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Abstract - Numle llrous authors havell providelld numle llrous arithmle lltic for thell triangular fuzzy numlbellrs 𝑎̃ = (𝑎, 𝑙𝑎 , 𝑟𝑎). Particularly 

for the ll ope llrations of addition, subtraction, and scalar mlultiplication, thell author doellsn't mlake ll m luch of a distinction. For 

division and mlultiplication ope llrations, the llre ll are ll mlany options availablell. Finding 𝑎̃(𝑟) ⊗
1

 𝑎̃(𝑟)
= 𝑖(̃𝑟) has prove lln to bell 

imlpossible ll. As a re llsult, we ll will occasionally cre llate ll  𝑚𝑝(𝑎̃) of the ll fuzzy numlbe llr in this e llssay. The ll mliddle ll value ll is use lld to 

construct fuzzy division and mlultiplication. The lln, by changing 𝑎̃(𝑟) = [𝑎(𝑟), 𝑎(𝑟)] to give ll 𝑎̃(𝑟) ⊗ 
1

 𝑎̃(𝑟)
= 𝑖̃. The llse ll re llsults will 

be ll use lld to construct the ll adjoint fuzzy mle llthod's invellrse ll of the ll triangular fuzzy mlatrix and producell  𝐴̃(𝑟) ⊗ 𝐴̃−1(𝑟) = 𝐼𝑧(𝑟). 

 

Kellywords - Adjoint fuzzy method, Inverse fuzzy, Triangular fuzzy num lbe lr. 

1. Introduction 
Fuzzy was first introducelld by L. A. Zadellh in 1965, and num le llrous authors havell since ll cove llrelld it in a variellty of sciellntific 

works. Thellrell arell a lot of fuzzy numlbellrs, including trapellzoidal, hellxagonal, and triangular onells. 

 

In thell form lula for thell triangular fuzzy numlbe llr, the llrell are ll thre lle ll paramle llte llrs. In accordancell with [9,16,17], this is the llre llforell 

de llnotelld as 𝑎̃ = (𝑎, 𝑙𝑎 , 𝑟𝑎), whe llrell 𝑎 is the ll ce llnte llr point, 𝑙𝑎 is the ll le llft distance ll to thell ce llnte llr point of 𝑎 and 𝑟𝑎 is the ll right distancell 

to the ll point cellnte llr of 𝑎. Thell fuzzy numlbellr triangular has threlle ll points: 𝑎1, 𝑎2l, and 𝑎3, which rellprellse llnt the ll ce llntellr, le llft, and right 

side lls, re llspe llctive llly. 𝑎̃ = (𝑎1, 𝑎2l, 𝑎3).is the ll form lat uselld by othellr authors, such as [7,10], to ellxplain fuzzy numlbe llrs. Fuzzy 

numlbe llrs can the llrellfore ll bell e llxprellsse lld as inte llrvals known as fuzzy inte llrvals  for instance ll, 𝑎̃ = (𝑎, 𝑙𝑎 , 𝑟𝑎) will be llcom le ll 𝑎̃(𝑟) =

[𝑎(𝑟), 𝑎(𝑟)] . 

 

In this work, thell author will show an arithmle lltic alte llrnative ll to gellt 𝐴̃(𝑟) ⊗ 𝐴̃−1(𝑟) = 𝐼𝑧(𝑟) for 𝐴̃(𝑟) m latrix. 

2. Basic and Concellpt 
This se llction will pre llse llnt se llve llral the llorie lls to support the ll findings of the ll study. Be lllow is a de llfinition of thell cate llgory of fuzzy 

numlbe llrs m le llntionelld in [7,11,2l1]. 

 

Dellfinition 2 l.1. If 𝑅 is any non-e llm lpty sellt, thelln thell se llt 𝜇ã: 𝑅 → [0,1] is rellprellse llnte lld by thell m le llm lbellrship function 𝑎̃ in 𝑥. Thell 

de llfinition of  𝑎̃  

𝑎̃  = {(𝑥, 𝜇𝑎̃ (𝑥)) ∣ 𝑥 ∈ 𝑅, 0 ≤ 𝜇𝑎̃ (𝑥) ≤ 1}. 
The ll dellve lllopmle llnt of m lathe llm latics has also le lld to the ll e llm le llrgellnce ll of fuzzy numlbe llrs, such as triangular fuzzy numlbe llrs and 

trape llzoidal fuzzy numlbe llrs. Triangular fuzzy numlbe llrs in thell de llfinition of 2l.2l are ll dellfine lld as follows by [7,9,10,16]. 

