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Abstract - A molecular graph is a simple graph related to the structure of a chemical compound. In this paper, we
introduce the modified neighborhood Sombor index and the modified neighborhood Sombor exponential of a graph. Also
we compute the neighborhood Sombor and modified neighborhood Sombor indices and their corresponding exponentials
of some important dendrimers. Some properties of the neighborhood Sombor index are obtained.
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1. Introduction

All graphs considered here are finite, undirected without isolated vertices, loops and multiple edges. For all further
notation and terminology we refer the reader to [1].

A molecular graph is simple graph related to the structure of a chemical compound. Each vertex of this graph
represents an atom of the molecule and its edge to the bonds between atoms.

Let Sg(u) denote the sum of the degrees of all neighborhood vertices of a vertex u in G.
In [2], Graovac et al. defined the following indices:

N (G)= D) (SeW+S(v), N, (G)= > Ss(u)Sg(v).

uweE(G) uveE(G)
In [3], Kulli defined the neighborhood Sombor index and the neighborhood Sombor exponential of a graph G as

NSO(G)= 3 /Sq (u) +Sg (v,

uveE(G)
NSO(G,x)= 3 N XmaEX
uveE(G)

Recently, some Sombor indices were studied, for example, in [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20].

We introduce the modified neighborhood Sombor index of a graph G and defined it as

1
"NSO(G) = .
ueE(G) \/SG (U)2 + SG (V)2

Considering the modified neighborhood Sombor index, we define the modified neighborhood Sombor exponential of a
graph G as
1

"NSO(G,x) = 3 x W S
ue

The forgotten topological index was studied by Furtula et al. in [21] and it is defined as
F(G)= ] [dG (u)? +dg (V)2:|.
uveE(G)
The F-neighborhood index of a graph G is defined as
NF(G)= ) [S (u)* +S (v)z}
uveE(G)

In this paper, we determine the neighborhood Sombor index and the modified neighborhood Sombor index for some
important dendrimers such as tetrathiafulvalene, POPAM, NS;[n] and NSs[n] dendrimers.
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2. Results for tetrathiafulvalene dendrimers TDz[n]

In this section, we focus on the molecular graph of a tetrathiafulvalene dendrimer. This family of tetrathiafulvalene
dendrimers is denoted by TD,[n], where n is the steps of growth in this type of dendrimers for n_J0. The molecular graph
of TD,[2] is shown in Figure 1.

Fig. 1 The molecular graph of TD2[2]

Let G be the molecular graph of tetrathiafulvalene dendrimer TD[n]. By algebraic method, we obtain that
[V(G)|=31x2™2 — 74 and |E(G)|=35x2"*2 — 85. Also the edge partition of TD,[n] based on the degree sum of neighbors of
end vertices of each edge is obtained as given in Table 1.

Table 1. Edge partition of TD2[n] based on Sc(u) and Sc(v)

Se(u), Se(V)\uv 1E(G) Number of edges
2,4 2n+2
(3,6) 224
4, 6) 2n+2
(5, 5) 7x2M2_ 16
(5, 6) 11x2™2_ 24
5,7 3x2n2_8
(6, 6) 224
(6, 7) 8x2M2_ 24
@7 2x2"2_5

Theorem 1. The neighborhood Sombor index of a tetrathiafulvalene dendrimer TD2[n] is

NSO(G) = (55 + 213 +551/2 +11/61 + 3174 + 885 ) 2"
—(5\/§+ 2\/1_3+55\/§+1l\/ﬁ+3\/ﬂ+8\/2%).

Proof: From the definition and by using Table 1, we have

NSO(G)= 3 /Sq (u) + S, (v)’

uveE(G)
- 2”+2W+(2”+2 —4)\/m+ o2 [42 62
+(7 x 22 —16)\/52 +5% 4 (11>< M2 _ 24)\/52 +6% ¢ (3x N2 —8)\/52 + 72
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+(2”+2 —4)\/62 +62 +(8>< on+2 _ 24)\/62 +72 +(2>< 2n+2 —5)\/72 +72.

After simplification, we get the desired result.

