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Abstract - In this paper, we compute M-polynomial of certain windmill graphs such as French windmill graph Fn(m), Dutch

windmill graph D™, Kulli cycle windmill graph ¢7, Kulli path windmill graph ™. Furthermore, we derive some degree-
based topological indices from the obtained M-polynomials.
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1. Introduction
Let G = (V,E) be a simple, undirected graph, V(G) be the vertex set and E(G) be the edge set of the graph G. The degree

d¢(v) of avertex v € V(G) is the number of edges incident to it in G. The graphs G, and G, have disjoint vertex sets V; and V,
and edge sets X; and X, respectively. Their union [8] G = G; U G, hasV =V, UV, and X = X; U X,. Their join [8] denoted by
G, + G, and it consists of G, UG, and all edges joining A with V,.
Definition 1. [6] Let G be a graph. Then M-polynomial of G is defined as

M(G;x,y) = Xic; mi;(G)x'y/,
where m;j, i,j = 1, is the number of edges uv of G such that {d;(w)), ds(v)} = {i,j}.

Recently, the study of M-polynomial is reported in [4, 15-17]. The topological indices play an important role in
determining physico-chemical properties of chemical graphs and are used to predict the bioactivity of chemical compounds,
among them the degree-based topological indices can be easily driven from an algebraic expression corresponding to the
chemical graphs called M-polynomial. The study of topological indices are reported in [9-14]. The Table 1 shows the some
degree based topological indices from the M-polynomial.

Table 1. Operators to derive of some degree-based topological indices from M-polynomial.

Notation Topological index f(x,y) Derivation from M(G; x, y)
M, (G) First Zagreb x+y (D + Dy )(M(G; %, ¥)) | x=y=1[6]
M,(G) Second Zagreb xy (DxDy)(M(G; x,¥)) | x=y=1[6]
M (G) Second modified Zagreb 1 (SxSy)(M(G; %, 7)) | x=y=1 [6]
Xy
Sp(G) Symmetric division index x% + y? (DxSy + Dy S ) (M(G; X, ¥)) | x=y=1[6]
Xy
H(G) Harmonic 2 2S5 J(M(G; x,¥))|x=1 [6]
x+y
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L,(G) Invesre sum index xy SxJ Dy Dy, (M(G; %, %)) | =1 [6]
x+y
R, (G) General Randic index (xy)® DEDy(M(G; x,¥))|x=y=1[6]
Xa(G) General sum connectivity (x +y)* DE(JM(G;x,y)))|x=1[2]
M{G First general Zagreb x® 1 4 yot (DF~1 4+ DF M (G; %, Y)) | x=y=1 [2]
Moy (G) General Zagreb index x%yP + xby (DEDL + D2DH)(M(G; %, )| x=y=1 [1]
GA(G) Geometric-Arithmetic index 2./ 11
e 28,J DDZ(M(G; %,Y))lx=1 [3]
xXTy

af (x, af (x, t, Wt -
Where D, = x 28, p, = y LD 5 = (¥ B qes, = [¥ L8 ae, pg = D (DF(f(x,9)),

J(f(x,y)) = f(x,x) are the operators.

2. M-polynomials of certain class of windmill graphs
In this section, we compute M-polynomials of certain windmill graphs such as, the French windmill graph Fn(m), the Dutch

windmill graph D,Sm), the Kulli cycle windmill graph ¢™ and the Kulli path windmill graph P™ . Furthermore, we derive

n+1 n+1-

some degree-based topological indices of these graphs from their respective M-polynomial.

Definition 2. [5] The French windmill graph Fflm) is the graph obtained by taking m > 2 copies of the complete graph K,;;n >
2 with a vertex in common. This graph is shown in Figure 1 . The French windmill graph Fgm) is called a star graph. The

French windmill graph Fgm) is called a friendship graph and the French windmill graph ng) is called a butterfly graph.