Dellfinition 2 l.2l. 𝑎̃ a is a triangular fuzzy numlbellr if 𝑎̃  = (𝑎, 𝑙𝑎, 𝑟𝑎), whellre ll  𝑎̃  is the ll ce llntellr point, 𝑙𝑎 is the ll le llft distance ll to thell 

ce llnte llr, and 𝑟𝑎 is the ll right distance ll to thell ce llnte llr.  

The ll triangular fuzzy numlbe llr m le llm lbellrship function's formlula is 
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𝜇𝑎̃   (𝑥) =

{
 
 

 
 1 −

𝑎̃  − 𝑥

𝑙𝑎
, 𝑎̃  − 𝑙𝑎 ≤ 𝑥 ≤ 𝑎̃ ,

1 −
𝑥 − 𝑎̃ 

𝑟𝑎
, 𝑎̃  ≤ 𝑥 ≤ 𝑎̃  + 𝑟𝑎 ,

0 , elltc. 

 

The ll dellfinition of triangular fuzzy mle llm lbe llrship as state lld in [4,7,9,16] is also as follows: 

Dellfinition 2 l.3. Base lld on thell triangular fuzzy mle llm lbe llrship function in thell dellfinition of 2l.2 l, well are ll ablell to producell a triangular 

fuzzy numlbellr ellquation in thell forml of a paramle llte llr. For instance ll 𝑎̃  = (𝑎, 𝑙𝑎, 𝑟𝑎), is re llprellse llnte lld by thell ordellre lld pair 𝑎̃ (𝑟) =

[𝑎(𝑟), 𝑎(𝑟)] , with 

𝑎(𝑟) = 𝑎 − (1 − 𝑟)𝑙𝑎 and  𝑎(𝑟) = 𝑎 + (1 − 𝑟)𝑟𝑎 , 𝑟 ∈ [0,1].  (2l. 1)  
The llrell is a param le lltric forml for fuzzy numlbe llrs as we llll, which has belle lln discusse lld in [3,4,7,9,10,13,19] as in thell dellfinition of 2l.4. 

Dellfinition 2 l.4. Any fuzzy num lbellr in paramle llte llr forml that satisfie lls the ll following conditions is take lln into conside llration, de llfinelld 

as the ll ordellrelld pair 𝑎̃ (𝑟) = (𝑎, 𝑙𝑎, 𝑟𝑎) of thell function [𝑎(𝑟), 𝑎(𝑟)], 0 ≤ 𝑟 ≤ 1. 

(i) 𝑎(𝑟) m lonotonically increllasing, boundelld, and lellft-continuous at [0,1]. 

(ii) 𝑎(𝑟) m lonotonically dellcre llasing, boundelld, and right-continuous at [0,1]. 

(iii)  𝑎(𝑟) ≤ 𝑎(𝑟) whe llrell 0 ≤ 𝑟 ≤ 1 

(iv) Fuzzy numlbellr arithmle lltic has be lle lln prellse llnte lld in a variellty of ways by numle llrous authors. He llre ll arell som le ll 

 

E llxamlple lls of calculations using fuzzy numlbellrs, spe llcifically those ll froml [3,4,7,9,10,13,16,19]. 

Dellfinition 2 l.5. Considellr fuzzy numlbellr arithmle lltic. 

𝑎̃(𝑟) = (𝑎, 𝑙𝑎, 𝑟𝑎) = [𝑎(𝑟), 𝑎(𝑟)].

𝑏̃(𝑟) = (𝑏, 𝑙𝑏 , 𝑟𝑏) = [𝑏(𝑟), 𝑏(𝑟)].
 

