International Journal of Mathematics Trends and Technology Volume 69 Issue 2, 37-44, February 2023
ISSN: 2231-5373/ https://doi.org/10.14445/22315373/LIMTT-V6912P505 © 2023 Seventh Sense Research Group®

Original Article

Some results on Spectral radius and Distance
energy of a Wheel graph

R. B. Sahane, B. Surendranath Reddy, Rupali S. Jain

Swami Ramanand Teerth Marathwada University, Nanded-431606, India.

Received: 24 December 2022 Revised: 30 January 2023 Accepted: 10 February 2023 Published: 20 February 2023
Abstract

The Wheel graph on n+1 vertices is denoted by W} ,, and is a graph obtained
from the cycle graph C), by joining all vertex of C), to a new vertex called the
center. In this paper, we compute the best possible bounds for the spectral
radius and the distance energy of the wheel graph.
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1 Introduction

In 2007, Bo Zhou gives upper and lower bounds for the largest eigenvalue of
the distance matrix in terms of the number of vertices, the sum of squares of
the distance between all unordered pairs of vertices of the tree [3]. In 20009,
G. Indulal gives sharp bounds of the greatest D eigenvalues and the distance
energy[8]. In 2008, Gopalapillai Indulal, Ivan Gutman, and A. Vijaykumar
proved the formula for the distance energy of wheel graph and is given by
Ep(Wi,) =2(n—2++vn?—3n+4[6].

In this article, section 2 contains the preliminaries and notations related to
the wheel graph and the distance energy of the wheel graph. In section3, we
compute the wheel graph’s upper and lower bound of distance energy and
gave the best possible upper and lower bound for the spectral radius of the
wheel graph.
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2 Preliminaries and Notations

Definition 2.1. Distance matrix[10]

Let G be a connected graph with vertex set V' and edge set E. The distance
matrix D of G is defined as D = [d;;], where d;; is the distance between the
vertex v; and v; in G.

Definition 2.2. Distance energy[10]
The distance energy Fp(G) is defined as the sum of absolute eigenvalues of
the distance matrix of G,

Ep(G) = 32171 |l

Definition 2.3. Wheel Graph[9]

A wheel W,,, n > 3, is a graph obtain by joining all vertices of cycle C,, to
a further vertex called the center. Thus W,, contains n + 1 vertices and 2n
edges. The edges incident to the center we call spokes and the edges not
incident to the central vertex we call rim edges.

3 Bounds of the distance energy and the spec-
tral radius of wheel graph

In this section, we will investigate the bounds of distance energy of the wheel
graph as well as the bounds of the spectral radius of the wheel graph.

Theorem 3.1. If W, is the wheel graph on n + 1 vertices then

Zz 711”12 = 4n + 221 1,i<g,d(us,05)#1 d(ui7vj)2'

Proof. The edges in W1, consist of the union of edges in cycle on n vertices
and edges in star graph on n+1 vertices. But the cycle on n vertices contains
n edges and the star graph on n + 1 vertices consists of n edges. Therefore
the number of edges in W; ,,=2n. Since, the sum of squares of the eigenvalues
of Ap(W1,) is the trace of Ap(Wy,)%.
EZ;’{ oo

=3 nd2 + Zl 0,i) dz‘jdjz‘
= ZZ 0#] dji, since d; ;=0 for the wheel graph.
=2 Zz =0,2<g uw“a
=220+ Y70 ey dus, v;)?], since wheel graph contains 2n edges.
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2
—4?14—21 =0,i<j (ui7vj) :

Therefore, Zz Tl =4n+2 ZZ Li<g,d(ug,v5)#1 d(u;, v;)*. 0

Theorem 3.2. If Wy, is the wheel graph on n + 1 vertices then

VA + S d(w,v;)” < Ep(Wi) < 4/ (n+ Dl + 355 d(ws, 07)°].

Proof. By definition of the distance energy of a graph,

Ep(Wip) =322 |uil
By using the statement of Cauchy-Schwarz inequality

(3T wi)” < (i (2)) (227 (1))

Replacing z; = 1 and y; = ||, we get.
ot i) < (Zi_? D2 u?2))
(TL + 1)[47’L + Zz 0,i<j (ui7vj) ]

Therefore,

Ep(Win) < \|(n+Dldn+ > d(u;,v;)’] (1)

i=0,i<j
Now, consider the inequality,
(20 wil)? > 005 @7
Replacing w; by ,uz, we get.
(3oimo lmil)? > 32520 me )
(Ep(Win))? = [4n + Y2020 d(ui, v)°]
Ep(Wip) > | [dn+ D d(ui,v;)’] (2)
i=0,i<j

Combining the above two equations, we get.

