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Abstract - This article discusses the inner development of Cross's Theorem on crossed quadrilaterals. By doing two steps, 

namely expanding the square leads inward once and twice. The proof is based on the rule of sines and the rule of cosines. The 

achieved result for a one-time expansion is ||𝐿Δ𝐵𝐹𝐺 − 𝐿Δ𝐷𝐾𝐽| = 𝐿 ◻𝐴𝐵𝐶𝐷 and  |𝐿Δ𝐿𝐴𝐸 − 𝐿Δ𝐼𝐶𝐻| = 𝐿 ◻𝐴𝐵𝐶𝐷 and for 

double expansion, the difference between 𝐿 ◻𝐸𝐹𝑂𝑁and𝐿 ◻𝐼𝐽𝑆𝑅is equal to 2𝐿◻𝐴𝐵𝐶𝐷and the difference between 𝐿 
◻𝐾𝐿𝑀𝑇and𝐿 ◻𝐺𝐻𝑄𝑃 is zero. 

 

Keywords - Crossed Quadrilateral, Sine and Cosine, Cross Theorem. 

1. Introduction  
In geometry, one of the theorems about the shape of planes is the Cross’s Theorem. The Cross’s Theorem states that a 

triangle ABC constructs its sides from squares facing outwards, and then the points of adjacent squares are combined to form a 

new triangle with the same area as triangle ABC [1 ]. The proof is [2, 3].  

Cross's theorems are discussed and expanded, including Cross's theorem for quadrilaterals and triangles using 

quadrilaterals [4-7]. Another proof of Cross's theorem is performed using a broad concept [3]. Second, the expansion of Cross's 

theorem on quadrilaterals using the rules of sine and cosine [6]. In [7], we used the concept of congruence to describe the 

modification of triangular cross sets [8]. In addition, Cross's theorem is expanded to convex and non-convex quadrilaterals 

contained in [9], and Cross's theorem for convex and non-convex quadrilaterals states that the squares on each side of a convex 

quadrilateral are joined outwards. is extended twice by if a non-convex quadrilateral and its adjacent vertices form four new 

quadrilaterals, then the total area of the opposing convex quadrilaterals is 4𝐿□𝐴𝐵𝐶𝐷, and the difference in the area of the 

opposing non-convex quadrilaterals is 4𝐿□𝐴𝐵𝐶𝐷. 

In triangles there are many geometric concepts, such as the area of a triangle [12-15] also on the quadrilateral has been 

widely discussed in the Napoleonic theorem in [16-18], Euler’s quadrilateral Theorem [24] and Cross Theorem [6].  The idea 

of partitioning and expansion for inner also refers to [19-22]. 

Furthermore, quadrilaterals can be classified and grouped into convex quadrilaterals, non-convex quadrilaterals, and 

crossed quadrilaterals [9]. The crossed quadrilateral has the uniqueness that the area of the crossed quadrilateral is the difference 

between the areas of the two triangles formed and will have zero areas  if the areas of the triangles formed are the same [9, 10]. 

Seeing that there is a between from Cross's Theorem developed  on crossed quadrilaterals, this article discusses the inner 

development of Cross's Theorem on crossed quadrilaterals which are expanded twice leading inward as evidenced by using the 

rules of sines and cosines.  

 

2. Literature Review  
 This literature review explains some basic definitions and supporting theories related to the cross theorem in crossed 

quadrilaterals. The discussion begins with the Cross’s Theorem on the triangle which can be seen in [1]. 

http://www.internationaljournalssrg.org/
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Theorem 1. It is known that any Δ𝐴𝐵𝐶, on each side of the triangle is constructed ◻𝐴𝐵𝐼𝐻, ◻𝐵𝐶𝐺𝐹, ◻𝐶𝐴𝐸𝐷 pointing 

outwards. If the lines 𝐸𝐻, 𝐼𝐹,and𝐷𝐺are drawn Δ𝐴𝐸𝐻,Δ𝐵𝐼𝐹,andΔ𝐶𝐷𝐺 will be formed with each area equal to Δ𝐴𝐵𝐶, the 

illustration can be seen in Figure 1 

 
Fig. 1 Cross’s Theorem on Triangles. 