Fig. 1 French windmill graph F&™.

mn(n+1)

Theorem 2.1. Let Fn(m) be a French windmill graph of order (mn + 1) and size , then

mn(n — 1)

ME™;x,y) = (T

)x"y" + mnx"y™n",

mn(n+1)

Proof. The graph Fn(m) has mn + 1 vertices and edges. The edge set of Fn(m) can be partitioned as

Z—mn

|Egnm| = luv € E(F™):d, =n and d, =n| = "7,
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|Egmny| = luv € E(Fn(m)): d,=n and d, =mn| =
Using the above edge partition and definition of M-polynomial, we get the required result.
Corollary 2.2. If Fn(m) is a French windmill graph, then
1. My(E™) = mn(n® + mn),

3_,2 2
2. MZ(Fn(m)) — mn(n 1; +2mn®)

’

3. M;n(F(m)) (mn-m+2)

2n ’

m
4. Sp(E™)=mn? —mn+m?n+n,
nd-mn3-m2?n2+3mn?
2(mn2+n?)

5. HE™) ==L

1]

(m) m2n5+mn®-m?n*-mn*+4mn?
6. L(F™)= 4(mn?+n2)

)

7. R (EM™) = —mn(:_l) n?® + (mn)**1ne,

mn -mn

8. Xo(FT) = mn(n+mn)® + 0 2n)9,
9. MEE™) = (mn? — mn)n®! + mn® + (mn)*,

10. M(a,b)(Fn(m)) = (mn? — mn)n%? + mn**o+i(mb + me),

3
11. GA(Fn(m)) _ mn(n-1) + 23/mnvn

2 n(1+m)

Proof. The M-polynomial for French windmill graph Fn(m) is given by
. 2_
M(E(™; x,y) = Di<j mij(Fn(m))xly] = (w) x"y™ + mnx"y™n

Then we have

mn -mn

Dy (f(x,y)) =

S (f(x J/) _ (mn mn)x yn+mxnymn

Do(f(x,3)) = (BE2E) xmy™ 4 mn?xmy™
(===

)xy + mZn?xmy™n

S,(F ) = (=
DDy (f(x,)) = 1 (ESTE) xmy™ 4 mPndanymn
DE(F ) = (*
DE(F () = (5

DEDE(f(x,y)) = (w) n2Axnyn 4 (mn)@Hindynymn,

mn?-—mn at+l,.n,,mn

)n”‘x"y"+mn xMy™mn,

mn -mn

)naxnyn + (mn)a+1xnymn

DSy (F (6,y)) = (T22E) xmy™ + iy
DyS.(F () = (M) xmy" + mnaty™

Sy(f,y)) = (F57) xmy™ + Zamym™
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mn?-mn
2

)na+bxnyn + (mn)b+1naxnymn‘

DDy (f (x,y)

(
(mn2 -mn

- )na+bxnyn + (mn)a+1nbxnymn’

)
DZD3(f (x,¥))

mn?-mn

3
. )x"y" + (mn)2x"y™",

D(f(x,y)) = nz

11 2_ 3 01
DZDZ(f(x,y)) = n (222) xy™ + (mn)anzx™y™,

23mnvn

n(1+m)

1 1
25, DZDA(f (x, ) = () w2 +

Using the Theorem 2.1, and column 4 of Table 1, we get the desired results.

Definition 3. [5] The Dutch windmill graph ng), m = 2, n = 5, is the graph obtained by taking m copies of the cycle C,, with

a vertex in common. This graph is shown in Figure 2 . The Dutch windmill graph ng) = Fgm) is called a friendship graph.

