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Abstract - For a nontrivial connected graph G with no isolated vertex, a nonempty subset S of the vertex set of G is a safe 

dominating set if and only if it is both secure and dominating. Moreover, S is called a minimum safe dominating set if S is a safe 

dominating set of the smallest size in a given graph. The cardinality of the minimum safe dominating set of G is the safe 

domination number of G. In this paper, we extend the idea of safe and dominating sets by providing characterizations of the safe 

dominating sets of some graph families. In particular, this paper discusses the minimum cardinality of safe dominating sets of 

path, cycle, complete, and complete bipartite graphs. 

 

Keywords - Domination, Safe domination, Safe domination number, Safe dominating set.  

1. Introduction 
Facility location problems entail choosing optimal, cost-effective and suitable sites for establishing or maintaining new 

facilities. It plays a crucial role in logistics management as it determines the facility's distribution pattern and various attributes, 

such as time, cost, and efficiency [8]. Fujita et al. addressed this problem and introduced the concept of safe set and connected 

safe set. On the other hand, the study of domination in graphs has experienced significant expansion in recent years, emerging 

as a thriving research domain within graph theory. Numerous research articles have been published on this subject, reflecting its 

increasing relevance in practical applications. 

 

This paper combines safe set and domination to form a new parameter called the safe dominating set of graphs. S is a 

minimum safe dominating set denoted by γ s-set if S is a safe dominating set of the smallest size in a given chart. The order of S 

is the safe domination number of a graph G, denoted by γ s(G). In this context, we determine the safe dominating number for 

significant graph families, including paths, cycles, complete graphs, and complete bipartite graphs. Our aim is that the formulas 

we derive here will be valuable for those seeking to find the safe dominating set of a graph. Additionally, we provide methods 

for identifying safe dominating sets in wheel and fan graphs. Lastly, we show the existence of a graph with an equal safe number 

and a safe dominating number. All graphs discussed in this study are nontrivial, simple, undirected, and finite. 

 

2. Preliminary Concepts 
Definition 2.1. [9] The subgraph of a graph G induced by 𝑺 ⊆ 𝑽(𝑮) is denoted by 𝑮[𝑺]. A component of G is a connected 

induced subgraph of G with an inclusion-wise maximal vertex set.  

 

Example 2.1.1.   

 
 Fig. 1 A graph G with two components 

http://www.internationaljournalssrg.org/
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Definition 2.2 [9] For vertex-disjoint subgraphs A and  B of G, if there is an edge between A and B, then A and B are adjacent.  

 

Example 2.2.1.  

 
Fig. 2 A graph G has two subgraphs adjacent and connected by edge v2v6. 

 

Definition 2.3 [9] A nonempty set  of vertices is a safe set if, for every component A of  and every component 

B  adjacent to A, it holds that  The safe number denoted by  G is the minimum cardinality of a 

safe set of G. 
 

Example 2.3.1.  

 
     Fig. 3 A graph G and its safe sets with s(G) =3 
 

Definition 2.4 [2] Let G be a simple graph. A set 𝑆 ⊆ 𝑉(𝐺) is a dominating set of G if every vertex   is adjacent to at least one 

vertex in S. The domination number  is the minimum cardinality of the dominating group. 

 

 

Example 2.4.1.  

 
Fig. 4 A graph G and its dominating sets with γ (G) =2 

 

Definition 2.5. For a nontrivial connected graph G with no isolated vertex, a nonempty subset 𝑆 ⊆ 𝑉(𝐺) is a safe dominating set 

if and only if S is a dominating set of G and every component A of 𝐺[𝑆] and every component B of 𝐺[𝑉(𝐺)\𝑆] adjacent to 

𝐴, |𝐴| ≥ |𝐵|. Moreover, S is called a minimum safe dominating set denoted by 𝛾𝑠 − 𝑠𝑒𝑡, if S is a safe dominating set of smallest 

( )GVS   SG

( ) SGVG \ .BA  ( )Gs
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size in a given graph. The cardinality of the minimum safe dominating set of G is the safe domination number of G, denoted by 

𝛾𝑠(𝐺). 
 

Example 2.5.1. 

 
Fig. 5 A graph G and its safe dominating sets with γ s(G) =2 

 

3. Main Results 
Theorem 3.1 If  ∅≠S⊆V(Pn), then S is a safe dominating set of  Pn if and only if one of the following holds: 

 (i)  is connected, and for every component B of   

 (ii)  is disconnected such that every component B of   such that for  every  

 vertex   and every trivial component of  is adjacent to a trivial component of 

  

Proof. Suppose S is a safe dominating set of  Consider the following cases: 

(i)  is connected. 