 

Furthermore, Cross's theorem is developed on non-convex quadrilaterals which show that the difference in the area of the 

new quadrilaterals facing each other is equivalent to four times the area of the quadrilateral 𝐴𝐵𝐶𝐷 and can be seen in [8]. 
  

Theorem 2. It is known that Δ𝐴𝐸𝐿,Δ𝐵𝐹𝐺,Δ𝐼𝐶𝐻,andΔ𝐷𝐽𝐾are made of triangles 𝐴𝐵𝐶𝐷Cross Theorem. Besides that ◻𝐸𝐿𝑀𝑁, 
◻𝐺𝐹𝑂𝑃, ◻𝐽𝐾𝑇𝑆,and ◻𝐴𝐷𝐾𝐿 are constructed as a rectangle pointing outer on the sides of the triangles 𝐸𝐿, 𝐹𝐺, 𝐻𝐼,and𝐽𝐾. 

Connect the corner squares to form a shape plane figure and have area 𝐿 ◻𝐸𝐹𝑂𝑁 − 𝐿 ◻𝐼𝐽𝑆𝑅 =4𝐿◻𝐴𝐵𝐶𝐷 and 𝐿 ◻𝐾𝐿𝑀𝑇 − 𝐿 
◻𝐺𝐻𝑄𝑃 =4𝐿◻𝐴𝐵𝐶𝐷can be seen in the image below. 

   

  
Fig. 2 Modification of the Cross’s Theorem on  Non-Convex Quadrilateral. 

 

 Cross' Theorem in quadrilaterals has been developed in convex quadrilaterals and non-convex quadrilaterals, in this 

case, Cross's theorem is developed in crossed quadrilaterals and shown in [9, 23, 25]. 

 

Theorem 3. Suppose quadrilateral 𝐴𝐵𝐶𝐷 is any crisscrossed quadrilateral with 𝑃 being the point where𝐴𝐵 and 𝐵𝐶 intersect. 

so that the area of the crossed quadrilaterals is obtained, as shown in Figure 3. 
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Fig. 3 Crossed Quadrilateral

3. Result Research Methodology  
The methodology for proving the inner development of Cross's Theorem on a crossed quadrilateral are the construction of 

the 𝐴𝐵𝐶𝐷 crossed quadrilateral in Figure 3 above, from an arbitrary crossed quadrilateral 𝐴𝐵𝐶𝐷is constructed towards the inside 

of the equilateral quadrilateral from the points 𝐴𝐵, 𝐵𝐶, 𝐶𝐷,and 𝐷𝐴 has the give a point 𝑃at the point cut 𝐵𝐶and𝐴𝐷with 𝐴𝐵 =
𝑎, 𝐵𝐶 = 𝑏, 𝐶𝐷 = 𝑐,and𝐴𝐷 = 𝑑, it will form an equilateral quadrilateral, namely   𝐴𝐵𝐹𝐸, 𝐵𝐶𝐻𝐺, 𝐶𝐷𝐽𝐼,and𝐷𝐴𝐿𝐾with𝐴𝐵 =
𝐴𝐸 = 𝐵𝐹 = 𝐸𝐹 = 𝑎, 𝐵𝐶 = 𝐵𝐺 = 𝐶𝐻 = 𝐺𝐻 = 𝑏, ⥂ 𝐶𝐷 = 𝐶𝐼 = 𝐷𝐽 = 𝐽𝐼 = 𝑐,and𝐴𝐷 = 𝐴𝐿 = 𝐷𝐾 = 𝐾𝐿 = 𝑑. Then a 

triangle is formed from the points  Δ𝐴𝐸𝐿, Δ𝐵𝐹𝐺, Δ𝐼𝐶𝐻,andΔ𝐷𝐽𝐾 with 𝐸𝐴 = 𝐴𝐿 = 𝐿𝐸 = 𝑎, 𝐹𝐺 = 𝐵𝐺 = 𝐺𝐹 = 𝑏, 𝐼𝐶 =
𝐶𝐻 = 𝐻𝐼 = 𝑐,and𝐷𝐾 = 𝐾𝐽 = 𝐽𝐷 = 𝑑. Then it was expanded once again from the lines 𝐸𝐿, 𝐹𝐺, 𝐻𝐼,and𝐽𝐾 from ◻𝐸𝐿𝑀𝑁, 
◻𝐺𝐹𝑂𝑃, ◻𝐽𝐾𝑇𝑆,and ◻𝐴𝐷𝐾𝐿. Then a line is drawn from point 𝑁to point 𝑂, point 𝑃 to 𝑄  a point 𝑅 to point 𝑆, and from point 

