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1. Introduction  

In 1965, the concept of fuzzy sets has been given by L.A. Zadeh [4]. A lot of researchers worked in this direction(see [7]-

[11]). As a generalization of fuzzy sets, Atanassov [2] introduced the notion of intuitionistic fuzzy sets in 1983. 

2. Preliminaries 

Definition 2.1. [3] A binary operation ∆: [0,1]  × [0,1]  → [0,1]  is called continuous t-norm if ∆  satisfies the following 

conditions: 

i) ∆ is commutative and associative, 

ii) ∆ is continuous, 

iii) 𝑎 ∆ 1 = 𝑎, for all a ∈ [0,1], 

iv) 𝑎 ∆ 𝑏 ≤ 𝑐 ∆ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 

Definition 2.2. [3] A binary operation °: [0,1]  × [0,1]  → [0,1]  is called continuous t-conorm if ° satisfies the following 

conditions: 

i) ° is commutative and associative, 

ii) ° is continuous, 

iii) 𝑎 ° 0 = 𝑎, for all a ∈ [0,1], 

iv) 𝑎 ° 𝑏 ≤ 𝑐 ° 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 

Definition 2.3. [1]  (Intuitionistic Fuzzy Metric Space) The 5-tuple (𝑋,𝑀,𝑁, ∆, °) is said to be an intuitionistic fuzzy metric 

space(Shortly, IFM-space) if 𝑋 is an arbitrary set, ∆ is a continuous t-norm, ° is a continuous 𝑡-conorm. 𝑀 and 𝑁 are fuzzy 

sets in 𝑋2  × [0,∞) satisfying the following conditions for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑠, 𝑡 > 0, 

I. 𝑀(𝑥, 𝑦, 𝑡)  +  𝑁(𝑥, 𝑦, 𝑡)  ≤ 1, 

II. 𝑀(𝑥, 𝑦, 0)  =  0, 

III. 𝑀(𝑥, 𝑦, 𝑡)  =  1 for all 𝑡 > 0 if and only if 𝑥 =  𝑦, 

IV. 𝑀(𝑥, 𝑦, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑡), 
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V. 𝑀(𝑥, 𝑦, 𝑡)  =  1 𝑎𝑠 𝑡 →  ∞, 

VI. 𝑀(𝑥, 𝑦, 𝑡) ∆ 𝑀(𝑦, 𝑧, 𝑠)  ≤ 𝑀(𝑥, 𝑧, 𝑡 + 𝑠), 

VII. 𝑀(𝑥, 𝑦, . ): [0,∞)  → [0, 1] is left continuous, 

VIII. 𝑁(𝑥, 𝑦, 0)  =  1, 

IX. 𝑁(𝑥, 𝑦, 𝑡)  =  0 for all 𝑡 > 0 if and only if 𝑥 =  𝑦, 

X. 𝑁(𝑥, 𝑦, 𝑡)  =  𝑁(𝑦, 𝑥, 𝑡), 

XI. 𝑁(𝑥, 𝑦, 𝑡)  =  0 𝑎𝑠 𝑡 → ∞, 

XII. 𝑁(𝑥, 𝑦, 𝑡) ∆ 𝑁(𝑦, 𝑧, 𝑠)  ≥ 𝑁(𝑥, 𝑧, 𝑡 + 𝑠), 

XIII. 𝑁(𝑥, 𝑦, . ): [0,∞)  → [0, 1] is right continuous. 

Here, 𝑀(𝑥, 𝑦, 𝑡) and 𝑁(𝑥, 𝑦, 𝑡) denote the degree of nearness and the degree of non-nearness between 𝑥 and 𝑦 with respect 

to 𝑡, respectively. Moreover, [5], [6], [16] defines the area for intuitionistic fuzzy metric space. 

Definition 2.4. The mapping 𝜂: [0,∞) × [0,∞) → 𝑅 is called a Simulation function if it satisfies the following conditions: 

I. 𝜂(0, 0) =  0. 

II. 𝜂(𝑝, 𝑞) < 𝑞 − 𝑝 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑞, 𝑝 > 0. 

III. If {𝑝𝑛}, {𝑞𝑛} ⊆ (0,∞) such that lim
𝑛→∞

{𝑝𝑛} =  lim
𝑛→∞

{𝑞𝑛} > 0, then lim
𝑛→∞

sup 𝜂(𝑝𝑛, 𝑞𝑛) < 0. 