If  S is a safe dominating set of  Now to show that  Suppose that  Without loss of 

generality, suppose further that  Then,  If  is connected, then clearly S is not a 

dominating set. Now, if  is disconnected, then it has two components, say  and  where we can assign 

 , and  there exists  such that  S is not a dominating set, a contradiction. Thus,  Therefore, 

 Consequently, every component B in   

(ii)  is disconnected. Consider the following subcases: 

(a)  is connected and has only one component, which is itself. Suppose  Clearly, S is not a 

dominating set. This is a contradiction to the assumption that S is a dominating set. 

(b)  is disconnected. 

Suppose there exists a component B of  such that  Then, there exists a vertex  such that 

 Hence, S is not a dominating set of  Another contradiction. Now, suppose that A is a trivial component of  

such that A is adjacent to a nontrivial component of  Then,  Thus, S is not a safe dominating set. A 

contradiction to the assumption that S is a safe dominating set. Therefore, every trivial component of  is adjacent to an 

insignificant component of  

 

For the converse, consider the following cases. 

 SPn ( ) ,\SPVP nn ;1B

 SPn ( ) ,\SPVP nn 2B ,2=B
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(i) is connected and for every component B of , . Then, it has only one component and |S| 

≥ 1. Hence, for every component B of |B| ≤ 1 ≤ |S| and for every vertex v ∈ B, v ∈ N[S]. Hence, S is a safe 

dominating set of Pn. 

 

(ii) Pn[S] is disconnected such that every component B of Pn[V (Pn) \ S], |B| ≤ 2 such that for |B| = 2, every vertex v∈B, degPn (v) 

= 2 and every trivial component of Pn is adjacent to a trivial component of Pn[V (Pn) \ S]. Clearly, S is a dominating set of Pn. 

Now, if every trivial component A of Pn[S] is adjacent to a trivial component Pn[V (Pn) \ S], then |A| = |B|. Thus, S is a safe 

dominating set of Pn. 

 

Corollary 3.2. For a path graph 𝑷𝒏, 

𝛾𝑠(𝑃𝑛) = {

𝑛

2
, 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)

𝑛 − 1

2
, 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 2).

 

 

Proof. Let 𝑃𝑛 = {𝑣0,   . . . ,  𝑣𝑛−1},  𝑛 ≥ 2,  𝑆 ⊆ 𝑉(𝑃𝑛) be a dominating set of 𝑃𝑛. Consider the following cases: 

(i) 𝑛 ≡ 0(𝑚𝑜𝑑 2) 

Choose 𝑆 = {𝑣𝑘 ,   . . . ,  𝑣2𝑘}, where 𝑘 =
𝑛−2

2
. Then, |𝑆| =

𝑛

2
 and |𝑉(𝑃𝑛)\𝑆| =

𝑛

2
, where 𝑃𝑛[𝑆] and 𝑃𝑛[𝑉(𝑃𝑛)\𝑆] are disconnected 

and all of its components are trivial graphs. By Theorem 3.1(ii), S is a safe dominating set. Now we want to show that S is the 

minimum safe dominating set of 𝑃𝑛 . Suppose S is not the minimum safe dominating set of 𝑃𝑛 . Then, there exists a safe dominating 

set 𝑆0 ⊆ 𝑉(𝑃𝑛) such that |𝑆0| < |𝑆|. Thus, |𝑆0| <
𝑛

2
 and |𝑉(𝑃𝑛)\𝑆0| >

𝑛

2
. Then, it follows that there exists a component B of 

𝑃𝑛[𝑉(𝑃𝑛)\𝑆0] adjacent to a component A of 𝑃𝑛[𝑆0] such that |𝐵| > |𝐴|. A contradiction to the assumption that 𝑆0  is a safe 

dominating set. Thus, S is the minimum safe dominating set of 𝑃𝑛. Hence, 𝛾𝑠(𝑃𝑛) =
𝑛

2
. 

(ii) 𝑛 ≡ 1(𝑚𝑜𝑑 2) 

Choose 𝑆 = {𝑣1,   . . . ,  𝑣𝑘}, where 𝑘 = 𝑛. Then, |𝑆| =
𝑛−1

2
 and 𝑃𝑛[𝑆] is disconnected. Now, 𝑉(𝑃)\𝑆 = {𝑣0,   . . . ,  𝑣𝑘−1} |𝑉(𝑃)\

𝑆| =
𝑛+1

2
. Observe that every component of 𝑃𝑛[𝑆] and 𝑃𝑛[𝑉(𝑃𝑛)\𝑆] are trivial. By Theorem 3.1(ii), S is a safe dominating set. 