Fig. 2 The Dutch windmill graph D™,

Theorem 2.3. Let Dr(lm) be a Dutch windmill graph of order mn + 1 and size m(n + 1), then
MOD™; x,y) = m(n — 3)x%y? + 2mx2y?™.
Proof. The graph D™ has (m(n — 1) + 1) vertices and (m(n + 1)) edges. The edge partition of D™ is as follows
|Eqpzy| = luv € E(DS™):dy, = 2 and d,, = 2| = m(n - 3),
|Eg.omy| = luv € E(DI™):d,, = 2 and d,, = 2m| = 2m.
Using the above edge partition and definition of M-polynomial, we get the required result.
Corollary 2.4. If D,(lm) is a Dutch windmill graph, then.
1. M,(D{™) = m(4n + 4m — 8),

2. M,(DI™) =8m(m+n—3),
mn—-3m+2
4

)

3. MpD) =

Sp(DI™) = 2(mn — 3m + 1 +m?),

B
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m(n+mn+1-3m)

5. H(D™) = e

6. I,(D\™) = nntmn=3+m)

1+m

7. Ra(Dr(lm)) =m(n — 3)22% + (2m)**12¢,

8. Xa(D™) =m(n—3)4% + 2m(2m + 2)%,

9. ME(DI™) =m(n—3)2% + m2% + 2m)%,

10. Mgy (DI™) = 2m(n — 3)29+P 4 20¥b+1(mb+1 4 jpatl)
\/m«/—

11. GADI™) =m(n—3) +
Proof. The M-polynomial for Dutch windmill graph D,(lm) is given by
M(D™;x,y) = Bizj my(DT)x'y) = m(n - 3)x?y? + 2mx2y?m
Then we have
D (f(x,y)) = 2m(n — 3)x%y? + 4mx?y?™,
Dy(f(x’y)) = Zm(n — 3)x2y2 + 4m2x2y2m
DDy, (f (x,y)) = 4m(n — 3)x*y* + 8m?x?y?™",

S(F(x,y) = (m<n 3>) 2y2 4 my2y2m
S, (f@,y)) = (HE2) a2y 4 x2y2m

Sy (f(x,y) = (PE2) x2y? + 2x2y?m
DS, (f(x,)) = m(n — 3)x?y? + 2x2y?™,
DS, (f(x,¥)) = m(n — 3)x?y? + 2m2x?y?™,
DE(f(x,y)) = m(n — 3)2%x2y? + 20+ Imx2y2m
DI (f(x,y)) = m(n — 3)2%x2y? + (2m)*+1x2y?m,
DEDE(f(x,y)) = m(n — 3)229x2y? + 2%(2m)“+1x2y?m,
DEDE(f(x,y)) = m(n — 3)20+Px2y? 4 20(2m)b+1x2y?m,
DEDE(f(x,y)) = m(n — 3)20*2x2y? + 2 (2m)*+1x2y?™,

1 1 5
D;(f(x,¥)) = 22m(n — 3)x%y? + 2max?y*™
11 X
DZDZ(f (x,¥)) = 2m(n — 3)x?y? + (2m)2zx%y*™
1 1

28,JDZD2(f (x,¥)) = m(n — 3)x* + ——=

Using the Theorem 2.3, and column 4 of Table 1, we get the desired results.

m‘/— 2(1+m).

Definition 4 . [5] The Kulli cycle windmill graph C,ET} is the graph obtained by taking m copies of the graph K; + C,, forn >
3 with a vertex K; in common. This graph shown in Figure 3. The Kulli cycle windmill graph Cim) is a French windmill graph

and it is denoted by F™.
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Fig. 3 Kulli cycle windmill graph €™,

n+1*

Theorem 2.5. Let C,(l’fi be a Kulli cycle windmill graphs of order( mn + 1) and size 2mn, then

MC™; x,y) = mnx3y® + mnx3y™m.

n+1’
Proof. Let C,(l'fi be a Kulli cycle windmill graph having mn + 1 vertices and 2mn edges. The edge partition of C,(l’fi is given
by
|Ezay| = luv € E(C{T)):dy, = 3 and d, = 3| = mn,

|Egmny = luv € E(C)):dy, = 3 and d, = mn| = mn.

Using the above edge partition and definition of M-polynomial, we get the required result.