We denote the set of simulation functions by Z. 

Definition 2.5. Let (𝑋, 𝑑) be a metric space and 𝑇: 𝑋 → 𝑋 be a mapping and 𝜂 ∈ 𝑍. Then 𝑇 is called a 𝑍-contraction with 

respect to 𝜂 if the following condition is satisfied: 

𝜂(𝑑(𝑇𝑥, 𝑇𝑦), 𝑑(𝑥, 𝑦))  ≥ 0, for all 𝑥, 𝑦 ∈ 𝑋. 

3. Main Results 

Definition 3.1. A mapping 𝜂 ∶ [1,∞) × [1,∞) → [0, 1] is called a Fuzzy Simulation Function if the following conditions are 

satisfied: 

a. 𝜂(𝑝, 𝑞) ≥  min {
1

𝑝
,
1

𝑞
},  for all 1 ≤ 𝑝 ≤ 𝑞; 

b. If {𝑝𝑛}, {𝑞𝑛} ⊆ [1,∞) such that lim
𝑛→∞

{𝑝𝑛} =  lim
𝑛→∞

{𝑞𝑛} > 1 in [1, ∞), then lim
𝑛→∞

sup 𝜂(𝑝𝑛, 𝑞𝑛) ≤ 1. 

Definition 3.2.  Let (𝑋,𝑀,𝑁, ∆, °) be intuitionistic fuzzy metric space and 𝑇 be a self-map on 𝑋 = [0, 1] and 𝜂 ∈ 𝑍. Then 𝑇 is 

called a 𝑍 −contraction  with respect to 𝜂 in (𝑋,𝑀,𝑁, ∆, °) if the following condition is satisfied: 

𝜂(𝑀 + 𝑁(𝑇𝑥, 𝑇𝑦, 𝑡),𝑀 + 𝑁(𝑥, 𝑦, 𝑡)) ≤ 1, ∀ 𝑥, 𝑦 ∈ 𝑋.  

Theorem 3.3. Let 𝑆 be a 𝑍-contraction with respect to 𝜂 in an intuitionistic fuzzy metric space (𝑋,𝑀,𝑁, 𝛥, °), then there exists 

a unique fixed point of 𝑆 in 𝑋. 

Proof:  Case I: Let 𝑧0  ∈ 𝑋 be any arbitrary point. By Picard’s sequence, the sequence {𝑧𝑛} such that 𝑧𝑛 = 𝑆𝑧𝑛−1, for all 𝑛 ∈

𝑁. 

Let 𝐴𝑛 = sup {
1

𝑀(𝑧𝑖,𝑦𝑗,𝑠)
+

1

𝑁(𝑧𝑖,𝑦𝑗,𝑠)
; 𝑖, 𝑗 ≥ 𝑛} which implies that {𝐴𝑛} is a monotonically decreasing sequence and  
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lim
𝑛→∞

sup𝐴𝑛  ≤ 1 and so {𝐴𝑛} is convergent, then there exists A ≥ 1 such that lim
𝑛→∞

𝐴𝑛 = 𝐴. 

Hence, {𝑧𝑛} is a Cauchy sequence in 𝑋. 

Suppose that 𝐴 > 1. 

Then there exist ℎ𝑝, 𝑙𝑝 such that ℎ𝑝 ≥ 𝑙𝑝  > 𝑝, for every p ∈ 𝑁 such that 

𝐴𝑝  <  
1

𝑀 (𝑧ℎ𝑝, 𝑧𝑙𝑝, 𝑠) + 𝑁(𝑧ℎ𝑝, 𝑧𝑙𝑝, 𝑠)
 <  𝐴𝑝 +

1

𝑝
. 

⇒ lim
𝑝→∞

(
1

𝑀 (𝑧ℎ𝑝, 𝑧𝑙𝑝, 𝑠) + 𝑁(𝑧ℎ𝑝, 𝑧𝑙𝑝, 𝑠)
) = 𝐴 > 1. 