𝑇 to point 𝑀. So as to form four new quadrilaterals namely ◻𝐸𝐹𝑂𝑁, ◻𝐺𝐻𝑄𝑃, ◻𝐼𝐽𝑆𝑅,and ◻𝐾𝐿𝑀𝑇. Furthermore, for each 

quadrilateral ◻𝐸𝐹𝑂𝑁, ◻𝐺𝐻𝑄𝑃, ◻𝐼𝐽𝑆𝑅,and ◻𝐾𝐿𝑀𝑇 formed into two triangles, namely the 𝐸𝐹𝑂𝑁quadrilateral to become the 

𝑁𝐹𝑂and 𝑁𝐸𝐹 triangle, then the 𝐺𝐻𝑄𝑃  quadrilateral to become the 𝐻𝐺𝑃 and 𝑄𝐻𝑃 triangles, then the 𝐼𝐽𝑆𝑅quadrilateral to 

become the 𝐽𝐼𝑅 and 𝑅𝐽𝑆 triangle and for the 𝐾𝐿𝑀𝑇 quadrilateral to become the 𝑇𝐾𝐿 and 𝑇𝐿𝑀 triangles. Furthermore, By 

applying the sine and cosine rules, it is proved that difference in the area of a ◻𝐸𝐹𝑂𝑁and ◻𝐼𝐽𝑆𝑅 is equivalent to twice the area 

of ◻𝐴𝐵𝐶𝐷, and  the difference between the areas of a ◻𝐾𝐿𝑀𝑇and ◻𝐺𝐻𝑄𝑃 is zero. 

 

4. Discussion 
The results and discussion will prove the inner development of Cross's Theorem in crossed quadrilaterals using the rules of 

sines and cosines. 

 

Theorem 4. Suppose quadrilateral 𝐴𝐵𝐶𝐷 is crossed quadrilateral. Furthermore, the construction of 

𝐴𝐷𝐾𝐿, 𝐴𝐵𝐹𝐸, 𝐵𝐶𝐻𝐺,and𝐶𝐷𝐽𝐼leads inward. If  the lines 𝐸𝐿, 𝐹𝐺, 𝐻𝐼,and𝐽𝐾 are drawn, Δ𝐴𝐸𝐿, Δ𝐵𝐹𝐺, Δ𝐼𝐶𝐻,andΔ𝐷𝐽𝐾 will be 

formed with |𝐿Δ𝐵𝐹𝐺 − 𝐿Δ𝐷𝐾𝐽| = 𝐿 ◻𝐴𝐵𝐶𝐷 and  |𝐿Δ𝐿𝐴𝐸 − 𝐿Δ𝐼𝐶𝐻| = 𝐿 ◻𝐴𝐵𝐶𝐷. 

Fig. 4 Inner Cross’s Theorem on Crossed Quadrilateral. 

 

Proof: Assumption 𝐴𝐵 = 𝐴𝐸 = 𝐵𝐹 = 𝐸𝐹 = 𝑎, 𝐵𝐶 = 𝐵𝐺 = 𝐶𝐻 = 𝐺𝐻 = 𝑏, ⥂ 𝐶𝐷 = 𝐶𝐼 = 𝐷𝐽 = 𝐽𝐼 = 𝑐,and𝐴𝐷 = 𝐴𝐿 =
𝐷𝐾 = 𝐾𝐿 = 𝑑. and suppose ∠𝐵𝐴𝐷 = 𝛼, ∠𝐶𝐵𝐴 = 𝛽, ∠𝐵𝐶𝐷 = 𝛾,and∠𝐴𝐷𝐶 = 𝛿. Then, using Theorem 3 and the sine rule, it 

