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ABSTRACT. In this paper, we define a new graph labeling called Degree Cordial
labeling and call a graph Degree Cordial if it admits a Degree Cordial labeling.
Let G = (V,E) be a graph and let f : E — {0,1} be a function. We call f a
Degree Cordial labeling if for each vertex v € V| the number of edges incident
on v with edge label 0 and 1 differ by atmost 1. Here we discuss Degree Cordial
labeling for the following graphs: Paths, Cycles, Wheel graphs, Helms, Closed
Helms, Generalised Webs, Flower, Sunflower, Combs, Complete Bipartite graph
and some Complete graphs.
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1. INTRODUCTION

The origins of Graph Labeling methods go back to the pioneering work of Rosa [22]
in 1967 or to the method given by Graham and Sloane [15] in 1980. Rosa introduced
the concept of 5 (beta) valuation of a graph G with ¢ edges as an injection f from the
vertex set V(G) of G to {1,2,...,q} such that when each edge uv in G is assigned
the label |f(u) — f(v)], the edge labels are distinct. Such a labeling was called
Graceful by Golomb [14]. Cahit [10] introduced a variation of graceful labeling by
defining a function f from the vertex set of G' to {0,1} which assigns to each edge
uv of G the label |f(u) — f(v)|. The function f is called a Cordial labeling of G if
the number of vertices labeled 0 and 1 viz. v¢(0) and vs(1), differ by atmost 1 and
the number of edges labeled 0 and 1 viz. ef(0) and ef(1), differ by atmost 1. A
graph G is called a cordial graph if it admits a cordial labeling. A large number of
graphs have been shown to be cordial by a host of authors and variations of cordial
labelings have been studied. A complete literature survey can be found on this in
[13]. For expository work in graph labelings you may refer to work by [10], [13],
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1], [2], [3], [4], [5], [6], [9], [8]). For variations of graph labelings refer to work of
[13], [18],[19], [20], [11], [12], [7], [23], [14], [15], [17], [24] Ng and Lee [21] defined
edge cordial labeling in 1988. Yilmaz and Cahit [25] in 1997 renamed edge cordial
labeling as e-cordial labeling.

Definition 1.1. Let G = (V, E) be a graph with |E| = e. Let f : E — {0,1}
be a function and the induced vertex labels for this function be f(v) = Z flu,v)
Yu

(mod 2), where {u,v} € E. Let vy(i), ef(i), for i = 0,1 denote the number of
vertices and edges labeled 0 and 1 respectively. f is called an e-cordial labeling if
|vp(0) —vp(1)] <1 and |ef(0) — ef(1)] < 1. The graph G is called e-cordial if it
admits an e-cordial labeling.

In this paper we introduce Degree Cordial labeling, another variation of e-cordial
labeling and describe various graphs which admit such a labeling. All our graphs
will be finite, connected and undirected. For basic definitions in graph theory refer
to [16].

Definition 1.2. Let G = (V(G), E(G)) be a graph and let f : E(G) — {0,1} be
a function. For each vertex v in G, let fy(v) = number of edges incident on v with
the label 0, that is fo(v) = [{u € V(G) | uwv € E(G) and f(uv) = 0}| and fi(v) =
number of edges incident on v with the label 1, that is fi(v) = |[{u € V(G) | uv €
E(G) and f(uv) = 1}|. We say that f is a Degree Cordial labeling if for every
v e V(G), | fo(v) — fi(v)| <1, ie. the number of edges incident on v with the label
0 and 1, differ by at most 1. The graph G will be called Degree Cordial if it admits
a Degree Cordial labeling.

2. DEGREE CORDIAL LABELINGS OF CERTAIN GRAPHS

Theorem 2.1. All Paths are Degree Cordial.

Proof. Let P, be a path with vertex set V(P,) = {vi,v2,...,v,} and edge set
E(P,) ={viviy1 |1 <i<n—1}. Let f: E(P,) — {0,1} be defined as:

f(vﬂ}i+1) = 0, if 4 is Odd;

= 1,if 7 is even.

Then fo(v1) =1, fi(v1) =0;
f()(vi) == fl(vi) == 1, Vi, 2 S ) S n — 1.
Finally, for the vertex v,, we have
folvp) =1, fi(v,) =0, if n is even
fo(vn) =0, fi(v,) =1, if n is odd.
Thus f is a Degree Cordial labeling and every Path is a Degree Cordial graph. [
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Theorem 2.2. A cycle of length n is Degree Cordial iff n is even.

