(𝑠 𝑙𝑜𝑔 𝑎)√(𝑠 𝑙𝑜𝑔 𝑎) + 1
, (𝑠 𝑙𝑜𝑔 𝑎) > 0. 

Proof: We have,  

         𝑒𝑟𝑓(√𝑥) =
2

√𝜋
∫ 𝑒−𝑡

2√𝑥

0
𝑑𝑡 

         𝑒𝑟𝑓(√𝑥) =
2

√𝜋
∫ [1 − 𝑡2 +

𝑡4

2!
−

𝑡6

3!
+. . . . ] 𝑑𝑡

√𝑥

0
 

         𝑒𝑟𝑓(√𝑥) =
2

√𝜋
(𝑥

1

2 −
𝑥3/2

3
+

𝑥
5
2

5×2!
−

𝑥
7
2

7×3!
+. . . )

       

∴ 𝐴[𝑒𝑟𝑓(√𝑥)] =
2

√𝜋
[

𝛤(
3

2
)

(𝑠 𝑙𝑜𝑔 𝑎)
3
2

−
𝛤(

5

2
)

3(𝑠 𝑙𝑜𝑔 𝑎)
5
2

+

𝛤(
7

2
)

5×2!(𝑠 𝑙𝑜𝑔 𝑎)
7
2

−
𝛤(

9

2
)

7×3!(𝑠 𝑙𝑜𝑔 𝑎)
9
2

+. . . . . . . . . . . ] 

                          

=
1

(𝑠 𝑙𝑜𝑔 𝑎)
3
2

−
1

2
.

1

(𝑠 𝑙𝑜𝑔 𝑎)
5
2

+
1.3

2.4
.

1

(𝑠 𝑙𝑜𝑔 𝑎)
7
2

−
1.3.5

2.4.6
.

1

(𝑠 𝑙𝑜𝑔 𝑎)
9
2

+. . .. 

                          

=
1

(𝑠 𝑙𝑜𝑔 𝑎)
3
2

[1 −
1

2
.

1

(𝑠 𝑙𝑜𝑔 𝑎)
+

1.3

2.4
.

1

(𝑠 𝑙𝑜𝑔 𝑎)2
−

1.3.5

2.4.6
.

1

(𝑠 𝑙𝑜𝑔 𝑎)3
+. . . . ] 

                          

=
1

(𝑠 𝑙𝑜𝑔 𝑎)
3
2

[1 +
1

(𝑠 𝑙𝑜𝑔 𝑎)
]

−1

2
 

∴ 𝐴[𝑒𝑟𝑓(√𝑥)] =
1

(𝑠 𝑙𝑜𝑔 𝑎)√(𝑠 𝑙𝑜𝑔 𝑎) + 1
, (𝑠 𝑙𝑜𝑔 𝑎) > 0. 

 

Theorem 3.5: The exponential transform of Bessel function  𝐽0(𝑡) is,  

                       

𝐴[𝐽0(𝑡)] =
1

√(𝑠 𝑙𝑜𝑔𝑎)2+1
. 

Proof: We have the Bessel function is  

      

𝐽0(𝑡) = [1 −
𝑡2

22
+

𝑡4

22.42
−

𝑡6

22.42.62
+. . . . . ] 

Taking Exponential Transform on both sides  

𝐴[𝐽0(𝑡)] = [
1

(𝑠 𝑙𝑜𝑔 𝑎)
−

1

22
.

2!

(𝑠 𝑙𝑜𝑔 𝑎)3
+

1

22. 42
.

4!

(𝑠 𝑙𝑜𝑔 𝑎)5
−

1

22. 42. 62
.

6!

(𝑠 𝑙𝑜𝑔 𝑎)7
+. . . . . ] 

𝐴[𝐽0(𝑡)] =
1

(𝑠 𝑙𝑜𝑔 𝑎)
[1 −

1

2
(

1

(𝑠 𝑙𝑜𝑔 𝑎)2
) +

1.3

2.4
. (

1

(𝑠 𝑙𝑜𝑔 𝑎)4
) −

1.3.5

2.4.6
. (

1

(𝑠 𝑙𝑜𝑔 𝑎)6
)+. . . . . ] 

𝐴[𝐽0(𝑡)] =
1

(𝑠 𝑙𝑜𝑔 𝑎)
[1 + (−

1

2
) (

1

(𝑠 𝑙𝑜𝑔 𝑎)2
) +

(
−1

2
)(

−3

2
)

