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Abstract - Main objective of the article is to introduce Steiner and upper Steiner domination in fuzzy graphs with real life 

application. We define fuzzy Steiner set for fuzzy graphs with isolated nodes and verified the mandatory and adequate condition 

for a  fuzzy Steiner set to be minimal. We determine fuzzy Steiner dominating numbers in fuzzy graphs. Also we examine some 

of its characteristics.. The relationship between the fuzzy Steiner domination number of a fuzzy graph and the complement graph 

is obtained. 
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1. Introduction  
The problem we often face in many real life situations is uncertainty or fuzziness. The concept of fuzziness has been applied 

in each and every field. Fuzzy graph theory introduced by Rosenfeld has many real life applications. Several fuzzy graph theoretic 

concepts has been studied from [6] and [7]. In [1] and [2] the authors discussed the concept of domination and fuzzy graphs. 

Steiner domination in crisp graphs has been studied from [3], [4] and [5]. This paper introduces Steiner and upper Steiner 

domination in fuzzy graphs. In this article we use the expressions ‘nodes’ and ‘arcs’ for vertices and edges respectively. Also we 

consider the fuzzy graphs which are connected and those with isolated nodes and assume that node set is finite and non-empty. 

If S is a non-empty set of nodes of G, then the Steiner tree of S is defined to be a minimal connected sub graph in which the  node 

set contains S. Steiner interval, I(S) of  S is defined to be I(S) = {u ∈ V (G) / u lies in atleast one Steiner tree of S}.If the steiner 

interval of S equals the node set of G then S is said to be a Steiner set for G. A fuzzy graph is defined as a fuzzy relation µ on a 

fuzzy subset σ denoted by G (V, σ, µ) where V is a node set which satisfies µ(u,v) ≤ σ(u)∧σ(v) ∀ u,v ∈ V. An arc is called 

effective arc if µ(u,v) = σ(u)∧σ(v) for all u,v. For a fuzzy graph G, the fuzzy neighbourhood of a node u in V(G) is defined as 

 𝑁𝑓(𝑢) = {𝑣 𝜖 𝑉(𝐺)/𝜇(𝑢, 𝑣) > 0}. If G (V, σ, µ) is a connected fuzzy graph the order and size of G denoted by p and q are 

defined as 𝑝 = ∑ 𝜎(𝑢)𝑢∈𝑉(𝐺)  and 𝑞 = {∑ 𝜇(𝑢, 𝑣) |𝜇(𝑢, 𝑣) > 0}. For a fuzzy graph G(V, σ, µ), its complement fuzzy graph 

denoted by 𝐺̅(𝑉, 𝜎̅, 𝜇̅) is defined as 𝜎̅ = 𝜎 and 𝜇̅(𝑢, 𝑣) = {
0, 𝑖𝑓𝜇(𝑢, 𝑣) > 0

𝜎(𝑢) ∧ 𝜎(𝑣), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

2. Fuzzy Steiner Domination 
We define fuzzy Steiner set for a fuzzy graph with isolated nodes. 

 

2.1. Definition  

If G is a fuzzy graph which has isolated nodes, then a fuzzy Steiner set of G is defined as 𝑆 = 𝑆′ ∪ 𝐼𝐺 where 𝑆′ is the Steiner 

set of the connected subgraph induced by the nodes of V(G)-𝐼𝐺. 𝐼𝐺 is the set of all isolated nodes of G. A fuzzy Steiner set S, the 

non-empty set of nodes of a fuzzy graph G is said to be minimal steiner set if no proper subset of S is a fuzzy Steiner set of G. 

 

2.2. Observation 

By definition, the number of minimal fuzzy Steiner sets of a fuzzy graph G is the same as the number of minimal fuzzy 

Steiner sets of  〈V(G) − 𝐼𝐺〉. Also each minimal fuzzy Steiner set of G contains all the isolated nodes of G. 

 

2.3. Definition 

 A fuzzy Steiner dominating set S of a fuzzy graph G(V,σ,µ) is minimal if no proper subset of S is a fuzzy Steiner 

dominating set. The minimum fuzzy cardinality of a minimal fuzzy Steiner dominating set is called fuzzy Steiner dominating 

number denoted by 𝛾𝑓𝑠 and the corresponding minimal fuzzy Steiner dominating set is called 𝛾𝑓𝑠-set. The maximum fuzzy 
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cardinality of a minimal fuzzy Steiner dominating set is called fuzzy upper dominating number denoted by Γ𝑓𝑠 and the 

corresponding minimal fuzzy Steiner dominating set is called the Γ𝑓𝑠-set. 