As we know 
1

𝑀(𝑧ℎ𝑝 ,𝑧𝑙𝑝 ,𝑠)+𝑁(𝑧ℎ𝑝, 𝑧𝑙𝑝, 𝑠)
 ≤  

1

𝑀(𝑧ℎ𝑝−1,𝑧𝑙𝑝−1,𝑠)+𝑁(𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠)
. 

⇒ lim
𝑝→∞

(
1

𝑀 (𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠) + 𝑁(𝑧ℎ𝑝−1 , 𝑧𝑙𝑝−1 , 𝑠)
) = 𝐴 > 1. 

Therefore, lim
𝑝→∞

(
1

𝑀(𝑧ℎ𝑝−1,𝑧𝑙𝑝−1,𝑠)+𝑁(𝑧ℎ𝑝−1 ,𝑧𝑙𝑝−1, 𝑠)
− 

1

𝑀(𝑧ℎ𝑝, 𝑧𝑙𝑝 ,𝑠)+𝑁(𝑧ℎ𝑝 ,𝑧𝑙𝑝, 𝑠) 
) = 𝐴 > 1. 

⇒ lim
𝑝→∞

sup 𝜂 (𝑀 (𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠) + 𝑁 (𝑧ℎ𝑝−1 , 𝑧𝑙𝑝−1,𝑠) ,𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁(𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) > 1, 

Which is a contradiction to the condition (ii) of fuzzy simulation function definition and so if the only possible is 𝐴 =  1. 

Since (𝑋,𝑀,𝑁, ∆, °) is an intuitionistic fuzzy metric space, then there exists 𝑧 ∈ 𝑋 such that lim
𝑝→∞

𝑧𝑝 = 𝑧. 

That is, lim
𝑝→∞

1

𝑀(𝑧𝑝,𝑧,𝑠)+𝑁(𝑧𝑝,𝑧,𝑠)
= 1,  since 𝑧𝑝  → 𝑧 and 𝑀(𝑧, 𝑧, 𝑠) + 𝑁(𝑧, 𝑧, 𝑠)  =  1. 

Consider, 𝑆𝑧 ≠ 𝑧, then 
1

𝑀(𝑆𝑧,𝑧,𝑠)+𝑁(𝑆𝑧,𝑧,𝑠)
 > 1, 

⇒ lim
𝑝→∞

sup 𝜂(𝑀(𝑆𝑧𝑝, 𝑆𝑧, 𝑠) + 𝑁(𝑆𝑧𝑝, 𝑆𝑧, 𝑠) ,𝑀(𝑧𝑝, 𝑧, 𝑠) + 𝑁(𝑧𝑝, 𝑧, 𝑠))  > 1. 

Which is a contradiction to the condition (ii) of fuzzy simulation function definition. 

Hence, 𝑆𝑧 =  𝑧. 

Therefore, 𝑧 is a fixed point of 𝑆 in 𝑋. 

Let 𝑟 ∈ 𝑋 be another fixed point of S and 𝑟 ≠ 𝑧, 𝑆𝑟 = 𝑟. 



Deepika & Manoj Kumar / IJMTT, 68(8), 129-135, 2022 

 

132 

Then 
1

𝑀(𝑆𝑧,𝑆𝑟,𝑠)+𝑁(𝑆𝑧,𝑆𝑟,𝑠)
 > 1. 

⇒ 𝜂(𝑀(𝑆𝑧, 𝑆𝑟, 𝑠) + 𝑁(𝑆𝑧, 𝑆𝑟, 𝑠),𝑀(𝑧, 𝑟, 𝑠) + 𝑁(𝑧, 𝑟, 𝑠)) > 1, 

Which is a contradiction to the 𝑧- contraction of fuzzy simulation function. 

Hence, 𝑟 =  𝑧. 

Therefore, 𝑧 is the unique fixed point of 𝑆 in 𝑋. 

Case II: 

Let 𝐴𝑛 =  𝑠𝑢𝑝 {
1

1−(𝑀(𝑧𝑖,𝑞𝑗,𝑠)+𝑁(𝑧𝑖,𝑞𝑗,𝑠))
 ; 𝑖, 𝑗 ≥ 𝑛 𝑎𝑛𝑑  0 ≤ (𝑀(𝑧𝑖 , 𝑞𝑗 , 𝑠) + 𝑁(𝑧𝑖 , 𝑞𝑗 , 𝑠)) < 1}. 