The ll subse llquellnt opellrations thellre llforell apply: 

(i) Addition 

𝑎̃(𝑟) + 𝑏̃(𝑟)  = [𝑎(𝑟), 𝑎(𝑟)] + [𝑏(𝑟), 𝑏(𝑟)]

 = [𝑎(𝑟) + 𝑏(𝑟), 𝑎(𝑟) + 𝑏(𝑟)].
(2l. 2l) 

(ii) Subtraction 

𝑎̃(𝑟) − 𝑏̃(𝑟)  = [𝑎(𝑟), 𝑎(𝑟)] − [𝑏(𝑟), 𝑏(𝑟)]

 = [𝑎(𝑟) − 𝑏(𝑟), 𝑎(𝑟) − 𝑏(𝑟)].
(2l. 3) 

(iii) Scalar mlultiplication 

𝑘𝑎̃(𝑟) = {
𝑘[𝑎(𝑟), 𝑎(𝑟)], 𝑘 ≥ 0,

𝑘[𝑎(𝑟), 𝑎(𝑟)], 𝑘 < 0.
(2l. 4) 

Be llcausell m lultiplication is de llfine lld diffellre llntly by diffellre llnt authors, ellxamlple lls include ll M lultiplication dellfine lld by [9,16] as 

m le llntionelld in Dellfinitions 2 l.6 and Mlultiplication de llfinelld by [7,10,13,11] as found in Dellfinitions 2 l.7. 
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Dellfinition 2 l.6. For instancell, if two arbitrary triangular fuzzy numlbe llrs  𝑎̃(𝑟) = [𝑎(𝑟), 𝑎(𝑟)] and [𝑏(𝑟), 𝑏(𝑟)], arell givelln, the lln 

𝑧̃(𝑟) = 𝑎̃(𝑟) × 𝑏̃(𝑟) = [𝑧(𝑟), 𝑧(𝑟)]. Thellse ll are ll som le ll case ll of fuzzy numlbe llr mlultiplication. 

(a) If  𝑎̃(𝑟) > 0 and 𝑏̃(𝑟) > 0, 

{
𝑧(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1),

𝑧‾(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1).
 

(b) If 𝑎̃(𝑟) > 0 and 𝑏̃(𝑟) < 0, 

{
𝑧(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1),

𝑧‾(𝑟) = 𝑎(𝑟))𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1).
 

(c) If 𝑎̃(𝑟) < 0 and 𝑏̃(𝑟) > 0, 

{
𝑧(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1),

𝑧‾(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1).
 

(d) If 𝑎̃(𝑟) < 0 and 𝑏̃(𝑟) < 0, 

{
𝑧(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1),

𝑧‾(𝑟) = 𝑎(𝑟)𝑏(1) + 𝑎(1)𝑏(𝑟) − 𝑎(1)𝑏(1).
 

Dellfinition 2 l.7. For ellxamlple ll, an arbitrary fuzzy numlbe llr 𝑎̃(𝑟) = [𝑎(𝑟), 𝑎(𝑟)] and 𝑏̃(𝑟) = [𝑏(𝑟), 𝑏(𝑟)], 0 ≤ 𝑟 ≤ 1 whe llrell 𝑘 ∈ ℝ. 

(a) Division 

𝑎̃(𝑟)

𝑏̃(𝑟)
= [

𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
] , whellrel l 

 

(
𝑎(𝑟)

𝑏(𝑟)
) = mlin {

𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
}, 

(
𝑎(𝑟)

𝑏(𝑟)
) = mlax {

𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
,
𝑎(𝑟)

𝑏(𝑟)
 } , 𝑟 ∈ [0, 1]. 

(b) Mlultiplication 

𝑎̃(𝑟) × 𝑏̃(𝑟)  = [𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟)], whellrell 

(𝑎(𝑟)𝑏(𝑟))  = mlin {𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟)},

(𝑎(𝑟)𝑏(𝑟))  = mlax {𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟), 𝑎(𝑟)𝑏(𝑟)}.

 

3. Triangular Fuzzy Matrix 
Be llfore ll discussing thell fuzzy mlatrix's inve llrse ll, we ll first pre llse llnt the ll fuzzy mlatrix. Fuzzy intellge llrs arell the ll building blocks of a 

fuzzy mlatrix. Thell e llntrie lls, or comlponellnts, of the ll fuzzy mlatrix can bell writte lln as 𝑎̃𝑖𝑗 and thell fuzzy m latrix itse lllf can bell writte lln as 

𝐴̃(𝑟). A triangular fuzzy mlatrix is de llfinelld as follows by [6,2l0,17]. 