Now, we want to show that S is the minimum safe dominating set 𝑃𝑛 . To show that S is the minimum safe dominating set, suppose 

S is not the minimum safe dominating set. Then, there exists a safe dominating set 𝑆0 ⊆ 𝑉(𝑃𝑛) such that |𝑆0| < |𝑆|. Thus, |𝑆0| <
𝑛−1

2
 and |𝑉(𝑃𝑛)\𝑆0| >

𝑛−1

2
. It follows that there exists a component B of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆0] adjacent to a component A of 𝑃𝑛[𝑆0] such 

that |𝐵| > |𝐴|. Another contradiction. Thus, S is the minimum safe dominating set of 𝑃𝑛. Hence, 𝛾𝑠(𝑃𝑛) =
𝑛−1

2
. 

 

Theorem3.3. If ∅≠S⊆V(Cn), then S is a safe dominating set of 𝐶𝑛 if and only if one of the following holds: 

 (i) 𝐶𝑛[𝑆] is connected and |𝑉(𝐶𝑛)\𝑆| ≤ 2; 
 (ii) 𝐶𝑛[𝑆]  is disconnected such that every component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆], |𝐵| ≤ 2  and every trivial component of 

 𝐶𝑛[𝑆] is adjacent to a trivial component of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]. 
 

Proof. Suppose S is a safe dominating set of 𝐶𝑛. Consider the following cases: 

(i) 𝐶𝑛[𝑆] is connected. 

Then 𝐶𝑛[𝑉(𝐶𝑛)\𝑆] , it is also connected. If |𝑆| = 𝑛, S is a safe dominating set of 𝐶𝑛. Now, suppose that |𝑉(𝐶𝑛)\𝑆| > 2. Then 

there exists 𝑣 ∈ 𝑉(𝐶𝑛)\𝑆 such that 𝑣 ∉ 𝑁[𝑆]. A contradicts the assumption that S is a dominating set. Hence, |𝑉(𝐶𝑛)\𝑆| ≤ 2. 
(ii) 𝐶𝑛[𝑆] is disconnected. 

Then 𝐶𝑛[𝑉(𝐶𝑛)\𝑆] , it is also disconnected. Suppose that there exists a component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆] such that |𝐵| > 2. Then 

there exists a vertex 𝑣 ∈ 𝐵 such that 𝑣 ∉ 𝑁[𝑆]. Thus, S is not a dominating set—another contradiction. Now, suppose that A is a 

trivial component of 𝐶𝑛[𝑆] such that A is adjacent to a nontrivial component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]. Then |𝐴| < |𝐵|. Thus, S is not 

a dominating set of 𝐶𝑛. A contradiction to the assumption that S is a safe dominating set. Hence, every component B of 

𝐶𝑛[𝑉(𝐶𝑛)\𝑆], |𝐵| ≤ 2 and every trivial component of 𝐶𝑛[𝑆] is adjacent to a trivial component of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]. 
 

For the converse, consider the following cases: 

(i) If 𝐶𝑛[𝑆]is connected and |𝑉(𝐶𝑛)\𝑆| ≤ 2;, then for every v ∈ V (Cn) \ S, v ∈N[S]. Thus, S is a dominating set. Now, since for 

every component in  𝐶𝑛[𝑉(𝐶𝑛)\𝑆], and  Cn[S] is connected, then |Cn[V (Cn) \ S]| ≤ 2  ≤ |Cn[S]|. Hence, S is a safe dominating set 

of Cn. 

(ii)Suppose 𝐶𝑛[𝑆]is disconnected such that for every component B in 𝐶𝑛[𝑉(𝐶𝑛)\𝑆], ||𝐵| ≤ 2and every trivial component of 

 SPn ( ) SPVP nn \ ;1B  SPn

( ) ,\SPVP nn
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𝐶𝑛[𝑆]is adjacent to a trivial component of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]. Then, for every v ∈ V (Cn) \ S, v ∈ N[S]. Thus, S is a dominating set of 

Cn. Now, if every trivial component A of𝐶𝑛[𝑆] is adjacent to every trivial component B, then |A| = |B|. Thus, S is a safe dominating 

set of Cn. 

 

Corollary 3.4. For a cycle graph 𝐶𝑛, 

𝛾𝑠(𝐶𝑛) = {

𝑛

2
, 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)

𝑛 + 1

2
, 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 2).

