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Abstract - This study aims to examine the generalized Hyers-Ulam stability of a cubic functional equation, namely
G = 24[g(v; +v1) + g(vy — v2)] + 6[g(v5 + v1) + g(vy — v3)] + 48g(vy),

where ¢ = g(3v, + 2v, + v3) + g(3v, + 2v, — v3) + g(3v; — 2v, + v3) + g(3v;, — 2v, — v3), Within the context of generalized 2-
normed spaces.
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1. Introduction

The investigation conducted by Ulam on the stability of group homomorphisms, as described in reference [16], initiated a
significant area of research focused on the stability of equations. There were significant developments in mathematical theory
as a result of it. From the realm of spaces of Banach, the initial response was provided by Hyers [7], a solution now recognized
as "Hyers' theorem. This ground-breaking finding paved the way for further research in the area.

Aoki [2] and Rassias [15] later contributed to the field, broadening the definition of stability to include additive and linear
mappings; Rassias' work substantially impacted the evolution of generalized Ulam stability. Rassias presented a novel method
in 1982 [13], expanding our understanding of the stability of equations in new directions. Gavruta [5] refined the theory by
using a more malleable control function to account for unbounded Cauchy differences.

Since many academics have found stability issues in functional equations fascinating, many exciting discoveries have been
made.In generalized 2-normed spaces, our current research focuses on cubic functional equations, particularly emphasizing
Generalized Hyers-Ulam stability. This study builds upon prior investigations and contributes to the continuous advancement
of this vibrant field.

In a recent investigation conducted by K. Balamurugan and colleagues, our attention was drawn to a cubic functional
equation, as represented in Equation (1.1):

G =24[g(v; +vy) + g(vy —v)] +6[g(vy +v3) + g(vy — v3)] + 16g9(2v;) — 80g(v,) (1.2)

In the domain of Banach spaces, the authors have undertaken a comprehensive examination of the stability of this equation,
with a specific focus on Generalized Hyers-Ulam stability.

A recent publication by Govindan et al. [6] introduced a fresh symmetric additive functional equation. This equation is
obtained through the derivation of a third-degree characteristic polynomial and is expressed as follows:

gl +11p)v; — 6(p* + Dv,] + g[(11p — 6p*)v, + (p* — 6)v3] — g[(P*® — 6p*)v3 + (11p — 6)4]

= (p*+6)g(vy) + (11p — 12p* — 6)g(v,) + (6p* — 6)g(v3), (1.2)
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Where p # 0. In the domain of Banach spaces, the authors have undertaken a comprehensive examination of the stability
of this equation, with a specific focus on Ulam stability.

Multiple researchers have rigorously examined the stabilities in a range of functional equations. This has resulted in many
intriguing discoveries, as well-documented in references like [1, 3, 4, 5, 8, 9, 10, 12, 13, 14, 16].

In our current research, the authors explore the stability analysis in a specific cubic functional equation within the
framework of generalized 2-normed spaces. Our research places significant emphasis on Generalized Hyers-Ulam stability.

This equation, referred to as Equation (1.3), is presented as follows:
G =24[g(vy + vp) + g(vy — V)] + 6[g(vy +v3) + g(v; —v3)] +48g(vy) (1.3)
It’s noteworthy to mention that the function g(v;) = av13 serves as a solution to this functional equation [a3].

2. Basic Definitions in G2NS

In this part, the authors delve comprehensively into the fundamental principles of stability, specifically in the context of
the functional equation [a3], within the realm of Generalized 2-normed spaces (simply the authors notate G2NS). Additionally,
the authors introduce and define crucial concepts essential for thoroughly comprehending these spaces.

Definition 1 [12] In a linear space denoted as T, a function H(-,-): T X T — [0, o) is categorized as a generalized 2-norm when
it adheres to a specific set of properties:

. (GT1) H(t,u) = 0 & t and u are linearly dependent.
. (GT2) H(t,u) = H(u,t) forall t,u € T.
. (GT3) H(At,u) = |A|H (t,u) forall t,u € T and 1 € ¢, where ¢ = R or C.
. (GTH H(t+u,v) <H(,v)+H(uv)forall t,u,v eT.
When these conditions are met, the pair (T, #(-,-)) is referred to as a G2NS.

Definition 2 [12] In a G2NS (T,:H(-,-)), a sequence {t,} is considered convergent if 3 t € T 3: as n approaches infinity,
H(t,, — t,u) tends to O for all u €T, and further, # (¢t,,, u) converges to H (t,u) forallu € T .