 

2.4. Observations 

• For a fuzzy graph G, any minimal fuzzy Steiner set does not contains a fuzzy cut node. Also any minimal fuzzy Steiner set 

contains all the end nodes. 

• If G is a fuzzy graph, clearly 𝛾𝑓 ≤ 𝛾𝑓𝑠 where 𝛾𝑓 is the fuzzy dominating number which is the minimum fuzzy cardinality 

of a minimal fuzzy dominating set. If G is a fuzzy graph, then any super set of a fuzzy Steiner set need not be a fuzzy Steiner 

set.  

Next we shall prove the necessary and sufficient condition for a fuzzy Steiner set to be minimal. 

 

2.5. Theorem (Necessary and sufficient condition for minimality ) 

A fuzzy Steiner set S of a fuzzy graph G is minimal iff for each node u in S any one the following conditions hold 

a) 𝑁𝑓(𝑢)⋂𝑆 = ∅ b) A node v in S exists such that 𝑁𝑓(𝑢)⋂𝑆 = {𝑣} 
 

Proof  

Let S be a non-empty minimal fuzzy Steiner set of G. Let u be any node in G. 

 

Case (i)  𝑢 ∈ 𝑆 is an isolated node in S. In this case, we have 𝑁𝑓(𝑢)⋂𝑆 = ∅.  

Case (ii) 𝑢 ∈ 𝑆 is not an isolated node in S. We have to show that there exists a node v in S such that 𝑁𝑓(𝑢)⋂𝑆 = {𝑣}. We shall 

prove this by contradiction. Suppose there exists two or more nodes in 𝑁𝑓(𝑢)⋂𝑆. Let  𝑁𝑓(𝑢)⋂𝑆 = {𝑣, 𝑤}  then by removing the 

node which has more neighbors among the nodes u, v and w from S we get a fuzzy Steiner set which is a contradiction to the 

minimality of S. Hence no node in S can have more than one neighbor in S. Thus either 𝑁𝑓(𝑢)⋂ 𝑆 = ∅ or 𝑁𝑓(𝑢)⋂𝑆 = {𝑣} for 

all nodes u in S. The general case follows by induction on the number of nodes for 𝑁𝑓(𝑢)⋂𝑆. 

 

Conversely suppose any one of the above conditions hold. Let us assume that S is not minimal. Then there exists a node v 

in S such that S-{v} is a fuzzy Steiner set of G. So v is in some fuzzy Steiner tree of S-{v}. Hence v has a neighbor in S-{v} By 

observation, all end nodes should be in a fuzzy Steiner set,  v is not an end node. Thus v must have another neighbor in S-{v} 

say y .Therefore  𝑁𝑓(𝑣)⋂𝑆 = {𝑥, 𝑦} which is a contradiction. Hence S must be a minimal fuzzy Steiner set of G. 

 

2.6. Example  

 Consider the following connected fuzzy graph 
 

 
Fig. 1  

 

In the above fuzzy graph not all the arcs are strong. Here the set 𝑀 = {𝑢1, 𝑢6, 𝑢7, 𝑢8} is a minimal fuzzy Steiner set but 

not a fuzzy dominating set while super sets of M, 𝑀1 = {𝑢1, 𝑢2, 𝑢6, 𝑢7, 𝑢8} and 𝑀2 = {𝑢1, 𝑢4, 𝑢6, 𝑢7, 𝑢8} are not fuzzy 

Steiner sets. The fuzzy Steiner set 𝑆1 = {𝑢1, 𝑢3, 𝑢6, 𝑢7, 𝑢8} is a minimal steiner dominating set and the steiner set 𝑆2 =
{𝑢1, 𝑢5, 𝑢6, 𝑢7, 𝑢8} is not a dominating set because the node 𝑢2 has no strong neighbor in the set 𝑆2. The fuzzy Steiner 

dominating number for the above graph is 𝛾𝑓𝑠 = 2.6. Hence the set 𝑆1 is the only minimum fuzzy Steiner dominating set 

athe fuzzy upper Steiner dominating number is Γ𝑓𝑠 = 2.6. The sets 𝑈1 = {𝑢1, 𝑢2, 𝑢3, 𝑢5, 𝑢6, 𝑢7, 𝑢8} and 𝑈2 =
{𝑢1, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8} are minimal fuzzy total Steiner dominating sets.   
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2.7. Proposition 

If G is a fuzzy graph of order p then 𝛾𝑓𝑠 ≤ 𝑝, where p is the order of G. 