 

 

Proof. Let 𝐶𝑛 = {𝑣0,   . . . ,  𝑣𝑛−1},  𝑛 ≥ 2,  𝑆 ⊆ 𝑉(𝐶𝑛) be a dominating set of 𝐶𝑛. Consider the following cases: 

(i) 𝑛 ≡ 0(𝑚𝑜𝑑 2) 

Choose 𝑆 = {𝑣𝑘 ,   . . . ,  𝑣2𝑘},  where 𝑘 =
𝑛−2

2
.  Then, the component 𝐶𝑛[𝑆]  is S itself with |𝑆| =

𝑛

2
 , and the component 

𝐶𝑛[𝑉(𝐶𝑛)\𝑆] is 𝑉(𝑃𝑛)\𝑆 itself with |𝑉(𝐶𝑛)\𝑆| =
𝑛

2
, where 𝐶𝑛[𝑆] and 𝐶𝑛[𝑉(𝐶𝑛)\𝑆] are disconnected, and all of its components 

are trivial graphs. By Theorem 3.3(ii), S is a safe dominating set. Now we want to show that S is the minimum safe dominating 

set of 𝐶𝑛. Suppose S is not the minimum safe dominating set of 𝐶𝑛. Then, there exists a safe dominating set 𝑆0 ⊆ 𝑉(𝐶𝑛) such that 

|𝑆0| < |𝑆|.  Thus, |𝑆0| <
𝑛

2
 and |𝑉(𝐶𝑛)\𝑆0| >

𝑛

2
.  Now for |𝑉(𝐶𝑛)\𝑆0|  >

𝑛

2
 it follows that there exists a component B of 

𝐶𝑛[𝑉(𝐶𝑛)\𝑆0] adjacent to a component A of 𝐶𝑛[𝑆0] such that |𝐵| > |𝐴|. A contradiction to the assumption that 𝑆0  is a safe 

dominating set. Thus, S is the minimum safe dominating set of 𝐶𝑛. Hence, 𝛾𝑠(𝐶𝑛) =
𝑛

2
. 

(ii) 𝑛 ≡ 1(𝑚𝑜𝑑 2) 

Choose 𝑆 = {𝑣𝑘 ,   . . . ,  𝑣2𝑘},  where 𝑘 =
𝑛−1

2
.  Then, the component 𝐶𝑛[𝑆]  is S itself with |𝑆| =

𝑛+1

2
 , and the component 

𝐶𝑛[𝑉(𝐶𝑛)\𝑆] is 𝑉(𝑃𝑛)\𝑆 itself with |𝑉(𝐶𝑛)\𝑆| =
𝑛−1

2
, where 𝐶𝑛[𝑉(𝐶𝑛)\𝑆] is disconnected, and all of its components are trivial 

graphs. By Theorem 3.3(ii), S is a safe dominating set. Now we want to show that S is the minimum safe dominating set of 𝐶𝑛. 
Suppose S is not the minimum safe dominating set of 𝐶𝑛. Then, there exists a safe dominating set 𝑆0 ⊆ 𝑉(𝐶𝑛) such that |𝑆0| <

|𝑆|.  Thus, |𝑆0| <
𝑛+1

2
 and |𝑉(𝐶𝑛)\𝑆0| >

𝑛+1

2
.  Now for |𝑉(𝐶𝑛)\𝑆0| >

𝑛+1

2
,  it follows that there exists a component B of 

𝐶𝑛[𝑉(𝐶𝑛)\𝑆0] adjacent to a component A of 𝐶𝑛[𝑆0] such that |𝐵| > |𝐴|. A contradiction to the assumption that 𝑆0  is a safe 

dominating set. Thus, S is the minimum safe dominating set of 𝐶𝑛. Hence, 𝛾𝑠(𝐶𝑛) =
𝑛+1

2
. 

 

For a complete graph, 𝐾𝑛 , every vertex 𝑣 ∈ 𝑉(𝐾𝑛) is adjacent to every vertex in 𝑉(𝐾𝑛)\{𝑣}. Thus, we have the following 

remark: 

 

Remark 3.5. If ∅≠S⊆V(Kn), then S is a safe dominating set of 𝐾𝑛 if and only if |𝑆| ≥ |𝑉(𝐾𝑛)\𝑆|. 
 

Corollary 3.6. For a complete graph 𝐾𝑛, 

𝛾𝑠(𝐾𝑛) = {

𝑛

2
, 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)

𝑛 + 1

2
, 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 2).

 

 

Proof. Let 𝐾𝑛 = {𝑣0,   . . . ,  𝑣𝑛−1},  𝑛 ≥ 2,  𝑆 ⊆ 𝐾(𝐶𝑛) be a dominating set of 𝐾𝑛 . Consider the following cases: 

(i) 𝑛 ≡ 0(𝑚𝑜𝑑 2) 

Choose 𝑆 = {𝑣𝑘 ,   . . . ,  𝑣2𝑘}, where 𝑘 =
𝑛−2

2
. Then |𝑆| =

𝑛

2
 and |𝑉(𝐾𝑛)\𝑆| =

𝑛

2
. By Remark 3.5, S is a safe dominating set of 𝐾𝑛 . 