Dellfinition 3.1. Thell triangular fuzzy mlatrix of ordellr ml x n is de llfinelld by 𝐴̃(𝑟) = (𝐴̃𝑖𝑗)𝑚×𝑛whe llrell 𝑎̃𝑖𝑗 = (𝑎𝑖𝑗 , 𝑙𝑖𝑗 , 𝑟𝑖𝑗) froml 𝐴̃(𝑟). 

Base lld on the ll dellfinition of 3.1, thell following is thell procelldurell for crellating a triangular fuzzy numlbe llr mlatrix of sizell 𝑚 × 𝑛 

𝐴̃(𝑟) = [

𝑎̃11 𝑎̃12l ⋯ 𝑎̃1𝑛
𝑎̃2l1 𝑎̃2l2l ⋯ 𝑎̃2l𝑛

⋮ ⋮ ⋱ ⋮
𝑎̃𝑚1 𝑎̃𝑚2l ⋯ 𝑎̃𝑚𝑛

] . (3.1) 
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 Thell de llfinition of triangular fuzzy numlbellrs is as follows, and it is take lln froml [6,15]: 

Dellfinition 3.2l. The ll fuzzy triangularll numlbellr It is a purell zellro triangular fuzzy according to thell de llfinition of 0̃ = (0,0,0), which 

is re llprellse llntelld by 0̃. A purell triangular fuzzy numlbe llr is thell triangular fuzzy numlbe llr 0̃ = (0, 𝑙𝑎, 𝑟𝑎), which is dellnotelld by the ll 

sym lbol 0̃𝑧. Anothellr purell triangular fuzzy numlbellr is the ll triangular fuzzy numlbe llr 𝜄 = (1,0,0) which is de llnotelld by thell symlbol. 

The ll triangular fuzzy numlbe llr 𝜄 = (1, 𝑙𝑎, 𝑟𝑎), which is also known as thell triangular fuzzy idellntity 

Following thell de llfinition of triangular fuzzy intellgellrs, we ll will discuss triangular fuzzy mlatrice lls, which are ll covellre lld in 

[17,2l0]. 

Dellfinition 3.3. If all of thell e llntrie lls in a triangularll fuzzy num lbellr m latrix arell zellro, or if all of thell e llle llm le llnts arell (0,0,0), the lln thell 

m latrix is said to bell triangular fuzzy purell ze llro. 

To mlake ll it possible ll to e llxprellss the ll triangular fuzzy purell ze llro m latrix in thell following forml: 

𝑂̃(𝑟) = [
[0,0] ⋯ [0,0]
⋮ ⋱ ⋮

[0,0] ⋯ [0,0]
] . (3.2l) 

Dellfinition 3.4. A triangular fuzzy mlatrix of thell forml (0, 𝑙𝑎, 𝑟𝑎)is said to bell a ze llro fuzzy mlatrix if all of its e llle llm le llnts ze llro fuzzy 

Thell triangular fuzzy zellro mlatrix can thus bell rellpre llse llnte lld using thell following forml: 

𝑂̃𝑧(𝑟) = [
[−𝑙11 + 𝑙11𝑟, 𝑟11 − 𝑟11𝑟] ⋯ [−𝑙𝑛1 + 𝑙𝑛1𝑟, 𝑟𝑛1 − 𝑟𝑛1𝑟]

⋮ ⋱ ⋮
[−𝑙𝑚1 + 𝑙𝑚1𝑟, 𝑟𝑚1 − 𝑟𝑚1𝑟] ⋯ [−𝑙𝑚𝑛 + 𝑙𝑚𝑛𝑟, 𝑟𝑚𝑛 − 𝑟𝑚𝑛𝑟]

] . (3.3) 

Dellfinition 3.5. Thell triangular fuzzy mlatrix is re llfe llrre lld to as a purell triangular fuzzy idellntity m latrix if  𝑎̃𝑖𝑖 = (1,0,0) and 𝑎̃𝑖𝑗 =

(0,0,0), 𝑖 ≠ 𝑗, for ellvellry 𝑖 ≠ 𝑗. 

Conse llque llntly, thell following is how thell fuzzy triangular purell ide llntity mlatrix is e llxprellsse lld: 

𝐼(𝑟) = [
[1,1] ⋯ [0,0]
⋮ ⋱ ⋮

[0,0] ⋯ [1,1]
] . (3.4) 

Dellfinition 3.6. Thell triangular fuzzy mlatrix is rellfe llrre lld to as a fuzzy idellntity if 𝑎̃𝑖𝑖 = (1, 𝑙𝑎 , 𝑟𝑎) and 𝑎̃𝑖𝑗 = (0, 𝑙𝑎, 𝑟𝑎).  