Van+ S50 dlus ) < Ep(Wa) < 4/ (n+ Didn+ S5 d(us, v,)’).
]

Theorem 3.3. If G is a wheel graph and p is the greatest eigenvalue of the
distance matrix of G then

w(G) > (n—3)++vn?—-3n+9

Proof. Let V' = {vg, v1,v9,...,v,} be the vertex set of graph G.
Consider the distance matrix of graph G.
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doo dor ... doz don
an dnl dn? dnn
Let X = (xg, 21, %9, ...,7,)T be the eigenvector of D(G) corresponding to the

greatest eigenvalue u(G).
D(G)X = u(G)X.

T T
dOO dOl dOQ dOn 0 0
e T
le dll d12 dln ! !

an dnl dn2 dnn Tn Tn
Since the graph G is wheel graph its diameter is 2. hence d;; = 0,1,2. Let
A = vy and B = v, 09,03, ...,v, be the partition of vertex set of graph G.
take ; = min x; and x; = min xy, k € A,z € X.

from equation (1), we have,

UXT;= = ’,223 dix T

w(G)x; > nx;, since Zlgig d;k = 1 and z;is minimum of x;.

Also, uxz;= = zlgig ik Tk

w(G)z; = Z djrxy + Z djrxy, (3)

djp=1 djp=2

since each row of D(G) contains only three ones and (p — 3) two.
From equation (3),

w(G)x; > 3z; +2(n — 3)x;

w(G)x; —2(n — 3)x; > 3u;

(1(G) — 2(n — 3))z; > 3z, (4)

From equations (3) and (4)

W(G)((G) — 2(n — 3))wiz; > Snaa
w(G)((G) =2(n—3)) = 3n
u(G)((G) — 2(n —3)) — 30 > 0
solving this quadratic equation, we get,

[I,(G) > 2(n—3)++/4(n—3)2—4(—3n)

2
=n—-3)+vn2—6n+9+3n

=Mn-3)+vn2-3n+9

40


admin
Text Box
R. B. Sahane et al. / IJMTT, 69(2), 37-44, 2023


admin
Text Box
40


R. B. Sahane et al. / IJMTT, 69(2), 37-44, 2023

w(G) > (n—3)++vn?—3n+9

]

Theorem 3.4. If G is a wheel graph and p(G) is the largest eigenvalue of the
matriz then u(G) < d(n —3) +V/d*n? — 3d?>n + 9d2, where d is the diameter
of the wheel graph.

Proof. Let G be a wheel graph and V' = {wvg, v, vy, ...,v,}. Consider the
distance matrix of graph G.
doo dor ... doz don
an dnl dn2 dnn
Let X = (xg, 21, %9, ...,7,)T be the eigenvector of D(G) corresponding to the
greatest eigenvalue pu(G).
D(G)X = u(G)X.
Let X = (xg, 21, To, ..., 7,)T be the eigenvector of D(G) corresponding to the

greatest eigenvalue pu(G).
D(G)X = u(G)X.

T X
dOO dOl d02 d(]n 0 0

do dyy . dy dy| T 71
o 5O x| = w(G) x|

an dnl dn? dnn

In In

Let A = vy and B = vy, vy, vs, ...,0, be the partition of vertex set of graph
G. take z; = max 3, and z; = max zy, k € A, x5, € X.

from equation (1), we have,

(G xx; = SNt dikay

w(G)zx; < pdz;, since Ziig d;k =1 and z;is maximum of .

Also, uxx;= Ziig djkxy,

w(G)x; = Z djrry + Z djrr, (5)

since each row of D(G) contains only three ones and (n — 3) two.
From equation (3),

w(G)x; < 3dx; + 2d(n — 3)x;

w(G)x; —2(n — 3)x; < 3u;

(u(G) = 2d(p — 3))x; < 3du; (6)
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From equations (3) and (4)

w(G@)(u(G) — 2d(n — 3))z;z; < 3dnx;x;
w(G)((G) = 2(n = 3)) < 3dn
#(G)(p(G) —2(n—3)) —3n < 0
solving this quadratic equation, we get,

n(G)le

2d(n—3)++/4d2(n—3)2—4(—3dn)
2
3) + Vd*n? — 6d2n + 9d? + 3d*n

— d(n —
— d(n — 3) + VBnZ = 3&n + 98
w(G) <d(n —3)+ Vd?n? — 3d*n + 9d?

4

Conclusion

In this paper, we obtained the upper and lower bound for the spectral radius
and the distance energy of the wheel graph.
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