will be proved |𝐿Δ𝐵𝐹𝐺 − 𝐿Δ𝐷𝐾𝐽| = 𝐿 ◻𝐴𝐵𝐶𝐷 and  |𝐿Δ𝐿𝐴𝐸 − 𝐿Δ𝐼𝐶𝐻| = 𝐿 ◻𝐴𝐵𝐶𝐷. By using trigonometry to the area of 

quadrilateral 𝐴𝐵𝐶𝐷, it is found that the area of Δ𝐵𝐴𝐷 = 1 2⁄ 𝑎𝑑 𝑠𝑖𝑛 𝛼 , Δ𝐴𝐵𝐶 = 1 2⁄ 𝑎𝑏 𝑠𝑖𝑛 𝛽 , Δ𝐵𝐶𝐷 =
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1 2⁄ 𝑏𝑐 𝑠𝑖𝑛 𝛾 ,andΔ𝐴𝐷𝐶 = 1 2⁄ 𝑐𝑑 𝑠𝑖𝑛 𝛿. Furthermore, based on Figure 4, the Δ𝐿𝐴𝐸 is obtained 

             𝐿Δ𝐿𝐴𝐸 =
1

2
𝑎𝑑 𝑠𝑖𝑛(180𝑜 − 𝛼)  

         𝐿Δ𝐿𝐴𝐸 = 𝐿Δ𝐵𝐴𝐷                                             (1)        

In the same way, with attention Δ𝐵𝐹𝐺,Δ𝐼𝐶𝐻,andΔ𝐷𝐾𝐽obtained 
 

 𝐿Δ𝐵𝐹𝐺 = 𝐿Δ𝐴𝐵𝐶,                                               (2) 
 

𝐿Δ𝐶𝐻𝐼 = 𝐿Δ𝐵𝐶𝐷 and                                              (3) 
 

𝐿Δ𝐷𝐾𝐽 = 𝐿Δ𝐴𝐷𝐶                                               (4) 

 

By using Theorem 3 and equations (2) dan (4) will be obtained 𝐿 ◻𝐴𝐵𝐶𝐷 is 
 

        |𝐿Δ𝐴𝐵𝑃 − 𝐿Δ𝐶𝐷𝑃| = 𝐿 ◻𝐴𝐵𝐶𝐷,                             

     |𝐿Δ𝐵𝐹𝐺 − 𝐿Δ𝐷𝐾𝐽| = 𝐿 ◻𝐴𝐵𝐶𝐷                            (5) 
 

In the same way, by using Theorem 3 and equations (1) dan (3) will be obtained 𝐿 ◻𝐴𝐵𝐶𝐷 is 
 

       |𝐿Δ𝐿𝐴𝐸 − 𝐿Δ𝐼𝐶𝐻| = 𝐿 ◻𝐴𝐵𝐶𝐷              (6) 
 

By looking at equations  (5) and (6) then Theorem 4 is proven.                  ■ 

 

Next, the construction is done by constructing a square leading to the inner sides of each triangle in Theorem 4. To be 

clearer about this modification of Cross’s Theorem in Theorem 5. 

 

Theorem 5. Let Δ𝐴𝐸𝐿,Δ𝐵𝐹𝐺,Δ𝐼𝐶𝐻,andΔ𝐷𝐽𝐾 be triangles formed from ◻𝐴𝐵𝐶𝐷 Cross' Theorem on crossed quadrilaterals. 

Furthermore, the construction of ◻𝐸𝐿𝑀𝑁, ◻𝐺𝐹𝑂𝑃, ◻𝐽𝐾𝑇𝑆,and ◻𝐴𝐷𝐾𝐿 leads inward on the sides of triangular 

𝐸𝐿, 𝐹𝐺, 𝐻𝐼,and𝐽𝐾. When connecting the vertices of adjacent squares, namely points 𝑁and 𝑂, 𝑃 and 𝑄, 𝑅 and 𝑆 as well as 𝑇and 

𝑀, four quadrilaterals will be formed that have an area relationship with the crossed quadrilaterals 𝐴𝐵𝐶𝐷, namely 
|𝐿□𝐸𝐹𝑂𝑁 − 𝐿□𝐼𝐽𝑆𝑅|= 2. 𝐿□𝐴𝐵𝐶𝐷 and |𝐿□𝐾𝐿𝑀𝑇 − 𝐿□𝐺𝐻𝑄𝑃| = 0, the illustration can be seen in the image below. 