⇒ {𝐴𝑛} is a monotonically increasing sequence and lim
𝑛→∞

sup𝐴𝑛  ≤ 1 and so {𝐴𝑛} is convergent then there exists 𝐴 ≥ 1 such 

that lim
𝑛→∞

sup𝐴𝑛 = 𝐴. 

Thus {𝑧𝑛} is a Cauchy sequence in 𝑋. 

Consider that 𝐴 > 1. 

Then there exists ℎ𝑝, 𝑙𝑝 such that ℎ𝑝  ≥  𝑙𝑝  > 𝑝, for every 𝑝 ∈ 𝑁 such that 

𝐴𝑝 − 
1

 𝑝
 <  

1

𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁(𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠)
 <  𝐴𝑝. 

⇒ lim
𝑝→∞

1

1 − (𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠))
= 𝐴 > 1. 

As we know  

1

1 − (𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁(𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠))
 ≥  

1

𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁(𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠)
 ≥  

1

𝑀 (𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠) + 𝑁(𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠)
. 

Hence, lim
𝑝→∞

sup {
1

𝑀(𝑧ℎ𝑝−1,𝑧𝑙𝑝−1,𝑠)+𝑁(𝑧ℎ𝑝−1,𝑧𝑙𝑝−1,𝑠)
,

1

𝑀(𝑧ℎ𝑝, 𝑧𝑙𝑝 ,𝑠)+𝑁(𝑧ℎ𝑝 ,𝑧𝑙𝑝 ,𝑠)
} = 𝐴 > 1. 

⇒ lim
𝑝→∞

sup 𝜂 (𝑀 (𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠) + 𝑁 (𝑧ℎ𝑝−1, 𝑧𝑙𝑝−1, 𝑠) ,𝑀 (𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠) + 𝑁(𝑧ℎ𝑝 , 𝑧𝑙𝑝 , 𝑠))  > 1, 

Which is a contradiction to the condition (ii) of fuzzy simulation function definition and if the only possible is 𝐴 =  1. 

Since (𝑋,𝑀,𝑁, ∆, °) is an intuitionistic fuzzy metric space, then there exists 𝑧 ∈ 𝑋 such that lim
𝑛→∞

𝑧𝑛 = 𝑧. 
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⇒ lim
𝑛→∞

1

𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠)
= 1. since 𝑧𝑛 → 𝑧 and  𝑀(𝑧, 𝑧, 𝑠) + 𝑁(𝑧, 𝑧, 𝑠)  =  1. 

Let 𝑆𝑧 ≠ 𝑧, then 
1

𝑀(𝑆𝑧,𝑧,𝑠)
 > 1. 

lim
𝑝→∞

sup 𝜂 (𝑀(𝑆𝑧𝑝, 𝑆𝑧, 𝑠) + 𝑁(𝑆𝑧𝑝, 𝑆𝑧, 𝑠),𝑀(𝑆𝑧𝑝, 𝑧, 𝑝) + 𝑁(𝑆𝑧𝑝, 𝑧, 𝑝))  > 1. 

Which is a contradiction to the condition (ii) of fuzzy simulation function definition. 

Hence, 𝑆𝑧 = 𝑧. 

Therefore, 𝑧 is a fixed point of 𝑆 in 𝑋. 

Consider 𝑥 ∈ 𝑋 be another fixed point of 𝑆 and 𝑥 ≠ 𝑧, 𝑆𝑥 = 𝑥, then 

(
1

𝑀(𝑆𝑧, 𝑆𝑥, 𝑠) + 𝑁(𝑆𝑧, 𝑆𝑥, 𝑠)
 ) > 1. 

⇒  𝜂 (𝑀(𝑆𝑧, 𝑆𝑥, 𝑠) + 𝑁(𝑆𝑧, 𝑆𝑥, 𝑠),𝑀(𝑧, 𝑥, 𝑠) + 𝑁(𝑧, 𝑥, 𝑠))  > 1, 

Which is a contradiction to the 𝑧-contraction of fuzzy simulation function. 

Hence, 𝑥 =  𝑧. 

Therefore, there exists a unique fixed point 𝑧 of 𝑇 in 𝑋. 