Theorem 2. The modified neighborhood Sombor index of a tetrathiafulvalene dendrimer TD,[n] is
1 1 7 11 3 1 8 2]2M

"W500) =iz e s o o e

_( +16+24+8+4+24+5j
36 52 61 74 62 B5 72)

Proof: From the definition and Table 1, we have
"NSO(G) = L
wiEG) \/SG ()’ +5, (v)
2n+2 2ﬂ+2 _ 4 2n+2 7 % 2n+2 _16 11>< 2n+2 _ 24
= + + + +
V22142 32467 42162 52452 J52 1 62
3x2™2_8 2M2_4 8x2"?_24 2x2"%_5
+ + + +
J52 472 62467 62+72 72472
gives the desired result after simplification.

Theorem 3. The neighborhood Sombor exponential of a tetrathiafulvalene dendrimer TD,[n] is
NSO(G, x) =2"2x>® (272 —4) x4+ 2M2x 8 1 (7272 —16) %72 + (11x 27 — 24) x ™

+(3x 22 —g)xVT (22 - 4)xE2 4 (8x 2" — 24)x ¥ 4 (2x 272 —5) X2,
Proof: Using definition and Table 1, we obtain

NSO G, X Z X«,S (W) +85(v)

uveE(G)
2n+2 \f (2n+2 4) ’\/ 2n+2 ’\f (7 x 2n+2 16) X\l52+52
+(11X 2n+2 _ 24) X’\}52+62 + (3)( 2n+2 _ 8) X 52+72 + <2n+2 _ 4) X’\}62+62
+(8 x 2n+2 _ 24) Xx/62+72 + (2 x 2n+2 _ 5) Xx/72+72 .
After simplification, we obtain the desired result.
Theorem 4. The modified neighborhood Sombor exponential of a tetrathiafulvalene dendrimer TD2[n] is

"NSO(G, x)=2""? x% + (2”*2 —4) X% +2m2 x% +(7x "2 —16) xﬁ +(11>< 2m2 24) x%
1 1 1 1
+(3><2”+2—8)xﬁ +(2”+2—4)xﬁ +(8x2"2 - 24)x x V85 | +(2x2m2 - )xﬁ.

Proof: From the definition and by using Table 1, we get
1

"NSO(Gx)= Y Ve s

uveE(G)
1 1 1 1
= XV (22 )l 4 e (722 1) x5S

1 1 1
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1 1
+(8x2"7 —24)x 6 +72+(2x2”*2 5)XW.

After simplification, we get the desired result.

3. Results for POPAM dendrimers POD2[n]
In this section, we focus on the molecular graph of POPAM dendrimers. This family of dendrimers is denoted by
POD,[n], where n is the steps of growth in this type of dendrimers. The molecular graph of POD2[2] is shown in Figure 2.

NH,

N
\/\’N NN

S
8\ Ve
§

H;N NH,

Fig. 2 The molecular graph of PODz[n]

Let G be the molecular graph of POPAM dendrimers POD2[n]. By algebraic method, we obtain that |[V(POD;[n])|= 2" —
10 and |[E(POD2[n])|= 2" — 11. The edge partition of POD,[n] based on the degree sum of neighbors of end vertices of
each edge is obtained as given in Table 2.

Sc(u), Se(V)\uvOE(G) Number of edges
2, 3) 2n+2
(3,4) 2n+2
(4, 4) 1
4,5) 3x2"-6
(5, 6) 3x2"-6

Theorem 5. The neighborhood Sombor index of a POPAM dendrimer POD;[n] is
NSO(G) =2""?(\13+5)+ 442 +(3x 2" - 6) (/41 + V/61).

Proof: From the definition and by using Table 2, we have

NSO(G)= 3 /Se (u)’ +5¢ (v)’

uveE(G)
=2M22?% + 3? +2”+2\/32 +4? +1\f42 +4?
+(3x2” —6)442 +52 +(3><2“ —6)\/52 +62.

After simplification, we obtain the desired result.

Theorem 6. The modified neighborhood Sombor index of a POPAM dendrimer POD;[n] is
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"NSO(G)= 2”+Z(T+éj i +(3x2" - )(ﬁ+%}

Proof: From the definition and by using Table 2, we have

"NSO(G) = E
UVEE«;)\/SG(U) +5, (V)
2I’l+2 2n+2

1 3x2"-6 3x2"-6

= + + + + .
V22132 R +4% 2442 #2452 52167
After simplification, we get the desired result.