 
Fig. 5 Modification of the Inner Cross’s Theorem on Crossed Quadrilateral. 

 

Proof.   Let 𝐴𝐵 = 𝐴𝐸 = 𝐵𝐹 = 𝐸𝐹 = 𝑎, 𝐵𝐶 = 𝐵𝐺 = 𝐶𝐻 = 𝐺𝐻 = 𝑏, ⥂ 𝐶𝐷 = 𝐶𝐼 = 𝐷𝐽 = 𝐽𝐼 = 𝑐,and𝐴𝐷 = 𝐴𝐿 = 𝐷𝐾 = 𝐾𝐿 =
𝑑. Next, let the sides 𝐸𝐿 = 𝐸𝑁 = 𝐿𝑀 = 𝑀𝑁 = 𝑎1, 𝐹𝐺 = 𝐹𝑂 = 𝐺𝑃 = 𝑂𝑃 = 𝑏1, 𝐻𝐼 = 𝐻𝑄 = 𝐼𝑅 = 𝑄𝑅 = 𝑐1,and𝐽𝐾 = 𝐽𝑆 =

𝐾𝑇 = 𝑆𝑇 = 𝑑1. With attention to Δ𝐴𝐸𝐿,Δ𝐵𝐹𝐺,Δ𝐼𝐶𝐻,andΔ𝐷𝐽𝐾, so obtained 
 

     𝑎1
2 = 𝑎2 + 𝑑2 + 2𝑎𝑑 𝑐𝑜𝑠 𝛼                                                    (7) 

 

 𝑏1
2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 𝑐𝑜𝑠 𝛽                                                    (8) 

 

  𝑐1
2 = 𝑏2 + 𝑐2 + 2𝑏𝑐 𝑐𝑜𝑠 𝛾                                                    (9) 

 

   𝑑1
2 = 𝑐2 + 𝑑2 − 2𝑐𝑑 𝑐𝑜𝑠 𝛿                                                   (10) 
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The first step is to find 𝐿 ◻𝐸𝐹𝑂𝑁, done by dividing ◻𝐸𝐹𝑂𝑁 into Δ𝑁𝐹𝑂andΔ𝑁𝐸𝐹,  the illustration can be seen in Figure 

6. 

  

Fig. 6 illustration of  𝑬𝑭𝑶𝑵 divided into two triangles 

Based on Δ𝐴𝐸𝐿,Δ𝐵𝐹𝐺,and Δ𝐸𝐹𝑁 using the obtained sine rule, in Fig. 6  

𝑠𝑖𝑛 ∠ 𝐴𝐸𝐿 =
𝑑 𝑠𝑖𝑛 𝛼

𝑎1
                                                    (11) 

𝑠𝑖𝑛 ∠ 𝐵𝐹𝐺 =
𝑏 𝑠𝑖𝑛 𝛽

𝑏1
                                                    (12) 

𝑠𝑖𝑛 ∠ 𝐸𝐹𝑁 =
𝑑 𝑠𝑖𝑛 𝛼

𝑥
                                                    (13) 

 

Based on Δ𝐴𝐸𝐿,Δ𝐵𝐹𝐺,and Δ𝐸𝐹𝑁 in Figure 6, using the cosine rule obtained 

 𝑐𝑜𝑠 ∠ 𝐴𝐸𝐿 =
𝑎1

2+𝑎2−𝑑2

2𝑎𝑎1
                                                    (14) 

𝑐𝑜𝑠 ∠ 𝐵𝐹𝐺 =
𝑎2+𝑏1

2−𝑏2

2𝑎𝑏1
                                                    (15) 

𝑐𝑜𝑠 ∠ 𝐸𝐹𝑁 =
𝑎2−𝑥2−𝑎1

2

2𝑎𝑥
                                                    (16) 

Then use the resulting cosine law to find the value of  𝑥 

 𝑥2 = 2𝑎2 + 2𝑎1
2 − 𝑑2                                      (17) 

 

Using the sine rule on Δ𝑁𝐸𝐹, obtained 

                                   𝐿Δ𝑁𝐸𝐹 =
1

2
𝑎𝑎1 𝑠𝑖𝑛(90∘ + (90∘ − ∠𝐴𝐸𝐿))                                         