Now suppose S is not the minimum safe dominating set of 𝐾𝑛 . Then, there exists a safe dominating set 𝑆0 ⊆ 𝑉(𝐾𝑛) such that 

|𝑆0| < |𝑆|. Thus, |𝐾𝑛[𝑆0]| <
𝑛

2
 < |𝐾𝑛[𝑉(𝐾𝑛)\𝑆0]|. A contradiction. Hence, S is the minimum safe dominating set of 𝐾𝑛 and 

𝛾𝑠(𝐾𝑛) =
𝑛

2
. 

(ii) 𝑛 ≡ 1(𝑚𝑜𝑑 2) 
Choose 𝑆 = {𝑣𝑘 ,   . . . ,  𝑣2𝑘}, 

 where 𝑘 =
𝑛−1

2
. Then |𝑆| =

𝑛+1

2
 and |𝑉(𝐾𝑛)\𝑆| =

𝑛−1

2
. By Remark 3.5, S is a safe dominating set of 𝐾𝑛 . Now suppose S is not 

the minimum safe dominating set of 𝐾𝑛. Then, there exists a safe dominating set 𝑆0 ⊆ 𝑉(𝐾𝑛) such that |𝑆0| < |𝑆|. Thus, 

|𝐾𝑛[𝑆0]| < 
𝑛+1

2
< |𝐾𝑛[𝑉(𝐾𝑛)\𝑆0]|. A contradiction. Hence, S is the minimum safe dominating set of 𝐾𝑛 and 𝛾𝑠(𝐾𝑛) =

𝑛

2
. 
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Theorem 3.7.  If 𝐾𝑚,𝑛 is a complete bipartite graph and 𝑆1,  𝑆2 are the partite set of 𝑉(⥂ ⥂ 𝐾𝑚,𝑛 ⥂ ⥂), where |𝑆1| = 𝑚, |𝑆2| =

𝑛. Then, ∅ ≠ 𝑆 ⊆ 𝑉(⥂ ⥂ 𝐾𝑚,𝑛 ⥂ ⥂) is a safe dominating set of 𝐾𝑚,𝑛 if and only if one of the following holds: 

 

(i) 𝑆 ⊆ 𝑆1 such that 𝑆 = 𝑆1; 
 

(ii) 𝑆 ⊆ 𝑆2 such that 𝑆 = 𝑆2; 
 

(iii) 𝑆 = 𝐴1 ∪ 𝐴2 such that 𝐴1 ⊆ 𝑆1 and 𝐴2 ⊆ 𝑆2, where 1 ≤ |𝐴1| ≤ |𝑆1|, 1 ≤ |𝐴2| ≤ |𝑆2| such that |𝐴1 ∪ 𝐴2| ≥ | (𝐴1 ∪
𝐴2)

𝑐 |. 
 

Proof. Suppose S is a safe dominating set of 𝐾𝑚,𝑛. Consider the following cases: 

 

(i) 𝑆 ⊆ 𝑆1 such that 𝑆 = 𝑆1 

Then 𝐾𝑚,𝑛[𝑆] is disconnected. Suppose further that 𝑆 ≠ 𝑆1. Then there exists 𝑣 ∈ 𝑆 such that 𝑣 ∉ 𝑁[𝑆]. A contradiction to 

the assumption that S is a dominating set of 𝐾𝑚,𝑛. Hence, 𝑆 = 𝑆1. 
 

(ii) 𝑆 ⊆ 𝑆2 such that 𝑆 = 𝑆2 

Then 𝐾𝑚,𝑛[𝑆] is disconnected. Suppose further that 𝑆 ≠ 𝑆2. Then there exists 𝑣 ∈ 𝑆 such that 𝑣 ∉ 𝑁[𝑆]. A contradiction to 

the assumption that S is a dominating set of 𝐾𝑚,𝑛. Hence, 𝑆 = 𝑆2. 
 