Proof. Let C, be a cycle with vertex set V(C,) = {v1,v2,...,v,} and edge set
E(Cy) ={vivit1 |1 <i<n—1}U{v,m}.

Case 1: n is even

Let f: E(Cy) — {0,1} be defined as:

forl<i<n-1,

f(vivH_l) = 0, if 7 is odd
=1,if 7 is even

f(opvy) = 1.

Basically we label the edges on the cycle, alternately by 0's and 1’s. Then fo(v;) =
fi(v)) = 1,¥i,1 <i < n. Thus f is a Degree Cordial labeling and every cycle with
an even number of vertices is a Degree Cordial graph.

Case 2: n is odd

Since there are exactly 2 edges incident on every vertex, one edge will have to receive
the label 0 and one the label 1, hence alternately the edges will have to be labeled as

0,1,0,1,...0r 1,0,1,0,...; however this forces both edges incident on v,, to receive
the label 0 in the first case and the label 1 in the latter. Hence C,, cannot be Degree
Cordial when n is odd. O

Theorem 2.3. All Wheels are Degree Cordial.

Proof. Let W,, be a wheel with vertex set V(W,,) = {v,v1,va,...,v,} and edge set
EW,) ={vv; |1 <i<n}U{vwit1 |1 <i<n—-1}U{v,m}.
Case 1: n is even
Let f: E(W,) — {0,1} be defined as:
f(vv;) = 0,if ¢ is odd
= 1,if 4 is even.
For1<i<n-—1,
f(vivH_l) = 0, if 7 is odd
=1,if 7 is even
f(opvy) = 1.

Then fo(v) = fi(v) = §, and Vi,1 <i < n,
fo(v)) =2, fi(v;) =1, if 7 is odd and
fo(vi) =1, fi(v;) = 2, if i is even.

Thus f is a Degree Cordial labeling.
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Case 2: n is odd
Let f: E(W,) — {0,1} be defined as:

flvv;) = 0,if 7 is odd
= 1,if 7 is even.
For1<i<n-—1,
f(viviJr]_) = 1, if 7 is odd
=0,if 7 is even
f(opvr) = 1.

Then fo(’U) = nT—i_lv fl(v) = n?—l, and Vi, 1 <i < n,
folv)) =1, fi(v;) =2, if i is odd and fo(v;) = 2, f1(v;) =1, if i is even.
Thus f is a Degree Cordial labeling.

Theorem 2.4. All Helms are Degree Cordial.

Proof. Let H,, be a helm with vertex set V(H,) = {v,v1,v2,...,0p, w1, wa,...

and edge set

s wn }

E(H,) ={vv; |1 <i<n}U{vvip1 |1 <i<n—1}U{vym}U{vw;|1<i<n}.

Case 1: n is even
Let f: E(H,) — {0,1} be defined as:
for1<i<mn,
f(vv;) = 0,if 7 is odd
= 1,if i is even
f(vlw,) = 1, if ¢ is odd

= 0,if 7 is even.
For1<i<n-1,

f(viviz1) = 0,if i is odd
=1,if ¢ is even

f(opuy) = 1.

Then fo(v) = f1(v) = 5,

and Vi, 1 <i <mn, fo(v;) = fi(v;) =2, and fo(w;) + fi(w;) = 1.
Thus f is a Degree Cordial labeling.

Case 2: n is odd

Let f: E(H,) — {0,1} be defined as:
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for1 <i<mn,
flvv;) = 0,if 7 is odd
=1,if 7 is even.
For1 <i<n-—1,
f(vvipr) = 1,if 7 is odd
= 0,if 7 is even
fopvr) = 1.
For 2 <i <mn,
f(viw;) = 0,if 7 is even
=1,if 4 is odd
f(viwy) = 0.
Then fo(v) = %, fi(v) = 254,

and Vi, 1 <i <n, fo(vi) = f1(vi) =2, fo(ws) + fi(ws) = 1.
Thus f is a Degree Cordial labeling.

Theorem 2.5. All Closed Helms are Degree Cordial.