As a re llsult, the ll triangular fuzzy idellntity m latrix can bell writte lln as follows: 

𝐼𝑧(𝑟) = [
[1 − 𝑙11 + 𝑙11𝑟, 1 + 𝑟11 − 𝑟11𝑟] ⋯ [−𝑙𝑛1 + 𝑙𝑛1𝑟, 𝑟𝑛1 − 𝑟𝑛1𝑟]

⋮ ⋱ ⋮
[−𝑙𝑚1 + 𝑙𝑚1𝑟, 𝑟𝑚1 − 𝑟𝑚1𝑟] ⋯ [1 − 𝑙𝑚𝑛 + 𝑙𝑚𝑛𝑟, 1 + 𝑟𝑚𝑛 − 𝑟𝑚𝑛𝑟]

] . (3.5) 

4. Rellsult and Discussion 
To construct thell arithm le lltic of m lultiplication, division, and invellrse ll triangular fuzzy numlbe llrs, the ll m liddlell value ll of thell fuzzy 

numlbe llr was prellviously dellfine lld as follows: 

Dellfinition 4.1. The ll m liddlell value ll of the ll triangular fuzzy num lbellr 𝑎̃(𝑟) = (𝑎, 𝑙𝑎, 𝑟𝑎) is e llm lploye lld in the ll param le llte llr forml 𝑎̃(𝑟) =

[𝑎(𝑟), 𝑎(𝑟)]. Thell sym lbol is as follows: 

     𝑚𝑝(𝑎̃) =
[𝑎(𝑟) ⊕ 𝑎(𝑟)]

2l
. (4.1) 
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The ll following mlultiplication arithm le lltic can bell crellate lld using the ll dellfinition of 4.1: 

                                                                 
𝑎̃(𝑟) ⊗ 𝑏̃(𝑟) = [𝑎(𝑟)𝑚𝑝(𝑏̃) + 𝑏(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃),

𝑎(𝑟)𝑚𝑝(𝑏̃) + 𝑏(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃)].
                              (4.2l)

Additionally, any triangular fuzzy numlbe llr can bell re llprellse llnte lld by thell e llquation (4.2l), which can bell de llrivelld invellrse llly froml the ll 

de llfinition of 4.1 and is dellnote lld as 
1

𝑎̃(𝑟)
. 

𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = 𝜄(̃𝑟) = [1,1]. (4.3) 

The lln, proof thellorellm l 4 is prellse llnte lld as an ellxam lplell of thell (4.3): 

The llorellm l 4.2l. For any triangular fuzzy numlbellr 𝑎̃(𝑟) = [𝑎(𝑟), 𝑎(𝑟)] whe llrel  𝑚𝑝(𝑎̃) ≠ 0, froml 𝑥̃(𝑟) =
1

𝑎̃(𝑟)
=

[
2l𝑚𝑝(𝑎̃)−𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l ,

2l𝑚𝑝(𝑎̃)−𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l ], thelln, by mlultiplying, doells the ll formlula (4.2l) hold 

𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = 𝜄(̃𝑟) = [1,1]. 

Proof: Thell valuell of is first calculate lld  𝑚𝑝(𝑥̃), i.e ll 

𝑚𝑝(𝑥̃)  = (

 (
2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l )⊕ (

2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l )

)

 

2l
,

 =

(
4𝑚𝑝(𝑎̃) − (𝑎(𝑟) + 𝑎(𝑟))

(𝑚𝑝(𝑎̃))
2l )

2l
,

 =

(
2l

𝑚𝑝(𝑎̃)
)

2l
,

 

            𝑚𝑝(𝑥̃) =  
1

𝑚𝑝(𝑎̃)
.                                                                        (4.4) 

Furthe llrmlore ll, it can bell conclude lld using thell (4.4) ellquation 𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) 

𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = [𝑎(𝑟)𝑚𝑝(𝑥̃) + 𝑥(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑥̃), 