Corollary 2.6. If c™ is Kulli cycle windmill graph, then.

n+1
1. MI(C,(;Q) =mn(9 + mn),

2. My(C™) = 3mn(3 + mn),

n+1

mn+3
3. Myl ="
m?n?+6mn+9
4. Sp(ciny) ="
m)y _ m?*n%+9mn
5. H(C""'l)_ 3mn+9 '

(m)y _ 9(mn+m?n?)
6 b)) = nnre

7. R (C{7)) = (mn)3%* + (mn)*+'3¢,

n+1
8. xa(CIT)) = mn(6% + (mn + 3)9),
9. ME(CI) = (mn)3% + (mn)“,

10 M(a,b)(Cr(lTi) = 2mn3a+b + mb+1nb+13a + ma+1na+13b.

2v33mn
3+mn

11. GACT™) = mn +
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Proof. The M-polynomial for Kulli cycle windmill graph C +1 is given by
(CT(lTi'x y) = Xi<j m;(C +1)x ‘yl = mnx3y® + mnx3ymn
Then we have
Dy (f(x,y)) = 3mnx®y* + 3mnx3y™"
Dy(f(x,y)) = 3mnx®y® + m*nx*y™"
DDy (f(x,¥)) = Imnx3y3 + 3m2n2x3y

Se(fay) = (%) 3y® + (%) xPy™
Sy(f(,y) = (%) 3y + 3y

S8y (F(x,y)) = (%) 3% + a8y
DSy (f(x,y)) = mnx3y® + 3x3y™

DS(f(xy))—mnx3y3+( )xy
DJ‘CI(f(x' y)) = 3“mnx3y3 =+ 3amnx ymn’
Dy (f(x,¥)) = 3%mnx3y® + (mn)**1x3ymn,
D;?Dg(f(X, y)) = 32amnx3y3 + 3“(mn)“+1x3ymn,
D;?fo(f(x, y)) = 3a+bmnx3y3 + 3a(mn)b+1x3ym",
D;?D;,l(f(x’ y)) = 3a+bmnx3y3 + 3b(mn)a+1x3ymn’
1 1 s
D;(f(x, y)) = mn32x3y3 + mn2x3ymn
101 L
D;D)Z)(f(xt 3’)) = 3mnx3y3 + 35mn§x3ymn

11

ZSX]Dny(f(x y)) = mnx® + =—— 2/3Ymn x3+mn,

3+mn

Using the Theorem 2.5, and column 4 of Table 1, we get the desired results.

Definition 5. [5] The Kulli path windmill graph P™ m>2n>5,isthe graph obtained by taking m copies of the graph

n+1’

K; + P, for n > 2 with a vertex K, in common. This graph is shown in Figure 4. The Kulli path windmill graph P3(m) is

friendship graph and it is denoted by F§m>.

(m)
n+1*

Fig. 4 Kulli path windmill graph P
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Proof. The P(™

Using the above edge partition and definition of M-polynomial, we get the required result.
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n+1

be a Kulli Path windmill graph of order mn + 1 and size m(2n — 1), then

MP™; x,y) = 2mx2y3 + m(n — 3)x3y® + 2mxZy™ + m(n — 2)x3y™n.

n+1’
n+1
B3| = |luv € E(P)):dy, =2 and d, = 3| = 2m,
|Ez3] = luv € E(RYY)):dy, = 3 and d, = 3| = m(n - 3),
|Egmm| = lwv € ERS):dy, = 2 and d, = mn| = 2m,

|Egmny = luv € E(RYY):dy, = 3 and d, = mn| = m(n - 2).

n+1

Corollary 2.8. If P™ is a Kulli path windmill graph, then

1.
2.

8.
9.

n+1

M, (P)) = 9mn + m?n? — 10m,

M, (P"™) = 9mn + 15m — 2m?n + 3m?n?,

n+1
2
m) mn“+3n+3
M P( —
2 ( n+1) on ,
S P(m) _ m?n?+6mn?+m2n3-5mn-9n-6
D( n+1) - 3n )
H(P(m)) __28m+4m?n | m?n?-3m2n+9mn-21m
n+1 5(mn+2) 3(mn+3) ’
I (P(m)) __om?n2+9mn—21m?n-27m | 32m?n+24m
n\in+1/ T 2(mn+3) s5(mn+2) ’