 

2.8. Theorem 

If G is a connected non-complete strong fuzzy graph then 

 𝑝 − 𝑞 ≤ 𝛾𝑓𝑠(𝐺) ≤ 𝑝 − 𝛿𝐸. Here p is the order, q denotes the size and 𝛿𝐸 denotes the minimum incident degree of G. 

Proof : 

To prove the lower bound of the inequality, consider S the minimum steiner dominating set and 𝛾𝑓𝑠 its fuzzy cardinality. 

Here G is a strong fuzzy graph. Each node of G has atmost n-1 arcs incident with it and each arc has membership value less 

than or equal to that of weight of any of its incident nodes.  

 

It is clear that 𝑝 ≤ 𝛾𝑓𝑠 + 𝑞. Hence 𝑝 − 𝑞 ≤ 𝛾𝑓𝑠. If ‘u’ is the node with minimum effective incident degree 𝛿𝐸(𝐺) and 

since G is a connected non-complete fuzzy graph, 𝛾𝑓𝑠 < 𝑝. The fuzzy cardinality of the minimum steiner dominating set is 

less or equal to the fuzzy cardinality of 𝑉 − {𝑢}.  

Thus 𝛾𝑓𝑠 ≤ 𝑝 − 𝛿𝐸(𝐺). Hence the upper bound holds. 

 

2.8.1. Corollary 

Suppose all the nodes of G have same weights, then 

 𝑝 − 𝑞 ≤ 𝛾𝑓𝑠(𝐺) ≤ 𝑝 − ∆𝐸. 

 

2.9. Theorem 

For a complete strong fuzzy graph with ‘n’ nodes, 𝛾𝑓𝑠 = 𝑝 = ∑ 𝜎(𝑢)
𝑢∈𝑉(𝐾𝑛

𝑓
)

. 

Proof : 

Let 𝐾𝑛
𝑓
 be a complete fuzzy graph with n nodes. Then for any two nodes u and v are strong neighbors, 𝜇(𝑢, 𝑣) > 0. 

If S is any non empty set of nodes with k < n nodes, then each fuzzy Steiner tree of S contains only the nodes in S. Hence 

S is not a fuzzy Steiner set of 𝐾𝑛
𝑓
. Therefore the only fuzzy Steiner set for 𝐾𝑛

𝑓
 is the node set 𝑉(𝐾𝑛

𝑓
). Thus 𝛾𝑓𝑠 =

∑ 𝜎(𝑢)
𝑢∈𝑉(𝐾𝑛

𝑓
)

.  

 

2.10. Theorem 

If 𝐾𝑚,𝑛
𝑓

 is a complete bipartite strong fuzzy graph 𝐾𝑚,𝑛
𝑓

 where m, n ≥ 2 with, 𝛾𝑓𝑠(𝐾𝑚,𝑛
𝑓

) =

min (∑ 𝜎(𝑢)𝑢∈𝑉1
, ∑ 𝜎(𝑣)𝑣∈𝑉2

) where 𝑉1 and 𝑉2 are the partite node sets with m and n nodes respectively. 

Proof : 

For m = n = 1, the graph becomes 𝐾2 for which 𝛾𝑓𝑠 = 𝑝 where p is the order of 𝐾2. 

For m=1 and 𝑛 ≥ 2, 𝛾𝑓𝑠 = ∑ 𝜎(𝑣)𝑣∈𝑉2
.  

Now assume that m, 𝑛 ≥ 2. If S is a non-empty proper subset of 𝑉1(𝐾𝑚,𝑛
𝑓

), then the Steiner interval of S, I(S) contains 

all the nodes of 𝑉2(𝐺). But I(S) do not contain the nodes of 𝑉1(𝐾𝑚,𝑛
𝑓

) − 𝑆. Hence there are only two minimal fuzzy Steiner 

dominating sets 𝑉1(𝐾𝑚,𝑛
𝑓

) and 𝑉2(𝐾𝑚,𝑛
𝑓

) for 𝐾𝑚,𝑛
𝑓

. Since 𝛾𝑓𝑠 is the minimum fuzzy cardinality of a minimal Steiner fuzzy 

dominating set, 𝛾𝑓𝑠 = min (∑ 𝜎(𝑢)𝑢∈𝑉1
, ∑ 𝜎(𝑣)𝑣∈𝑉2

). 