𝐿Δ𝑁𝐸𝐹 =
1

2
𝑎𝑎1 𝑠𝑖𝑛(180∘ − ∠𝐴𝐸𝐿)                                        (18) 

 

Next, substitute the value 𝑠𝑖𝑛 ∠ 𝐴𝐸𝐿 in equation (11) into equation (20) to obtain 

𝐿Δ𝑁𝐸𝐹 = 𝐿Δ𝐿𝐴𝐸,                                               (19) 

 

Using the sine rule on Δ𝑁𝐹𝑂, obtain 

        𝐿Δ𝑁𝐹𝑂 =
1

2
𝑏1𝑥 𝑠𝑖𝑛(90∘ − 90∘ + ∠𝐵𝐹𝐺 − ∠𝐸𝐹𝑁)                                       

                                   𝐿Δ𝑁𝐹𝑂 =
1

2
𝑏1𝑥 𝑠𝑖𝑛(∠𝐵𝐹𝐺 − ∠𝐸𝐹𝑁) 

          𝐿Δ𝑁𝐹𝑂 =
1

2
𝑏1𝑥(𝑠𝑖𝑛 ∠ 𝐵𝐹𝐺 𝑐𝑜𝑠 ∠ 𝐸𝐹𝑁 − 𝑐𝑜𝑠 ∠ 𝐵𝐹𝐺 𝑠𝑖𝑛 ∠ 𝐸𝐹𝑁)                                      (20) 

Because the value obtained from the equation (8), (12), (13), (15), (16), and (17) then the equation (20) is obtained 
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𝐿Δ𝑁𝐹𝑂 = 2𝐿Δ𝐵𝐹𝐺 − 𝐿Δ𝐿𝐴𝐸 +
𝑏𝑑 𝑠𝑖𝑛(𝛽+𝛼)

2
                                        (21) 

𝐿Δ𝐸𝐹𝑂𝑁 = 2𝐿Δ𝐵𝐹𝐺 +
𝑏𝑑 𝑠𝑖𝑛(𝛽+𝛼)

2
                                        (22) 

 

Next, we will look for the value of  𝐿 ◻𝐼𝐽𝑆𝑅, done by dividing ◻𝐼𝐽𝑆𝑅 into Δ𝐽𝐼𝑅andΔ𝑅𝐽𝑆 the illustration can be seen in 

Figure 7. 

  

 

 
 

Fig. 7 illustration of  𝑰𝑱𝑺𝑹 divided into two triangles. 

 

With the same steps as before then 𝐿Δ𝐽𝐼𝑅, 𝐿Δ𝑅𝐽𝑆,and 𝐿 ◻𝐼𝐽𝑆𝑅, 

𝐿Δ𝐽𝐼𝑅 = 𝐿Δ𝐻𝐼𝐶                                               (23) 

       𝐿Δ𝑅𝐽𝑆 = 2𝐿Δ𝐷𝐾𝐽 − 𝐿Δ𝐼𝐶𝐻 +
𝑏𝑑 𝑠𝑖𝑛(𝛿+𝛾)

2
                                       (24) 

𝐿Δ𝐼𝐽𝑆𝑅 = 2𝐿Δ𝐷𝐾𝐽 +
𝑏𝑑 𝑠𝑖𝑛(𝛿+𝛾)

2
                                                       (25) 

 

The results obtained from equations (22) and (25) will be shown  |𝐿□𝐸𝐹𝑂𝑁 − 𝐿□𝐼𝐽𝑆𝑅|= 2. 𝐿□𝐴𝐵𝐶𝐷 obtained 

 

|𝐿 ◻ 𝐸𝐹𝑂𝑁 − 𝐿 ◻ 𝐼𝐽𝑆𝑅| = |(2𝐿∆𝐵𝐹𝐺 +
𝑏𝑑 sin(𝛽 + 𝛼)

2
) − (2𝐿∆𝐷𝐾𝐽 +

𝑏𝑑 sin(𝛿 + 𝛾)