Definition 3[12] In a G2NS (T,:H(-,-)), a sequence {t,} is designated as a Cauchy sequence when 3 two linearly independent
elements, u,w € T 3 the sequences {H (t,,u)}and {# (t,, w)} are Cauchy sequences in R .

Definition 4 [12] A G2NS (T,J-[ (-,-)) earns the title of a “generalized 2-Banach space” when every Cauchy sequence within T
convergesinT .

3. Generalized Hyers-Ulam Stability of (1.3)
In this segment, the authors explore the Ulam stability of Equation denoted as (1.3) within the context of
G2NSs. Let T be a G2NS, and H a generalized 2-Banach space. The authors define a function g: T3 — H as follows:
Dg(vy,v,,v3) = G — 24[g(vy +v,) + g(vy —vp)] — 6[g(vy +v3) + g(vy — v3)] — 48g(vy)
This definition applies to all v, v,, v; € T. Additionally, throughout this paper, the authors employ the following notation:
Y(vy,v,,v5) = 1,[}((171,5), (v,,5), (v3,s)) and Il v, lI=Il vy, s |l for all v,, v,,v5,s €T.

Theorem 1. Consider the case where j is either 1 or —1, and ¥: T3 — [0, =) is a function fulfilling the condition for all
Vq,V,,v3 €ET:

im 2O )
n—oo 33nj

0. (3.1)

Let g: T — H be a mapping that obeys the condition, for all v;,v,,v;,s € T:
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}[(Dg(vlvv2iv3)!s) S 1/)(U1,U2,U3). (32)

Under these circumstances, 3 a distinct cubic mapping C: T — H that fulfills (1.3), and furthermore:

H(g(ws) — C(vy),s) < LePye | $EIn00) (33)

_1-J 3kj
k== 3

where C(v,) is defined as:

C(v;) = lim 9(3"01) (3.4)

33nj
forall v;,s € T.

Proof. Substituting (v, v,, v3) with (3™v,, 3™v,, 3"v;) and dividing by 33" in (3.2), the authors have

H(g(3™v,,3™,,3™"v3) — 27g(3" vy, 3"V, 3™v3),5) < w (3.5)

for all v, v,, v, s € T. Dividing the above inequality by 33", the authors derive

(3™v1,3™v2,3™v3)  g(wiva,v3) YP(3"v1,3™v3,3™v3)
O e D (36)
for all v;, v,,v3, s € T. Substituting v, by 3"v; and dividing by 33" in (3.6), the authors get

<

9(3%™1,3%™M,,3%w3)  g(3"vy,3"v5,3"s) s
36n 33n 4

PY(3™1,3™,,3™v3)
14_.36112 : (37)

7

for all v,, v,, v, s € T. When the authors add together (3.6) and (3.7), the authors get

i 9(3%™,,32Mp,,3%2Mp;) _ gWy,v3,v3)
361 33n S

3Mp,,3My,,3Mp V1,V2,V3) 32Ny, 32Ny, 327y, 3Mp,,3M,,3M
S}[(g( 13"V 3)_9(123, )+f]—[(g( 1 2 3)  g3™1,3"y, 3)’5) (3.8)

33n 33n 36Mm 33n

2n 2n 2n
(W31, 370, 370y + L T (39)

4_ 3371 33n

for all vy, v,, v5, s € T. Continuing with induction on a natural number n, the authors arrive at

3k+‘nv1 3k+‘nv2 3k+ny, )

9(3%™1,3%™,,3%Mv3)  g(vy,vp.v3) n—1¥(
7t ( o — gt ) < — L (3.10)
Z (3k+nvll3k+nv2’3k+nv3) 311
43371 k=0 33(k+n) ( ' )

9(32™,,32Mp,,32M;)

o } substitute v; with 3™v; and divide by 33™ in

for all v,,v,,v3, s € T. To demonstrate the convergence of {
(3.10) for all positive m, n. These yields

2 (g(3n+mv1’ 3n+m172, 3n+mU3) g(3mvl; 3m1-72: 3m‘U3) S)

33(n+m) a 33m

33m 3317. 33m

1 2 <g(3" - 3My,, 3" - 3Mp,, 3" - 3Mp;)  g(3™w,, 3™v,, 3Mv;) >
_— _ s

1 ® ¢(3k+mvl’ 3k+m1]2, 3k+mU3)
—4.33 Z 33(k+m)

k=0
—>0asm > o

for all vy, v,,v3,s € T. Also,

27



G. Yagachitradeviet al. / IIMTT, 69(10), 25-30, 2023

g(3n+mv1’ 3n+mv2’ 3n+mv3) g(?’mvl' 3mU2' 3mv3)
ul 33(n+m) - 33m ot

1 2 <g(3" - 3Myp,, 3™ - 3My,, 3™ - 3Myp;) B g(3™vy,3Mv,, 3Mv,) t)

33m 33n 33m

- 1 ® ¢(3k+mv1' 3k+m172, 3k+m173)
—4.33 33(k+m)
k=0

- 0asm—> o, Vv,,v,v3t€ET.

