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1. Introduction

In 1965, the concept of fuzzy sets has been given by L.A. Zadeh [4]. A lot of researchers worked in this direction(see [7]-
[11]). As a generalization of fuzzy sets, Atanassov [2] introduced the notion of intuitionistic fuzzy sets in 1983.
2. Preliminaries
Definition 2.1. [3] A binary operation A:[0,1] x [0,1] — [0,1] is called continuous t-norm if A satisfies the following
conditions:

i) A iscommutative and associative,

i) Ais continuous,

iii) aA1l=aq,forallae[0,1],

iv) aAb <cAdwhenevera <candb <d forall a,b,c,d €[0,1].
Definition 2.2. [3] A binary operation °: [0,1] % [0,1] — [0,1] is called continuous t-conorm if ° satisfies the following
conditions:

i) °is commutative and associative,

ii) °is continuous,

iii) a°0=aq,forallae[0,1],

iv) a°b <c°dwhenevera <candb <dforalla,b,c,d €[0,1].

Definition 2.3. [1] (Intuitionistic Fuzzy Metric Space) The 5-tuple (X, M, N, A, ©) is said to be an intuitionistic fuzzy metric
space(Shortly, IFM-space) if X is an arbitrary set, A is a continuous t-norm, ° is a continuous t-conorm. M and N are fuzzy

sets in X2 X [0, o) satisfying the following conditions for all x,y,z € X and s,t > 0,

L. M(xyt) + Nkxyt) <1,

I1. M(x,y,0) = 0,

.  M(x,y,t) = 1forallt > 0ifandonlyifx = y,
IV. M(x,y,t) = M(y,x,1t),
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V. M(x,y,t) = last — oo,
VL M(x,y,t) AM(y,z,5) <M(x,z,t+s),
VI.  M(x,y,.):[0,0) — [0,1]is left continuous,
VIII. N(x,y,0) =1,
IX. N(x,y,t) = 0forallt >0ifandonlyifx = y,
X. N(x,y,t) = N(y,x,t),
XI. N(x,y,t) = 0ast — oo,
XI1. N(x,y,t) AN(y,z,s) = N(x,zt+s),
XII.  N(x,y,.):[0,0) — [0, 1] is right continuous.

Here, M(x,y,t) and N(x, y, t) denote the degree of nearness and the degree of non-nearness between x and y with respect

to t, respectively. Moreover, [5], [6], [16] defines the area for intuitionistic fuzzy metric space.
Definition 2.4. The mapping n: [0, %) % [0,) — R is called a Simulation function if it satisfies the following conditions:

I.  1(0,0)= 0.
Il. n(p,q) <q—pforallq,p > 0.
I"l. If {p,}, {g} € (0, ) such that lim {p,} = lim{q,} > 0, then lim sup n(p,, q,) <O.
n—-oo n—-oco n—-oo

We denote the set of simulation functions by Z.

Definition 2.5. Let (X, d) be a metric space and T: X — X be a mapping and n € Z. Then T is called a Z-contraction with
respect to 7 if the following condition is satisfied:
n(d(Tx, Ty),d(x,y)) >0, forallx,y € X.
3. Main Results
Definition 3.1. A mapping 1 : [1,00) X [1,0) — [0, 1] is called a Fuzzy Simulation Function if the following conditions are
satisfied:

a. n(p,q) = min {%,5}, foralll<p <gq;

b. If{p,.}.{g.} € [1, ) such that 7li_r)rgo{pn} = }li_{{}o{%} > 1in[1, ), then rlll_r& supN(pn, ) < 1.
Definition 3.2. Let (X, M, N, A, °) be intuitionistic fuzzy metric space and T be a self-mapon X = [0,1]andn € Z. Then T is
called a Z —contraction with respect to  in (X, M, N, A, °) if the following condition is satisfied:
n(M+ N(Tx, Ty, t),M + N(x,y,t)) < 1,Vx,y €X.
Theorem 3.3. Let S be a Z-contraction with respect to n in an intuitionistic fuzzy metric space (X, M, N, 4, ©), then there exists
a unique fixed point of S in X.
Proof: Case I: Letz, € X be any arbitrary point. By Picard’s sequence, the sequence {z,} such that z,, = Sz,,_;, for all n €
N.

1
+
M(zpyjs)  N(zypyjps)

Let A, = sup { ;1,j = n} which implies that {4,,} is a monotonically decreasing sequence and
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lim sup A,, < 1andso {4,} is convergent, then there exists A > 1 such that lim 4,, = A.
n—-oo

n—oo

Hence, {z,,} is a Cauchy sequence in X.
Suppose that A > 1.

Then there exist hy, [, such that h,, > 1, > p, for every p € N such that

1 1
A, < <A, +-
P v
M (th, 2y, s) + N(zn,, z1,, 5) p
. 1
= lim =A>1

P2\ M (th, 7, s) + N(zp,, 2, 5)

1 1
As we know < .
M(th,le,S)+N(th’ le’ s) M(th_l,zlp_1,S)+N(th_1' le_l' s)
. 1
= lim =4 >1
— 00
p M(th_l,zlp_l,s) +N(th_1,le_1,S)
. 1 1
Therefore, lim ( — )y=4 > 1.
pooo M(zhp_l,zlp_l,s)+N(zhp_1,zlp_l, s) M(zhp_ ler5)+N(th:le, s)

= ,l‘l?o supn (M (th_l,zlp_l,s) +N (th_l,zlp_l’s) , M (zhp,zlp,s) + N(th,zlp,s) >1,

Which is a contradiction to the condition (ii) of fuzzy simulation function definition and so if the only possible is A = 1.