2
)| 

 

|𝐿 ◻ 𝐸𝐹𝑂𝑁 − 𝐿 ◻ 𝐼𝐽𝑆𝑅| = |2𝐿 ◻ 𝐴𝐵𝐶𝐷 +
1

2
𝑏𝑑 (2 cos

(𝛽 + 𝛼 + 𝛾 + 𝛿)

2
∙ 0)| 

 
|𝐿 ◻ 𝐸𝐹𝑂𝑁 − 𝐿 ◻ 𝐼𝐽𝑆𝑅| = |2𝐿 ◻ 𝐴𝐵𝐶𝐷 + 0| 

|𝐿 ◻ 𝐸𝐹𝑂𝑁 − 𝐿 ◻ 𝐼𝐽𝑆𝑅| = 2𝐿 ◻ 𝐴𝐵𝐶𝐷                                                                    (26) 

 

 

The next step, with the same steps for ◻𝐾𝐿𝑀𝑇 and ◻𝐺𝐻𝑄𝑃, the The illustration can be seen in the image below. 



Nour Fitri et al. / IJMTT, 69(2), 53-60, 2023 

 

59 

 
Fig. 8 illustration of  □𝑮𝑯𝑸𝑷 and □𝑲𝑳𝑴𝑻 divided into two triangles. 

 

With the same steps as before then 𝐿Δ𝐻𝐺𝑃, 𝐿Δ𝑄𝐻𝑃,and 𝐿 ◻𝐺𝐻𝑄𝑃 

𝐿Δ𝐻𝐺𝑃 = 𝐿Δ𝐹𝐺𝐵                                               (27) 

       𝐿Δ𝑄𝐻𝑃 = 𝐿Δ𝐹𝐺𝐵 + 2𝐿Δ𝐼𝐶𝐻 +
𝑎𝑐 𝑠𝑖𝑛(𝛽−𝛾)

2
                                       (28) 

𝐿Δ𝐺𝐻𝑄𝑃 = 2𝐿Δ𝐹𝐺𝐵 + 2𝐿Δ𝐼𝐶𝐻 +
𝑎𝑐 𝑠𝑖𝑛(𝛽−𝛾)

2
                                                (29) 

With the same steps as before then 𝐿Δ𝑇𝐾𝐿, 𝐿Δ𝑇𝐿𝑀,and 𝐿 ◻𝐾𝐿𝑀𝑇 

𝐿Δ𝑇𝐾𝐿 = 𝐿Δ𝐷𝐾𝐽                                               (30) 

       𝐿Δ𝑇𝐿𝑀 = 2𝐿Δ𝐷𝐾𝐽 + 𝐿Δ𝐿𝐴𝐸 +
𝑎𝑐 𝑠𝑖𝑛(𝛿−𝛼)

2
                                       (31) 

𝐿Δ𝐾𝐿𝑀𝑇 = 2𝐿Δ𝐷𝐾𝐽 + 2𝐿Δ𝐿𝐴𝐸 +
𝑎𝑐 𝑠𝑖𝑛(𝛿−𝛼)

2
                                                (32) 

                                             

In the same, The results obtained from equations (29) and (32) will be shown |𝐿 ◻ 𝐺𝐻𝑄𝑃 − 𝐿 ◻ 𝐾𝐿𝑀𝑇| = 0 obtain 

 

 |𝐿 ◻ 𝐺𝐻𝑄𝑃 − 𝐿 ◻ 𝐾𝐿𝑀𝑇| = 0                 (33) 

 

Therefore, theorem 5 is proved based on equations (26) and (33).                 ∎ 

 

5. Conclusion 
From the inner development of Cross's Theorem on crossed quadrilaterals, there is a relation between the area of the new 

plane that is formed and the initial rectangle that was given. The development of the inner Cross’s Theorem on a crossed 

quadrilateral which is expanded once and twice leads to the inner. The results obtained from the inner development of the Cross’s 

Theorem on crossed quadrilaterals are that the difference between 𝐿 ◻𝐸𝐹𝑂𝑁and𝐿 ◻𝐼𝐽𝑆𝑅 is equal to 2𝐿◻𝐴𝐵𝐶𝐷and the 

difference between 𝐿 ◻𝐾𝐿𝑀𝑇and𝐿 ◻𝐺𝐻𝑄𝑃  is zero. 
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