(iii) 𝑆 = 𝐴1 ∪ 𝐴2 such that 𝐴1 ⊆ 𝑆1 and 𝐴2 ⊆ 𝑆2, where 1 ≤ |𝐴1| ≤ |𝑆1|, 1 ≤ |𝐴2| ≤ |𝑆2| such that |𝐴1 ∪ 𝐴2| ≥ | (𝐴1 ∪
𝐴2)

𝑐 |. 
If 𝐴1 = 𝑆1 and 𝐴2 = 𝑆2, clearly S is a safe dominating set of 𝐾𝑚,𝑛 . Suppose 𝐴1 ≠ 𝑆1 and 𝐴2 ≠ 𝑆2 and suppose further that 

|𝐴1 ∪ 𝐴2| <  (𝐴1 ∪ 𝐴2)
𝑐 |.  Then, 𝐾𝑚,𝑛[⥂ ⥂ (𝐴1 ∪ 𝐴2)

𝑐 ⥂ ⥂]  and 𝐾𝑚,𝑛[𝐴1 ∪ 𝐴2]  has only one component 

respectively. Hence, 𝐾𝑚,𝑛[𝐴1 ∪ 𝐴2] | < | 𝐾𝑚,𝑛[⥂ ⥂ (𝐴1 ∪ 𝐴2)
𝑐 ⥂ ⥂] |.  Another contradiction. Consequently, 

|𝐴1 ∪ 𝐴2| ≥ | (𝐴1 ∪ 𝐴2)
𝑐 |. 

 

Conversely, for (i) and (ii), clearly, S is a safe dominating set since one of the partite sets is a dominating set 𝐾𝑚,𝑛 and will induce 

an empty graph. Now for (iii), clearly, S is a dominating set. Observe that 𝐴1 ∪ 𝐴2and (𝐴1 ∪ 𝐴2)
𝑐 induce only one component 

each. Hence, if |𝐴1 ∪ 𝐴2| ≥ | (𝐴1 ∪ 𝐴2)
𝑐 |, then it follows that, 𝐾𝑚,𝑛 < 𝐴1 ∪ 𝐴2 > | ≥ | 𝐾𝑚,𝑛 < (𝐴1 ∪ 𝐴2)

𝑐 > |. 

Therefore, S is a safe dominating set of 𝐾𝑚,𝑛. 

 

Corollary 3.8. For a complete bipartite graph 𝐾𝑚,𝑛 , 
 

𝛾𝑠(⥂ ⥂ 𝐾𝑚,𝑛 ⥂ ⥂) = 𝑚𝑖𝑛{𝑚,  𝑛}. 
 

Proof. Let 𝑆1 and 𝑆2 be a partite set of 𝑉(⥂ ⥂ 𝐾𝑚,𝑛 ⥂ ⥂), where |𝑆1| = 𝑚 and |𝑆2| = 𝑛. Suppose S is a dominating set of 𝐾𝑚,𝑛 . 

Then 𝑆 ⊆ 𝑆1 or 𝑆 ⊆ 𝑆2. Note that by Theorem 3.7(i), if 𝑆 ⊆ 𝑆1, then |𝑆| = |𝑆1| = 𝑚 and S is a safe dominating set of 𝐾𝑚,𝑛. Now 

by Theorem 3.7(ii), if 𝑆 ⊆ 𝑆2, then |𝑆| = |𝑆2| = 𝑚 and S is a safe dominating set of 𝐾𝑚,𝑛. Therefore, 𝛾𝑠(⥂ ⥂ 𝐾𝑚,𝑛 ⥂ ⥂) =

𝑚𝑖𝑛{𝑚,  𝑛}. 
 

 For a complete bipartite graph, observe that it is a union of two independent sets of vertices, each of which dominates the other. 

Choosing a partite set as a dominating set results in an empty graph. Hence, we have the following remark: 

 

Remark 3.9. 𝛾(𝐺) = 𝛾𝑠(𝐺) if and only if 𝐺 = 𝐾𝑚,𝑛. 
 

Theorem 3.10. If ∅ ≠ 𝑆 ⊆ 𝑉(𝐹𝑛). Then S is a safe dominating set of 𝐹𝑛 if and only if one of the following holds: 

(i) 𝑆 ⊆ 𝑉(𝑃𝑛), 𝑃𝑛[𝑆] is connected such that for every component A of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆], |𝐴| = 1 or 𝑃𝑛[𝑆] is disconnected with no 

trivial components and that |𝑆| > |𝑉(𝑃𝑛)\𝑆|; 
 

(ii) 𝑆 = 𝑆1 ∪ 𝑆2,  𝑆1 ⊆ 𝑉(𝑃𝑛), 𝑆2 is a trivial graph such that 𝑃𝑛[𝑆1] is connected or 𝑃𝑛[𝑆1] is disconnected and the cardinality of 

every component of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆1] is less than or equal to |𝑆|. 
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Proof. Suppose S is a safe dominating set of 𝐹𝑛. Consider the following cases: 

 