                                𝑎(𝑟)𝑚𝑝(𝑥̃) + 𝑥‾(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑥̃)], 

                           = [𝑎(𝑟)
1

𝑚𝑝(𝑎̃)
+
2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l

𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃) (
1

𝑚𝑝(𝑎̃)
) , 

                                  𝑎(𝑟)
1

𝑚𝑝(𝑎̃)
+
2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l

𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃) (
1

𝑚𝑝(𝑎̃)
)] , 

                           = [𝑎(𝑟)
1

𝑚𝑝(𝑎̃)
+
2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

𝑚𝑝(𝑎̃)
− 1, 

                                 𝑎(𝑟)
1

𝑚𝑝(𝑎̃)
+
2l𝑚𝑝(𝑎̃) − 𝑎(𝑟)

𝑚𝑝(𝑎̃)
− 1] 

                            = [1,1]  
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 𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = 𝑖̃(𝑟). 

It is provelld 𝑡ℎ𝑎𝑡 𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = 𝑖(̃𝑟). 

Simlilarly 𝑏̃(𝑟) = [𝑏(𝑟), 𝑏(𝑟)], so 

(
1

𝑏̃(𝑟)
) = [

2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

,
2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

] =
1

𝑚𝑝(𝑏̃)
. 

Corollary 4.3. Any triangular fuzzy numlbe llr has thell forml  𝑎̃(𝑟) = [𝑎(𝑟), 𝑎(𝑟)] and  𝑏̃(𝑟) = [𝑏(𝑟), 𝑏(𝑟)], In to show  
𝑎̃(𝑟)

𝑏̃(𝑟)
  

Proof: 
𝑎̃(𝑟)

𝑏̃(𝑟)
= 𝑎̃(𝑟) ⊗

1

𝑏̃(𝑟)

            = [𝑎(𝑟), 𝑎(𝑟)] ⊗ [
2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

,
2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

]

             = [𝑎(𝑟)
1

𝑚𝑝(𝑏̃)
+
2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

𝑚𝑝(𝑎̃) −
𝑚𝑝(𝑎̃)

𝑚𝑝(𝑏̃)
,

                    𝑎(𝑟)
1

𝑚𝑝(𝑏̃)
+
2l𝑚𝑝(𝑏̃) − 𝑏(𝑟)

(𝑚𝑝(𝑏̃))
2l

𝑚𝑝(𝑎̃) −
𝑚𝑝(𝑎̃)

𝑚𝑝(𝑏̃)
]

            = [
𝑎(𝑟)𝑚𝑝(𝑏̃) + 2l𝑚𝑝(𝑏̃)𝑚𝑝(𝑎̃) − 𝑏(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃)

(𝑚𝑝(𝑏̃))
2l

,

                   
𝑎(𝑟)𝑚𝑝(𝑏̃) + 2l𝑚𝑝(𝑏̃)𝑚𝑝(𝑎̃) − 𝑏(𝑟)𝑚𝑝(𝑎̃) − 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃)

(𝑚𝑝(𝑏̃))
2l

]

             = [
𝑎(𝑟)𝑚𝑝(𝑏̃) − 𝑏(𝑟)𝑚𝑝(𝑎̃) + 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃)

(𝑚𝑝(𝑏̃))
2l

,

                    
𝑎(𝑟)𝑚𝑝(𝑏̃) − 𝑏(𝑟)𝑚𝑝(𝑎̃) + 𝑚𝑝(𝑎̃)𝑚𝑝(𝑏̃)

(𝑚𝑝(𝑏̃))
2l

] .

 

The llorellm l 4.4. As an illustration, if a triangular fuzzy numlbe llr 𝑎̃(𝑟), 𝑏̃(𝑟), 𝑐̃(𝑟) is pre llse llnt in thell inte llrval, thell following 

characte llristics are ll true ll: 

a. 𝑎̃(𝑟) ⊗ 0̃(𝑟) = 0̃(𝑟). 
b. 𝑎̃(𝑟) ⊗ 𝜄(̃𝑟) = 𝑎̃(𝑟). 

c. 𝑎̃(𝑟) ⊗ 𝑏̃(𝑟) = 𝑏̃(𝑟) ⊗ 𝑎̃(𝑟). 

d. (𝑎̃(𝑟) ⊗ 𝑏̃(𝑟)) ⊗ 𝑐̃(𝑟) = 𝑎̃(𝑟) ⊗ (𝑏̃(𝑟) ⊗ 𝑐̃(𝑟)). 