Theorem 7. The neighborhood Sombor exponential of a POPAM dendrimer POD,[n] is
NSO(G, x)=2"2x" +2"2x* +1x"? + (3% 2" —6)x "™ +(3x2" —6) x™".
Proof: Using the definition and Table 2, we obtain

NSO G, X z X\fs (W)’ +55(v)’

uveE(G)

2n+2 \)22+3 + 2n+2 \) 1X\/ (3)( 2n 6) “\} 2+52 + (3)( 2n _ 6)X\/52+62
After simplification, we obtain the desired result.

Theorem 8. The modified nelghborhood Sombor exponential of a POPAM dendrimer PODz[n] is

"NSO(G,x) = 2B 4 iy 4 1B +(3x2" - e)xf +(8x2" - 6)xf
Proof: From the definition and by using Table 2, we obtain

mNSO G, X Z )(\fS,G(u)2+SG(v)2

uveE(G)
1 1 1
M2 2248 | o2 B 447 | g4+ 4

1 1
+(3x2" —G)XW +(3x2" -6)XW.

After simplification, we obtain the desired result.

4. Results for NSz[n] dendrimers

In this section, we focus on the class of NSz[n] dendrimers with ni11. The graph of NS;[3] is shown in Figure 3
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Fig. 3 The graph of NS;[3]
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Let G be the graph of NSz[n]. By calculation, G has 16x2" — 4 vertices and 18x2" — 5 edges. Also by calculation,
we obtain that G has seven types of edges based on Sg(u), Sc(v) the degrees of end vertices of each edge as given in Table
3.

Table 3. Edge partition of NSz[n] based on Sg(u) and Ss(v)

Sa(u), Se(V)\uv E(G) Number of edges

4,4 2x20

(5,4) 2x2n

(5,5) 2x2" 42

(5, 6) 6x2"

7,7 1

(5,7 4

(6, 6) 6x2"— 12

Theorem 9. The neighborhood Sombor index of a dendrimer NSz[n] is
NSO(G) = (542 + 21/41 + 6:/61)2" 5512 + 4/74.

Proof: From the definition and by using Table 3, we have

NSO(G)= 3 s (u) +Sg (v)’

ueE(G)

—2x2"J4% 442 122" 52+42+(2><2n+2)x/52+52+6><2n 52 4 62

FINT? 472 + 4452 1+ 72 +(6>< on —12)\/62 +62

gives the desired result after simplification.

Theorem 10. The modified neighborhood Sombor index of a dendrimer NSy[n] is
mNSO(G)—ZXZ 2x2" 2x2"+2 6x2 1 4  6x2"-12

“Wz Jal sz el 1z a2

Proof: From the definition and Table 3, we obtain
1
m NSO(G) = Z
wiEe)\[Sg () + S (v)’
2x 2" 2x2" 2x2"+2  6x2"
= + + +
42+ 4% (52442 (52152 [5% 42
N 1 N 4 N 6x2" —-12
J72+72 52472 62 +6°
After simplification, we obtain the desired result.

Theorem 11. The neighborhood Sombor exponential of a dendrimer NS3[n] is
NSO(G,x)=2x2"x"? +2x 2"x ™ +(2x2" +2)x*? +6x 2"x "

HIXTV2 gy +(6>< 2" —12)x6\ﬁ.

Proof: Using definition and Table 3, we obtain
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NSO(G,x)= Y 50 5.7

uveE(G)
=2x2nxm+2x2nxm+(2x2”+2)XW+6x2an
VT x5t (zen 12)X\I62+62

gives the desired result after simplification.
Theorem 12. The modified neighborhood Sombor exponential of a dendrimer NS;[n] is

1 1 1 1
"NSO(G,X) = 2x 2"x*? +2x 2"X ¥ +(2x 2" +2) x5 +6x 2"x
1 N L
+IXTV2 4 4xNTA +(6>< 2" —12)x6ﬁ.
Proof: From the definition and by using Table 3, we get

"NSO(G,x)= 3 (5050 “‘“s W

UVEE )

1 1
=2><2”x*’42+42 +2x2”x\*’52+42 +(2>< 2" +2)XV52+52 +6x2"x V5 +6°

1 1 1
LA NTHTE gy BT (6>< on _12) w6767

After simplification, we obtain the desired result.
5. Results for NSg[n] dendrimers