Since (X, M, N, A,°) is an intuitionistic fuzzy metric space, then there exists z € X such that lim z, = z.

p—00

That is, lim L

pﬁmW= 1, SInCEZp - zand M(Z,Z,S)+N(Z,Z,S) = 1.

1

M(Sz,z,5)+N(5z,z,5) > 1'

Consider, Sz # z, then
= lim sup n(M(Szp,SZ, s) + N(5z,, 5z, s),M(zp,z,s) + N(zp,z, 5)) > 1.
p—)OO

Which is a contradiction to the condition (ii) of fuzzy simulation function definition.
Hence, Sz = z.
Therefore, z is a fixed point of S in X.

Let r € X be another fixed pointof Sand r # z, Sr = .
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1

Then M(Sz,Sr,s)+N(Sz,Sr,s)

= n(M(Sz,Sr,s) + N(Sz,Sr,s),M(z,r,s) + N(z,1,5)) > 1,
Which is a contradiction to the z- contraction of fuzzy simulation function.
Hence,r = z.
Therefore, z is the unique fixed point of S in X.
Case II:

LetA, = sup{ L ;i,j =nand 0 < (M(z;,q,,5) +N(z,q;,5)) < 1}.

1-(M(zy,q),8)+N(z3q;5))

= {A,} is a monotonically increasing sequence and lim sup 4,, < 1 and so {A,,} is convergent then there exists A > 1 such
n—-oo

that lim sup 4,, = A.

n—oo

Thus {z,,} is a Cauchy sequence in X.
Consider that A > 1.

Then there exists hy, L, such that h,, = [, > p, forevery p € N such that

1 1
A, — — < < A,
p 14
P M (zhp,zlp,s) + N(zhp,zlp,s)
1
= lim =4 >1.
L (M (zhp,zlp,s) +N (zhp, zlp,s))
As we know
1 1 1

> >

1-— (M (zhp,zlp, s) + N(th,zlp,s)) M (th,zlp,s) + N(zhp,zlp ,S) M (th—l' Zp,-1) S) + N(zhp_l,zlp_l,s)-

1 1
)
M(zhp_1,zlp_1,S)+N(zhp_1,zlp_1,s) M(zhp' zlp,s)+N(zhp ,zlp,s)

Hence, lim sup{ } =A4>1.
p—)m

= ;1_{2, supn (M (th—pzz,,—ps) +N (zhp_l,zlp_l,s),M (zhp,zlp,s) + N(th,zlp,s)) > 1,

Which is a contradiction to the condition (ii) of fuzzy simulation function definition and if the only possibleis A = 1.

Since (X, M, N, A, °) is an intuitionistic fuzzy metric space, then there exists z € X such that lim z, = z.
n—oo
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. 1 .
= imm— 1.S|nceZn—>Z3.nd M(Z,Z,S)+N(Z,Z,S) = 1.

1

Let Sz # z, then
M(Sz,z,s)

lim supn (M(Sz,,Sz,s) + N(Szp,5z,5), M(Szp,2,p) + N(Szp,2,p)) > 1.
p—oo

Which is a contradiction to the condition (ii) of fuzzy simulation function definition.
Hence, Sz = z.
Therefore, z is a fixed point of S in X.

Consider x € X be another fixed point of S and x # z,Sx = x, then

1
(M(Sz, Sx,s) + N(Sz,Sx, s) ) > 1
= n (M(Sz,Sx,s) + N(Sz,5x,s),M(z,x,5) + N(z,x,5)) >1,
Which is a contradiction to the z-contraction of fuzzy simulation function.
Hence, x = z.
Therefore, there exists a unique fixed point z of T in X.
Example 3.4

(1) For Monotonically decreasing sequence,

(1) LetX = [0,w0),{z,} - z, where z, = —and z = 0, foralln € N.

Consider M(zn,7,5) + N(2y,2,5) = ——, where s = % € [0,1].

. 1 . 1
Then il—g)lo (M(zn,z,s)+N(zn,z,s)) - rlll—>nolo (( S )) - 1'

S+zn

1
. 1 1 1 1\ _ 4. n _
Where rllgrgo M(=,0,-)+N(5,0,5) = 1{1_11}0 (%+n_13) =1

(2) Let X= [0, ), {z,} - z, where z, = —and z = 0, forall n € N.

Let M(z,,2,5) + N(2,,2,5) = ﬁ, WherESZ%E [0,1].
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. 1 . 1
Then 1111_1)120 (M(zn,z,s)+N(zn,z,s)) = rlll—r}c}o (( s ))

S+zn

(3) Let X =2Z, {z,,} » z, where z,, = ﬁandzzo, foralln € N and z in X.

Let M(z,,2,5) + N(z,,2,5) = i,where s = % €[0,1]

Which gives lim (;) = lim ( . ) =1

n-oo \M(2n,2,5)+N(2n,2,5) n-oo \ -
(1) For Monotonically increasing sequence:

(1) LetX = [0,),{z,} — z wherez, =1 —n—lsandz =1,forallninN.

Let M(z,,2,s) + N(z,2,5) = i, where s = % € [0,1].

. 1 . 1 _
Then 711_[)‘210 (1—(M(zn,z,s)+N(zn,z,s))) - 7111_1)1;10 (1—( S )> =1.

S+zn

(2) LetX=][0, ), {z,} — z, wherez, =1— %and z=1,forallninN.

Let M(z,,2,5) + N(zp,2,5) = ﬁ, where s = % € [0,1].

. 1 . 1 _
Then rlzl—>nolo (1—(M(zn,z,s)+N(zn,z,s))) - rlll—l;go (1—( s )> =1.

S+zn
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