Example 3.4 

(I) For Monotonically decreasing sequence, 

(1) Let 𝑋 =  [0,∞), {𝑧𝑛} → 𝑧, where 𝑧𝑛 = 
1

𝑛3
 and 𝑧 =  0, for all 𝑛 ∈ 𝑁. 

Consider 𝑀(𝑧𝑛, 𝑧, 𝑠) + 𝑁(𝑧𝑛, 𝑧, 𝑠) =  
𝑠

𝑠+𝑧𝑛
, where s = 

1

𝑛
 ∈ [0, 1]. 

Then lim
𝑛→∞

(
1

𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠)
) =  lim

𝑛→∞
(

1

(
𝑠

𝑠+𝑧𝑛
)
) = 1, 

Where lim
𝑛→∞

𝑀(
1

𝑛3
, 0,

1

𝑛
) + 𝑁(

1

𝑛3
, 0,

1

𝑛
) = lim

𝑛→∞
(

1

𝑛
1

𝑛
+ 
1

𝑛3

) = 1. 

(2) Let X= [0, ∞), {𝑧𝑛} → 𝑧, where 𝑧𝑛 = 
1

𝑛4
 and 𝑧 = 0, for all 𝑛 ∈ 𝑁. 

Let 𝑀(𝑧𝑛, 𝑧, 𝑠) + 𝑁( 𝑧𝑛, 𝑧, 𝑠) =  
𝑠

𝑠+𝑧𝑛
, where s = 

1

𝑛
 ∈ [0, 1]. 
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Then lim
𝑛→∞

(
1

𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠)
) =  lim

𝑛→∞
(

1

(
𝑠

𝑠+𝑧𝑛
)
) 

i.e, lim
𝑛→∞

(
1

𝑀(
1

𝑛4
,0,
1

𝑛
)+𝑁(

1

𝑛4
,0,
1

𝑛
)
) = lim

𝑛→∞

(

 1
1
𝑛

1
𝑛+

1

𝑛4)

  = 1. 

(3) Let X = Z, {𝑧𝑛} → 𝑧, where 𝑧𝑛 = 
1

𝑛+𝑧3
 and z = 0, for all n ∈ 𝑁 𝑎𝑛𝑑 𝑧 𝑖𝑛  𝑋. 

Let 𝑀(𝑧𝑛, 𝑧, 𝑠) + 𝑁(𝑧𝑛, 𝑧, 𝑠) =  
𝑠

𝑠+𝑧𝑛
, 𝑤ℎ𝑒𝑟𝑒 𝑠 =  

1

𝑛
 ∈ [0, 1] 

Which gives lim
𝑛→∞

(
1

𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠)
) =  lim

𝑛→∞
(

1
𝑠

𝑠+𝑧𝑛

) = 1. 

(II) For Monotonically increasing sequence: 

(1) Let 𝑋 =  [0,∞), {𝑧𝑛}  → 𝑧, where 𝑧𝑛 = 1 −
1

𝑛3
 and 𝑧 = 1, for all 𝑛 in 𝑁. 

Let 𝑀(𝑧𝑛, 𝑧, 𝑠) + 𝑁(𝑧𝑛, 𝑧, 𝑠) = 
𝑠

𝑠+𝑧𝑛
, where 𝑠 =  

1

𝑛
 ∈ [0, 1]. 

Then lim
𝑛→∞

(
1

1−(𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠))
) =  lim

𝑛→∞
(

1

1−(
𝑠

𝑠+𝑧𝑛
)
) = 1. 

(2) Let X = [0, ∞), {𝑧𝑛}  → 𝑧, where 𝑧𝑛 = 1 −
1

𝑛3
 and 𝑧 = 1, for all 𝑛 in 𝑁. 

Let 𝑀(𝑧𝑛, 𝑧, 𝑠) + 𝑁(𝑧𝑛, 𝑧, 𝑠) =  
𝑠

𝑠+𝑧𝑛
,  where 𝑠 =  

1

𝑛
 ∈ [0, 1]. 

Then lim
𝑛→∞

(
1

1−(𝑀(𝑧𝑛,𝑧,𝑠)+𝑁(𝑧𝑛,𝑧,𝑠))
) =  lim

𝑛→∞
(

1

1−(
𝑠

𝑠+𝑧𝑛
)
) = 1. 
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