(i) If 𝑃𝑛[𝑆] is connected, 𝐹𝑛[𝑉(𝐹𝑛)\𝑆] is also connected. Then, it follows that |𝑆| > |𝑉(𝑃𝑛)\𝑆|. Suppose that there exists a 

component A of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆]  such that |𝐴| > 1.  Then, there exists a vertex 𝑣 ∈ 𝐴  such that 𝑣 ∉ 𝑁[𝑆].  Hence, S is not a 

dominating set. A contradiction to the assumption that S is a dominating set. Now, suppose 𝑃𝑛[𝑆] is disconnected and that |𝑆| ≤
|𝑉(𝑃𝑛)\𝑆|. Without loss of generality, suppose further that |𝑆| = |𝑉(𝑃𝑛)\𝑆|. Observe that, 𝐹𝑛[𝑉(𝐹𝑛)\𝑆] is connected. Hence for 

all component A, of 𝐹𝑛[𝑆], |𝐴| < |𝐹𝑛[𝑉(𝐹𝑛)\𝑆]|. Therefore, S is not a safe dominating set. A contradiction to the assumption that 

S is a safe dominating set. Moreover, if A is a trivial component of 𝑃𝑛[𝑆], then |𝐴| < |𝐹𝑛[𝑉(𝐹𝑛)\𝑆]|. Another contradiction. 

 

(ii)  If 𝑃𝑛[𝑆1] is connected or disconnected, observe that 𝐹𝑛[𝑆] is connected. Hence, it follows that 𝐹𝑛[𝑆] it has one component, 

which is itself. Since S is a safe dominating set, it follows that for every component B of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆1], |𝐵| ≤ |𝐹𝑛[𝑆]|. 
 

For the converse, consider the following cases. 

(i) Suppose𝑆 ⊆ 𝑉(𝑃𝑛). If 𝑃𝑛[𝑆]is connected such that for every component A of 𝑃𝑛[𝑉(𝑃𝑛)\𝑆], |A| = 1. Clearly, S is a dominating 

set. Now, since 𝑃𝑛[𝑆]  is connected, it follows that 𝐹𝑛[𝑉(𝐹𝑛)\𝑆] is also connected. Hence, since |𝑆| > |𝑉(𝑃𝑛)\𝑆|, S is a safe 

dominating set. Now, if 𝑃𝑛[𝑆] it is disconnected with no trivial component and that|𝑆| > |𝑉(𝑃𝑛)\𝑆|. Clearly, S is a dominating 

set. Observe that 𝐹𝑛[𝑉(𝐹𝑛)\𝑆] is connected. Since |𝑆| > |𝑉(𝑃𝑛)\𝑆| and 𝑃𝑛[𝑆] has no trivial component, therefore, S is a safe 

dominating set. 

 

(ii)  Suppose 𝑆 = 𝑆1 ∪ 𝑆2 where  𝑆1 ⊆ 𝑉(𝑃𝑛)and 𝑆2is a trivial graph. Clearly, S is a dominating set. Now, if 𝑃𝑛[𝑆1] is 

connected or disconnected, observe that 𝐹𝑛[𝑆1]  is connected or disconnected, observe that 𝐹𝑛[𝑆]  is connected. Since the 

cardinality of every component   is less than or equal to |S|, S is clearly a safe dominating set. 

 

Theorem 3.11. If ∅≠S⊆V(Wn),  Then S is a safe dominating set of 𝑊𝑛 if and only if one of the following holds: 

(i) 𝑆 ⊆ 𝑉(𝐶𝑛), 𝐶𝑛[𝑆] is connected such that |𝑉(𝐶𝑛)\𝑆| ≤ 2 and |𝑆| > |𝑉(𝐶𝑛)\𝑆| or 𝐶𝑛[𝑆] disconnected such that |𝑉(𝐶𝑛)\𝑆| <
|𝐴|, where A has the smallest order of all components of 𝐶𝑛[𝑆] and for all component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆], |𝐵| ≤ 2. 
(ii) 𝑆 = 𝑆1 ∪ 𝑆2, 𝑆1 ⊆ 𝑉(𝐶𝑛), 𝑆2 is a trivial graph such that 𝐶𝑛[𝑆1] is connected and |𝑉(𝐶𝑛)\𝑆1| ≤ |𝑆| or 𝐶𝑛[𝑆1] is disconnected 

and for every component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆], |𝐵| ≤ |𝑆|. 
 

Proof. Suppose S is a safe dominating set of 𝑊𝑛. Consider the following cases: 

(i) 𝑆 ⊆ 𝑉(𝐶𝑛). 
If 𝐶𝑛[𝑆] is connected, then 𝑊𝑛[𝑉(𝑊𝑛)\𝑆] is also connected. Suppose further that |𝑉(𝐶𝑛)\𝑆| > 2, then there exists a vertex 𝑣 ∈
𝑉(𝐶𝑛)\𝑆 such that 𝑣 ∉ 𝑁[𝑆]. Therefore, S is not a dominating set. A contradiction to the assumption that S is a dominating set. 