2!
. (

1

(𝑠 𝑙𝑜𝑔 𝑎)2
)
2
+

(
−1

2
)(

−3

2
)(

−5

2
)

3!
. (

1

(𝑠 𝑙𝑜𝑔 𝑎)2
)
3
+. . . . . ]  

                

=
1

(𝑠 𝑙𝑜𝑔 𝑎)
[1 +

1

(𝑠 𝑙𝑜𝑔 𝑎)2
]

−1

2
   (By Binomial Theorem) 

     

∴ 𝐴[𝐽0(𝑡)] =
1

√(𝑠 𝑙𝑜𝑔 𝑎)2+1
.
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Theorem 3.6:  If Leguerre Polynomial is given by  

 

                       
𝐿𝑛(𝑡) =

𝑒𝑡

𝑛!
.
𝑑𝑛

𝑑𝑡𝑛
(𝑒−𝑡𝑡𝑛) then 𝐴[𝐿𝑛(𝑡)] =

(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

(𝑠 𝑙𝑜𝑔 𝑎)𝑛+1
, (𝑠 𝑙𝑜𝑔 𝑎) > 1.  

Proof: We have,  

                      

𝐴[𝐿𝑛(𝑡)] = ∫ 𝑎−𝑠𝑡 .
𝑒𝑡

𝑛!
.
𝑑𝑛

𝑑𝑡𝑛
(𝑒−𝑡𝑡𝑛)𝑑𝑡

∞

0
 

 

                                      

= ∫ 𝑒−𝑠𝑡 𝑙𝑜𝑔 𝑎.
𝑒𝑡

𝑛!
.
𝑑𝑛

𝑑𝑡𝑛
(𝑒−𝑡𝑡𝑛)𝑑𝑡

∞

0
 

 

                                      

= ∫
𝑒−(𝑠 𝑙𝑜𝑔𝑎−1)𝑡

𝑛!
.
𝑑𝑛

𝑑𝑡𝑛
(𝑒−𝑡𝑡𝑛)𝑑𝑡

∞

0
 

 

                                     

= [
𝑒−(𝑠 𝑙𝑜𝑔𝑎−1)

𝑛!
.
𝑑𝑛−1

𝑑𝑡𝑛−1
(𝑒−𝑡𝑡𝑛)]

0

∞

+ ∫
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑒−(𝑠 𝑙𝑜𝑔𝑎−1)𝑡

𝑛!
.
𝑑𝑛−1

𝑑𝑡𝑛−1
(𝑒−𝑡𝑡𝑛)𝑑𝑡

∞

0

    

 

                                     

=
(𝑠 𝑙𝑜𝑔 𝑎−1)

𝑛!
∫ 𝑒−(𝑠 𝑙𝑜𝑔 𝑎−1)𝑡 .

𝑑𝑛−1

𝑑𝑡𝑛−1
(𝑒−𝑡𝑡𝑛)𝑑𝑡

∞

0

  
                                     By Continues Integrating, we get  

                                    

=
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

𝑛!
∫ 𝑒−(𝑠 𝑙𝑜𝑔 𝑎−1)𝑡 . 𝑒−𝑡𝑡𝑛𝑑𝑡
∞

0
 

 

                                    

=
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

𝑛!
∫ 𝑒−𝑠𝑡 𝑙𝑜𝑔 𝑎𝑡𝑛𝑑𝑡
∞

0
 

 

                                    

=
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

𝑛!
∫ 𝑎−𝑠𝑡𝑡𝑛𝑑𝑡
∞

0
 

 

                                    
=

(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

𝑛!
𝐴[𝑡𝑛] 

 

                                   

=
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

𝑛!
×

𝑛!

(𝑠 𝑙𝑜𝑔 𝑎)𝑛+1
 

 

               

∴ 𝐴[𝐿𝑛(𝑡)] =
(𝑠 𝑙𝑜𝑔 𝑎−1)𝑛

(𝑠 𝑙𝑜𝑔 𝑎)𝑛+1
, (𝑠 𝑙𝑜𝑔 𝑎) > 1. 

 

4. Conclusion    
      In this work we obtained the exponential transform of Error function, Unit step function, Periodic function, Dirac-Delta 

function, Bessel function and the exponential transform of Leguerre polynomial.
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