e. (𝑎̃(𝑟) ⊕ 𝑏̃(𝑟)) ⊗ 𝑐̃(𝑟) = 𝑎̃(𝑟) ⊗ (𝑐̃(𝑟) ⊕ 𝑏̃(𝑟) ⊗ 𝑐̃(𝑟)). 

f. If 𝑎̃(𝑟) ⊗ 𝑥̃(𝑟) = 𝑏̃(𝑟)whe llre ll 𝑎̃(𝑟) ≠ 0̃(𝑟), so 𝑥̃(𝑟) =
𝑏̃(𝑟)

𝑎̃(𝑟)
. 
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g. If 𝑎̃(𝑟) ⊗ 𝑏̃(𝑟) = 0̃(𝑟), so 𝑎̃(𝑟) = 0̃(𝑟) or 𝑏̃(𝑟) = 0̃(𝑟). 

h. If 𝑎̃(𝑟) ⊗ 𝑏̃(𝑟) = 𝑎̃(𝑟) ⊗ 𝑏̃(𝑟) whe llre ll 𝑎̃(𝑟) ≠ 0̃(𝑟), so 𝑏̃(𝑟) = 𝑐̃(𝑟). 

i. If 𝑎̃(𝑟) ≠ 0̃(𝑟), so 
1

𝑎̃(𝑟)
≠ 0̃(𝑟) and 

1
1

𝑎̃(𝑟)

= 𝑎̃(𝑟). 

j. 𝑎̃(𝑟) ≠ 0̃(𝑟) and 𝑏̃(𝑟) ≠ 0̃(𝑟), so 

1

𝑎̃(𝑟)

𝑎̃(𝑟)⊗𝑏̃(𝑟)
=

1

𝑎̃(𝑟)
⊗

1

𝑏̃(𝑟)
. 

Proof: clellarly. 

5. Adjoint Mlatrix Mlellthod for Triangular Fuzzy Mlatrix Invellrsell 
The ll adjoint mle llthod can bell use lld to find thell invellrse ll of thell 𝐴̃ m latrix if  𝐴̃𝐵̃  = 𝐵̃𝐴̃  = 𝐼,  

(1) A triangular fuzzy numlbe llr mlatrix with 𝑚 = 𝑛 is givelln. 

(2) Thell triangular fuzzy numlbe llr m latrix is the lln changelld into an inte llrval mlatrix forml, which looks likell the ll e llquation (3.1). 

(3) A de llte llrmlinant valuell for thell m latrix 𝐴̃(𝑟)  should bell found. 

(4) Ne llxt, we ll will de llte llrm linell the ll value ll of 
1

dellt (𝐴̃ )
. 

(5) Find thell adjoint of thell 𝐴̃(𝑟) mlatrix. 

(6) Thelln, well will find thell inve llrse ll of thell fuzzy 𝐴̃(𝑟) mlatrix by thell following mle llthod: 

𝐴̃−1(𝑟) =
1

dellt(𝐴̃ )
⊗ ajd(𝐴̃ ) . (5.1) 

(7) Thell valuell of 𝐴̃−1(𝑟) ⊗ 𝐴̃(𝑟) will the lln bell ide llntifie lld. 

The ll invellrse ll triangular fuzzy m latrix can bell found using thell ajdoint mle llthod, as provelln by the ll ellxam lple ll that follows. 

E llXAM lPLE ll 5.1. Thell triangular fuzzy numlbellr m latrix shown be lllow is fuzzy: 

𝐴̃ = [
(3,2l, 2l) (3,3,3)

(3,1,1) (1,2l, 2l)
] . (5.2l) 

The ll (5.2l) e llquation will bell changelld into a fuzzy mlatrix as follows: 

𝐴̃(𝑟) = [
[1 + 2l𝑟, 5 − 2l𝑟] [3𝑟, 6 − 3𝑟]

[2l + 𝑟, 4 − 𝑟] [−1 + 2l𝑟, 3 − 2l𝑟]
] . (5.3) 

The ll 𝐴̃(𝑟) m latrix's de llte llrm linant will bell e llstablishe lld as follows: 

dellt (𝐴̃)  = ([1 + 2l𝑟, 5 − 2l𝑟] ⊗ [−1 + 2l𝑟, 3 − 2l𝑟]) − ([2l + 𝑟, 4 − 𝑟] ⊗ [3𝑟, 6 − 3𝑟])

 = [
7

18
−
5

9
𝑟, −

13

18
+
5

9
𝑟] .