Consequently, it follows that |𝑆| >  |𝑉(𝐶𝑛)\𝑆|.  If 𝐶𝑛[𝑆]  is disconnected observe that 𝑊𝑛[𝑉(𝑊𝑛)\𝑆]  is connected. Suppose 
|𝑉(𝐶𝑛)\𝑆| ≥ |𝐴|, where A has the smallest order of all components of 𝐶𝑛[𝑆]. Without loss of generality, suppose further that 

|𝑉(𝐶𝑛)\𝑆| = |𝐴|, then |𝑊𝑛[𝑉(𝑊𝑛)\𝑆]| > |𝐴|. Thus, S is not a safe dominating. Another contradiction. Now, if B is a component 

of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆], where |𝐵| > 2, then there exists a vertex 𝑣 ∈ 𝐵 such that 𝑣 ∉ 𝑁[𝑆]. Thus, S is not a dominating set. Another 

contradiction. 

(ii) 𝑆 = 𝑆1 ∪ 𝑆2, 𝑆1 ⊆ 𝑉(𝐶𝑛), 𝑆2 is a trivial graph. 

If 𝐶𝑛[𝑆1]  is connected, then 𝐶𝑛[𝑉(𝐶𝑛)\𝑆1]  and 𝑊𝑛[𝑆]  are also connected. Consequently, |𝑉(𝐶𝑛)\𝑆1| ≤ |𝑆|.  If 𝐶𝑛[𝑆1]  is 

disconnected, observe that 𝑊𝑛[𝑆]  is connected. Suppose there exists a component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]  such that |𝐵| > |𝑆|. 
Therefore, S is not a safe dominating set. A contradiction to the assumption that S is a safe dominating set. Hence, for every 

component B of 𝐶𝑛[𝑉(𝐶𝑛)\𝑆]|𝐵| ≤ |𝑆|. 
 

For the converse, consider the following cases: 

(i)S ⊆V (Cn). 

Suppose Cn[S] is connected such that |𝑉(𝐶𝑛)\𝑆| ≤ 2. Clearly, S is a dominating set and 𝑊𝑛[𝑉(𝑊𝑛)\𝑆] is connected. Since |S| > 

|V (Cn)\S|, it follows that |Wn[S]| ≥ |Wn[V (Wn)\S]|. Hence, S is a safe, dominating set. Now, if Cn[S] is disconnected such that 

|V (Cn) \ S| < |A| where A has the smallest order of all components of Cn[S] and for all component B of Cn[V (Cn) \ S],  |B|≤  2. 

Then, S is a dominating set of Wn. Observe that, Wn[V (Wn) \ S] has one component, which is itself. Given that  |V (Cn) \ S|< |A| 

where A has the smallest order of all components of Cn[S] consequently, |Wn[V (Wn) \ S]| ≤ |A|. Therefore, S is a safe dominating 

set of Wn. 

(ii) 𝑆 = 𝑆1 ∪ 𝑆2, 𝑆1 ⊆ 𝑉(𝐶𝑛), 𝑆2 is a trivial graph. 

Clearly, S is a dominating set.  Suppose Cn[S1] is connected and |V(Cn) \ S1| ≤ |S|. Then Wn[S] and Wn[V(Wn) \ S] are connected 

and |Wn[S]| ≥ |Wn[V (Wn) \ S]|. Hence, S is a safe dominating set. Now, if Cn[S1] is disconnected and for every component B of 
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Cn[V (Cn) \ S], |B| ≤ |S|. Observe that Wn[S] has only one component, which is itself. Clearly, S is a safe dominating set. 

 

4. Conclusion 
In this paper, we introduce the new concept called safe domination, which focuses on finding the subset of safe and 

dominating vertices. We characterize the safe domination in different graph classes and generate its domination number. 

Moreover, we have determined that a complete bipartite graph's safe and domination numbers are equal. With these findings, the 

paper will be helpful in real-life situations like FLP. Facility location problem (FLP) revolves around choosing suitable sites, a 

cost-efficient subset of places, to establish new facilities or to keep existing ones. Strategically placing facilities and optimally 

arranging customers improves the efficiency of delivering materials and services to customers and maximizes the utilization of 

facilities. 

 

Consequently, it reduces the necessity for duplicating or having redundant facilities. With the application of this recently 

introduced study, the facilities would encompass the most significant possible population or area using domination. They will 

guarantee swift and sufficient responses from these establishments using a safe set.  
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