Re (P = m(mn)*29+1 + m3929+1 4 m(n — 3)32% + m(n — 2)(mn)?3%,

)(a(Prle)) =2m(mn + 2)* + 2m5% + m(n — 3)6* + m(n — 2)(mn + 3)%,

MERS)) = m2¢+1 + 2m(n — 3)3%71 + m(n — 2)3%"1 + m(n — 2)(mn)*~*

n+1

is a graph having mn + 1 vertices and m(2n — 1) edges. The edge partition of Pn(Tl) is given by

+ 2m(mn)*~! + 2m3%71,

10. M(qp)(PTY) = 2m[29(mn)? + 2P (mn)® + 293P + 223%] + 2m(n — 3)3(@*D) +

n+1

m(n — 2)[3%(mn)? + 3P (mn)4],

m) _ 4m/6 mymnyZ | 2m(n-2)v3vmn
11. GA(P,}{) = P mn—3) + Pyw— P T—
Proof. The M-polynomial for Kulli path windmill graph P,fl”l) is given by

M(P(m)- x,y) = Yisj mij(PTfTB)xiyj =2mx?y® + m(n — 3)x3y3 + 2mx2y™ + m(n — 2)x3y™",

n+1’

Then we have

D, (f(x,y)) = 4mx?y™ + 4mx?y3 + 3m(n — 3)x3y3 + 3m(n — 2)x3y™",

Dy(f(x,y)) = 2m*nx?y™" + 6mx*y® + 3m(n — 3)x3y? + (m*n?® — 2m*n)x3y™",

Se(f(x,¥)) = mx2y™ + mx3y3 + (@) X3y3 + (%—2)) K3ymn,

5760 = () () + (52 057+ () 0y

DD, (f(x,y)) = 4m*nx?y™ + 12mx2y® + 9m(n — 3)x3y® + 3(m?*n? — 2m*n)x3y™",

525,700 = (2) ety (B) e+ (H52) iy (52) 2y,
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DSy (F(6,y)) = (2) x2y™ + () x2y® + m(n - 3)x®y? + ((E2) w3y,

n

DS (f (x,¥)) = m*nx®y™ 4+ 3mx3y> + m(n — 3)x3y* + (@) x3ymn,

DE(f(x,¥)) = 2T mx?y3 + 3%m(n — 3)x3y® + 2% mx2y™ + 3%m(n — 2)x3y™",

DY (f(x,y)) = 3%2mx?y? + 3*m(n — 3)x3y? + (mn)*2mx?y™" + (mn)*m(n — 2)x3y™",

DEDY(f (x,y)) = 293%2mx?y? + 32%m(n — 3)x3y3 + 2%(mn)*2mx>y™" + 3%(mn)*m(n — 2)x3y™",

DEDL(f (x,y)) = 293P 2mx?y?® 4+ 3%*Pm(n — 3)x3y> + 2% (mn)P 2mx?y™™ + 3%(mn)’m(n — 2)x3y™,
DEDJ(f (x,y)) = 2°3%2mx?y3 + 37*Pm(n — 3)x3y3 + 2P (mn)*2mx?y™ 4 3P (mn)*m(n — 2)x3y™",

1 3 1 1 1
DI(f(x,¥)) = 22mx?y® + 3zm(n — 3)x°y* + (mn)22mx?y™" + (mn)zm(n — 2)x>y™",

11 13 1 1
DZDi(f(x,¥)) = 4mx?y® + 3m(n — 3)x%y® + mn222mx?y™" + 3z(mn)zm(n — 2)x>y™",
11 4mV6 mymn3/2 2m(n — 2)V3vVmn
2n2 — 5 _ 6 24+mn 3+mn
ZSx]Dny(f(x, y)) =— x> +m(n—3)x°+ e X + T x .

Using the Theorem 2.7, and column 4 of Table 1, we get the desired result.

3. Conclusion
In the present paper, we obtained M-polynomial of certain winmdmill graphs and derived their degree-based topological

indices using the obtained polynomials.
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