Proof. Let CH,, be a closed helm with vertex set
V(CH,) = {v,v1,v2,...,0n, w1, wa, ..., w,} and edge set
E(CH,) = {vv; | 1 <i<n}U{vvip1,wiwiy1 |1 <i<n-—-1}U
{vpvy, wpwy } U {vjw; | 1 <i<n}.
Case 1: n is even
Let f: E(CH,) — {0,1} be defined as:
for 1 <i<n,
f(vv;) = 0,if ¢ is odd
= 1,if 7 is even
f(vsw;) = 1,if i is odd
= 0,if 7 is even.
For1<i<n-—1,
f(vivig1) = fwwipr) = 0,if ¢ is odd
=1,if 7 is even
and f(vnv1) = f(wnwl) =1

It can be verified that f is a Degree Cordial labeling.
Case 2: n is odd

84
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Let f: E(CH,) — {0,1} be defined as:
for1 <i<mn,

flvv;) = 0,if 7 is odd
= 1,if 7 is even.
For1<i<n-1,
f(vivigr) = fwswipr) = 1,if 7 is odd
= 0,if 7 is even
and f(vnvl) = f(wnwl) =1
For 2 <i <mn,
f(vsw;) = 0,if 7 is even
=1,if 7 is odd
f(vlwl) = 0.
Thus f is a Degree Cordial labeling.

Theorem 2.6. All Generalised Webs are Degree Cordial.

Proof. Let W(t,n) be a generalised web with ¢ cycles of length n each. Let the
vertices on the k™ cycle be denoted by wvgi,vgo,...,Uk,; the apex vertex or the

central vertex be denoted by v and the pendant vertices attached to the outermost

cycle be denoted by wy,ws, ..., w,. Then the edge set

EW(t,n)) = Ui_; ogivkiz1 | 1 <0 <n— 1 U {0kavrnsr }) U {ovgg, vgw; | 1 <0 <

Case 1: n is even
Let f: E(W(t,n)) — {0,1} be defined as:
for 1 <k <t,

f(vgivgie1) = 0,if 4 is odd

=1,if 7 is even, where 1 <i<mn—1

and f(vknvkn—l-l) =1

i.e. on each cycle we label the edges as 0,1,0,1,...,0,1. Along any radiating seg-

ment starting from the vertex to the pendant vertex i.e. along vvi;, v1;v2;, . -
we label the edges as 0, 1, 0, 1, ...if 7 is odd and 1,0, 1,0, ... if 7 is even.

It can be verified that f is a Degree Cordial labeling.
Case 2: n is odd
Let f: E(W(t,n)) — {0,1} be defined as:
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for 1 <k <t,

f(kivkie1) = 1,if 4 is odd
=0,if 7 is even, where 1 <7 <n—1

and f(vgnvkns1) = 1;

i.e. on each cycle we label the edges as 1,0,1,0,...,0,1. Along any radiating seg-
ment starting from the vertex to the pendant vertex i.e. along vvi;, v1,v2;, . . ., VW,
we label the edges as 0, 1, 0, 1, ...if i is odd, ¢ # 1 and 1,0,1,0,... if ¢ is even; for
i =1, we label all edges as 0 i.e. f(vvi1) = f(vi1v21) = ... = f(vawi) = 0. Then f
is a Degree Cordial labeling. O

Theorem 2.7. All Combs are Degree Cordial.

Proof. Let P, ® K; be a comb with vertex set V(P, ® K1) = {uj,v; | 1 <1 < n}
and edge set

E(P,0 K1) ={uuiy1 |1 <i<n—1}U{uw; |1 <i<n}.

Let f: E(P, ® K1) — {0,1} be defined as:

for 1 <i<n-—1, f(ujui+1) =1 and for 1 <i <mn, f(u;v;) = 0.

Thus f is clearly a Degree Cordial labeling. O

Theorem 2.8. All Flower Graphs are Degree Cordial.

Proof. Let Fl,, be a flower graph with vertex set

V(Fl,) = {v,v1,v2,...,0n, w1, wa, ..., w,} and edge set

E(Fl,) = {vvj,viw,vw; | 1 <i<n}U{vwipr |1 <i<n—1}U{v,v1}.

Let f: E(Fl,) — {0,1} be defined as:

for 1 <14 < n,

flovi) = f(oawi) =0, fow;) =1,

forl<i<n-1,

fovig1) =1, f(vpvy) = 1.

Then fo(v) = fi(v) =n and for 1 <7 <n, fo(vi) = fi(vi) =2, and

fo(w;) = fi(w;) = 1. Thus f is a Degree Cordial labeling. O

Theorem 2.9. All Sunflower graphs are Degree Cordial.