 

2.10.1. Corollary 

For a complete bipartite fuzzy graph 𝐾𝑚,𝑛
𝑓

 where m, n ≥ 2, Γ𝑓𝑠 = 𝑚𝑎𝑥 (∑ 𝜎(𝑢)𝑢∈𝑉1
, ∑ 𝜎(𝑣)𝑣∈𝑉2

) where 𝑉1 and 𝑉2 are 

the partite node sets with m and n nodes respectively. 

 

2.11. Theorem(Nordhaus Gaddum result for fuzzy Steiner domination) 

 If G is a fuzzy graph, 𝛾𝑓𝑠 + 𝛾𝑓𝑠̅̅ ̅̅ ≤ 2𝑝 where p is the order of the graph G. 

This result is a direct implication of the above proposition. 

 

2.11.1. Corollary 

If G is a fuzzy graph, Γ𝑓𝑠 + Γ𝑓𝑠̅̅ ̅̅ ≤ 2𝑝 where p is the order of the graph G. 

 

2.12. Example 

Let us consider the fuzzy graph and the complement fuzzy graph 
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           𝐺                      𝐺̅ 
Fig. 2 

 

In this example the graph G is a connected fuzzy graph while its complement 𝐺̅ is a disconnected fuzzy graph with isolated 

node w. Hence each minimal fuzzy Steiner set of 𝐺̅ contains the node w. The set S={u,v,s,t} is the only minimal fuzzy Steiner 

dominating set of G. But S is not a minimal fuzzy dominating set of G. Hence  𝛾𝑓𝑠 = Γ𝑓𝑠 = 1.7. Now for the complement fuzzy 

graph 𝐺̅, the minimal fuzzy Steiner sets are 𝑆1 = {𝑢, 𝑣, 𝑤} and 𝑆2 = {𝑠, 𝑡, 𝑤}. Both 𝑆1 and 𝑆2 are fuzzy dominating sets and hence 

are minimal fuzzy Steiner dominating sets.  

𝛾𝑓𝑠̅̅ ̅̅ = min{0.9,1.6} = 0.9,  Γ𝑓𝑠̅̅ ̅̅ = max{0.9,1.6} = 1.6. 

 

3. Result and Discussion 
Fuzzy Steiner dominating sets have application background in various fields, especially in communication networks. For 

example suppose one have to find the locations to fix minimum number of closed circuit television(CCTV) cameras in a 

supermarket such that the whole area can be monitored effectively. In fig 3, a sample blueprint of a simple supermarket is given. 

We divide the whole area into smaller areas as given in fig 4. This may be designed into a fuzzy graph by representing the smaller 

areas as nodes and adjacent nodes are linked by an arc. The membership grade values can be given as follows. Higher membership 

grade is given to smaller area and lowest membership grade is given to larger area as in fig 4. The membership value increases 

as area decreases and vice-versa. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3 
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Fig. 4 
 

The fuzzy graph modelled is depicted in fig 5. All the arcs are considered as effective arcs. Here the minimal fuzzy Steiner 

dominating sets are 𝑀1 = {𝑆1, 𝑆4, 𝑆6, 𝑆9, 𝑆11, 𝑆14, 𝑆16}, 𝑀2 = {𝑆2, 𝑆4, 𝑆5, 𝑆7, 𝑆10, 𝑆13, 𝑆16}, 𝑀3 = {𝑆1, 𝑆3, 𝑆6, 𝑆8, 𝑆11, 𝑆13, 𝑆16} and 

𝑀4 = {𝑆1, 𝑆4, 𝑆7, 𝑆10, 𝑆12, 𝑆13, 𝑆15}. The minimum fuzzy Steiner dominating set is 𝑀4 with fuzzy Steiner dominating number 3.6 

and maximum fuzzy Steiner dominating set is 𝑀3 with fuzzy upper Steiner dominating number 4.1. The locations in the set 𝑀4 

can be selected to fix CCTV cameras as given in fig 6.  
 

 
                                 

 

Fig. 5 
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Fig. 6 

4. Conclusion 
This article introduced and established some new results on fuzzy Steiner domination. Also we discussed a real life 

application of fuzzy Steiner dominating set. The fuzzy Steiner domination also have various applications particularly in 

communication networks. 
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