3271. '3271. ‘3277. 32‘)1 '32‘)1 ‘3217.
Therefore, 3s,t € T 3 , the sequences {7—[ (g( A ”3),5)} and {7-[ (g( e m,t)} are real Cauchy
sequences.

9(32™4,32™p,,32My;)
3671.

Therefore, the sequence { } is Cauchy. As H is Banach, 3 a mapping Q: T - H 3:

. 9(32n171:32n”2:32nv3)
H(Q vy, vy,v3),8) = 111Lr£10 H Jen ,S|, V v,v,,v3,SET

Letting n — oo in (3.10), the authors observe that (3.3) is satisfied for all v, v,, v; € T. To demonstrate that C meets the
criteria outlined in (1.3), the authors replace (vy, v,, v3) with (3™v,, 3"v,, 3™v;) and divide by 33™ in (3.2), resulting in the
following:

1

1
_}[(Dg(anll 311172’ 31‘1.173)’ S) S 3?

33n Y(3"vy, 3"v,, 3"v3)

for all v, v,,v3, s € T. As the authors let n into infinity in the previous condition with utilizing the concept of C (v,, v,, v3),
the authors can conclude that C satisfies (1.3) for all v, v,, v; € T. To demonstrate the uniqueness of C, consider another cubic
mapping R (v,, v,, v5) that adheres to both (1.3) and (3.3). In this case, the authors have:

g{(C(vli V3, 173) - R(vll V2, v3)l S)

1
= 3?}[(6(3‘“1711 311172’ 37’1173) - R(3nvll 311.,]2' 3nv3)1 S)

1
< 3?{}[(6(3111711 311172’ 37’1173) - g(3nvll 3nv21 371.,]3)’ S)
+H (g(3"vy,3™v,, 3™v3) — R(3"vy, 3"v,, 3" v3), 5)}

- 2 i ll}(3k+nv1’ 3k+nv2, 3k+nv3)
T 4.33
k=0

33(k+n)

- 0asn - o0o,Vv,,v,v35s €T,

the uniqueness of C is established. As a result, the theorem is valid when j = 1. Now, substituting v; by %1 in (3.5), the authors
reach

H (9(171,172,173) —27g (v—1 U—Z,v—s),s) < v(500) (3.12)

3’73’3

for all v,,v,, v3 € T. The remaining part of the proof follows a parallel structure to the case when j = 1. Consequently, the
theorem is valid if j = —1. The theorem is now proven. O

Corollary 2. Let A,k € [0,00). Consider a mapping g: T — H that meets:
ﬂ'l
H (DG vy, v,,v3),t) < {Allvy 17+l vy 17+l vs 117}, ifz # 3;
Allvy 1200wy 120 vs 1174 {1 vy 132 +10v, 132 +1 v 132}), ifz # 1,

for all v,,v,,v5,t € T. Consequently, a unique cubic function C: T — H is established, 3:
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A
4[33-1|’
Allv1 1%
4|33-32)’
Allvq 132
4'33_332'

H(Gg(W1,v2,13) — C(v1,v5,v3),1) <

forall v, €T.

4. Conclusion

Our results shed light on the complex interaction between its parts and characteristics, allowing us to pinpoint the precise
locations where stability is most prominent. Our findings have important practical implications that go well beyond pure
mathematics. Evaluating stability in generalized 2-normed spaces might improve our comprehension of mathematical
structures in many areas of science and engineering. These findings can potentially encourage the creation of more robust
models and solutions to solve pressing societal issues.

In a nutshell, this research represents a significant step forward in mathematical stability theory, demonstrating how
thorough investigation may be used to reveal the stability characteristics of difficult equations. By extending our
understanding of Ulam stability into the domain of generalized 2-normed spaces, the authors contribute to the dynamic
landscape of mathematics, paving the way for fresh avenues of exploration and practical application.

Throughout this work, the authors have ventured into the captivating domain of mathematical stability theory,
specifically focusing on the stability of a cubic equation within the Hyers-Ulam framework. The equation in question,
characterized by its intricate arrangement of terms and coefficients, reflects the complexity of the mathematical phenomena
explored. By scrutinizing this equation within the context of generalized 2-normed spaces, the authors have extended the
frontiers of mathematical analysis to encompass a broader spectrum of areas and structures.
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