Proof. Let SF,, be a sunflower graph with vertex set

V(SF,) = {v,v1,v2,...,0p, w1, wa,...,wy} and edge set

E(SF,) = {vv,vw; | 1 <i<n}U{vvirr, wivigr | 1 <i<n—1}U{vyv1, wyvs}.
Case 1: n is even

Let f: E(SF,) — {0,1} be defined as:

86
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for1 <i<mn,
f(vv;) = 0,if ¢ is odd
=1,if ¢ is even
and f(v;w;) = 0.
For1<i<n-—1,

f(vivig1) = 0,if @ is odd
= 1,if i is even
f('Unvl) = 17
fwivigr) = f(wpvr) = 1.
Then fo(v) = fi(v) = §, and Vi,1 <i < n,
fo(v)) =2, fi(v;) =3, if i is even fo(v;) = 3, fi(v;) =2 if ¢ is odd,;
finally fo(w;) = fi(w;) = 1. Thus f is a Degree Cordial labeling.
Case 2: n is odd
f: E(SE,) — {0,1} be defined as:
for1 <i<mn,
f(vv;) = 0,if 7 is odd
= 1,if 7 is even
and f (v;w;) = 0.
For1<i<n-1,
f(vvig1) = 1,if ¢ is odd
= 0,if ¢ is even
f(vnvl) =1,
f(wivig1) = flwpor) = 1.

Then fo(v) = "3, fi(v) = 34,

and Vi, 1 <i<mn,i+#1,

folvi) =2, fi(v;) = 3, if i is even

f()(?)i) = 3, f1 (Uz) =2ifiis Odd7

fo(v1) =2, fi(vr) = 3;

finally fo(w;) = fi(w;) = 1. Thus f is a Degree Cordial labeling.

Theorem 2.10. All Complete Bipartite graphs are Degree Cordial.

Proof. Let K, , be a complete bipartite graph with vertex set
V(Kmn) = {ui,u2, ..., Un,v1,02,...,v,} and edge set

87
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E(Kmn) ={uw; |1 <i<m,1<j<n}
Let f: E(Kpmn) — {0,1} be defined as:

f(usvj) = 0,if i + j is even
=1,if i + j is odd.

Case 1: m and n are both even

Here fo(u;) = fi(u;) = 5, for alli, 1 <i <m

and fo(v;) = fi(v;) = 5, forall j, 1 <j <n.

Case 2: m is even, n is odd

Now, for 1 < i <m,

fo(uz) = nT-H, fl(uz) = nT_l, if 7 is odd

and fo(u;) = 25, fi(w) = 24, if i is even.

For all j7 1< ] <mn, fo(’l)]) = Lfl(vj) = %

Case 3: m and n are both odd

Now, for 1 < i < m,

fo(ul) = nTA, fl(ul) = nTH, if ¢ is odd

and fo(u;) = 2, fi(u;) = %52, if i is even.

For 1 <j <n, fo(vj) = 251, fi(vy) = L if j is odd
1

2
and fo(v;) = 2L, fi(vj) = 251, if j is even. O

Theorem 2.11. The Complete graph K, is Degree Cordial, for even values of n.

Proof. Let K, be a complete graph with V(K,) = {v1,v2,...,v,} and n be even.
Let f: E(K,) — {0,1} be defined as:
f(vivy) = 0,if i + 7 is odd
=1,if i+ jiseven; for 1 <i,j <n, i #j.

Then fo(v;) = 252, fi(v) = 252, for 1 < i < n.
Hence f is a Degree Cordial labeling on K,,. O

Theorem 2.12. The Complete graphs K5 and Ko are Degree Cordial.

Proof. Let K,, be a complete graph with V (K,,) = {v1,v2,...,v,} and let e;; denote
the edge {v;,v;}.

Let f: E(K5) — {0,1} be defined as:

flewz) =0, fleis) =1, flew) =0, flers) =1, fez3) =0, fe2s) =1, f(ezs) = 1,
flesa) =1, fess) =0, f(ess) = 0.

Then fo(vi) = fi(vi) =2, for 1 <i <5.

Hence f is a Degree Cordial labeling on K.

Next, let f: E(Kg) — {0, 1} be defined as:

flei2) =0, f(e13) = 1, flewr) =0, flews) =1, f(ews) =0, f(e1r) = 1, f(ers) =0,

88
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flew) =1, f(eas) = 1, f(ean) = 0, f(eas) =1, f(e2s) = 0, f(ear) =1, f(eas) = 0,
fleag) =1, f(esa) =0, f(ess) =0, fess) = 1, f(esr) =0, f(esg) =1, f(ez9) = 0,
fless) =0, fless) =1, flear) =1, feas) =1, f(eas) =1, f(ess) = 1, f(es7) =0,
fless) =1, f(eso) =0, f(eer) =0, f(ess) =0, f(eso) =1, f(ers) = 1, f(erg) = 0,
f(esg) =0

Then fo(v;) = fi(v;) =4, for 1 <i<9.

Hence f is a Degree Cordial labeling on Ky. (]
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