In this section, we focus on another type of dendrimers NSs[n] with n(71. The molecular structure of NS3[2] is
presented in Figure 4.
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Fig. 4 The structure of NS;[2]

Let G be the molecular graph of NSs[n]. By calculation, we obtain that G has 18x2" — 12 vertices and 21x2" — 15
edges. Also by calculation, we get that G has five types of edges based on Sg(u) and Sc(Vv) the degrees of end vertices of

each edge as given in Table 4.
Table 4. Edge partition of NS3[n] based on Sc(u) and Sc(v)

Sc(u), Sc(V)\uv TE(G) Number of edges
4,4 3x2n
(5. 4) 3x2"
(5,7) 3x2n
(6,7) 9x2n— 12
7,7 3x20—3
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Theorem 13. The neighborhood Sombor index of a dendrimer NS3[n] is
NSO(G) =3x2"(44/2 + /A1 +/74 )+ (9x 2" ~12) /85 + (3x 2" -3)74/2.

Proof: From the definition and by using Table 4, we have

NSO(G)= 3 e (u) +Sg (v)’

uveE(G)
—3x2"42 +42 +3%2"\52 + 42 +3x 2"\52 472
+(9x2” —12)\/62 +72 +(3x2” —3)\/72 +72,

After simplification, we get the desired result.

Theorem 14. The modified neighborhood Sombor index of a dendrimer NSg[n] is
mNso(G)zgxzn( 1 11 j 9x2' 12 3x2"-3

+ + + +
NN SN 73 NN - N
Proof: From the definition and by using Table 4, we have
"NSO(G) = E
wiEe) S (U) + ¢ (v)
3x 2" 3x 2" 3x 2" 9x2"-12 3x2"-3
= + + + + .
Ja2+42 52442 52472 &2+72 72472
gives the desired result.

Theorem 15. The neighborhood Sombor exponential of a dendrimer NSs[n] is
NSO(G, x) =3x 2"x*? +3x 2"x "™ +3x 2"x ™

+(3x2"-6)x™ +(3x2" —6) X"
Proof: Using definition and Table 4, we obtain

NSO(G,x)= 3 80 5.7

uveE(G)

= 3 2NV 35 oy VBT | g pny BT
(952" —12)xFT 4 (3520 3)x T
After simplification, we obtain the desired result.
Theorem 16. The modified neighborhood Sombor exponential of a dendrimer NSz[n] is
"NSO(G, x) =3x 2”x%ﬁ +3x 2”x% +3x 2”x*/%
1 1
+(9x2" ~12)x ¥ + (32" -3)x™2,

Proof: Using definition and Table 4, we obtain

mNSO G X z X«’S (U) +S (V

uv»sE(G)

1 1 1
= 3 2N H 8 3y PN NF A | 3y PNy VBT
1 1
+(9>< 2" —12)x“’62+72 + (3>< 2" —3) XN T

After simplification, we get the desired result.
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6. Properties of neighborhood Sombor index
Theorem 17. Let G be a connected graph with m edges. Then

L N, ()< NSO(G) < N, (G).

2

Proof: For any two positive numbers a and b,

%(a+b)£«/(a2 +b?) <a+bh.

For a=Sg(u) and b=Sg(v), the above inequalities transform into

1

ﬁ(se( +Sg (v \/(SG "‘SG (V)Z) <8 (u)+Sg (V)

Now, we obtain

% Y (Se(U)+Se(W)< Y o ()PrSe(v)2< Y (So(u)+Ss(v))

uveE(G) UVEE(G) uveE(G)
with the help of definitions, we arrive the desired result.

Theorem 18. Let G be a connected graph with m edges. Then

NSO(G) < \[mNF(G) .

Proof: Using the Cauchy-Schwarz inequality, we obtain

( 3 Js<u>_2+s<v>2]23 > 1Y (sweswy?)

uveE(G) uveE(G) uveE(G)

=mNF(G).

Thus NSO(G) < \/mNF(G).

7. Conclusion

In this study, the neighborhood Sombor index and the modified neighborhood Sombor index for the tetrathiafulvalene,
POPAM, NSz[n] and NSs[n] dendrimers are computed. We also established some properties of the neighborhood Sombor
index.
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