 

The ll valuell of 
1

dellt (𝐴̃ )
  will the lln bell de llte llrm linelld. 

1

[
7
18
−
5
9
𝑟, −

13
18
+
5
9
𝑟]
= [

13
18
+
5
9
𝑟

2l5
81

,

2l3
18
+
5
9
𝑟

2l5
81

]. 

 

 

 

Ne llxt, it will be ll calculate lld what 𝐴̃(𝑟) should bell. 
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[
[−1 + 2l𝑟, 3 − 2l𝑟] [−6 + 3𝑟,−3𝑟]

[−4 + 𝑟,−2l − 𝑟] [1 + 2l𝑟, 5 − 2l𝑟]
]. 

The ll invellrse ll of 𝐴̃(𝑟) can thelln be ll obtaine lld by mlultiplying 
1

dellt(𝐴 )
 by thell adjoint mlatrix 𝐴̃(𝑟) 

𝐴̃−1(𝑟) = [

13
18
+
5
9
𝑟

2l5
81

,

2l3
18
+
5
9
𝑟

2l5
81

] ⋅ [
[−1 + 2l𝑟, 3 − 2l𝑟] [−6 + 3𝑟, −3𝑟]

[−4 + 𝑟,−2l − 𝑟] [1 + 2l𝑟, 5 − 2l𝑟]
] . (5.4) 

Using the ll calculations givelln in ellquation (5.4), thell following valuell for 𝐴̃−1(𝑟)  is de llte llrm linelld: 

𝐴̃−1(𝑟) =  (
[
13
18
−
8
9
𝑟, −

19
18
+
8
9
𝑟] [−

2l
3
+
7
6
𝑟,
5
3
−
7
6
𝑟]

[− 1  +  
3
2l
𝑟, 2l −

3
2l
𝑟] [

3
2l
 − 2l𝑟, −

5
2l
+ 2l𝑟]

) . (5.5) 

The lln, in ordellr to provell thell accuracy of thell 𝐴̃−1(𝑟) obtainelld, 𝐴̃−1(𝑟) ⊗ 𝐴̃(𝑟)  = 𝐼𝑧(𝑟) will be ll calculate lld. 

(
[
13
18
−
8
9
𝑟, −

19
18
+
8
9
𝑟] [−

2l
3
+
7
6
𝑟,
5
3
−
7
6
𝑟]

[− 1  + 
3
2l
𝑟, 2l −

3
2l
𝑟] [

3
2l
 − 2l𝑟, −

5
2l
+ 2l𝑟]

)⊗ [
[1 + 2l𝑟, 5 − 2l𝑟] [3𝑟, 6 − 3𝑟]

[2l + 𝑟, 4 − 𝑟] [−1 + 2l𝑟, 3 − 2l𝑟]
]. 

The ll formlula for 𝐴̃−1(𝑟) ⊗ 𝐴̃(𝑟)  = 𝐼𝑧(𝑟) is displaye lld in thell following. 

1. For 𝜄𝑧̃11 
 

([
13

18
−
8

9
𝑟, −

19

18
+
8

9
𝑟] ⊗ [1 + 2l𝑟, 5 − 2l𝑟])⊕ [−

2l

3
+
7

6
𝑟,
5

3
−
7

6
𝑟] ⊗ [2l + 𝑟, 4 − 𝑟]) 

= [
5

2l
− 3𝑟, −

7

2l
+ 3𝑟] ⊕ [−

5

2l
+ 4𝑟,

11

2l
− 4𝑟]                                                                         

 = [𝑟, 2l − 𝑟].                                                                                                       (5.6) 
(2) For 0̃𝑧12l 

([
13

18
−
8

9
𝑟, −

19

18
+
8

9
𝑟] ⊗ [3𝑟, 6 − 3𝑟]) ⊕ ([−

2l

3
+
7

6
𝑟,
5

3
−
7

6
𝑟] ⊗ [−1 + 2l𝑟, 3 − 2l𝑟]) 

= [
8

3
−
19

6
𝑟, −

11

3
+
19

6
𝑟] + [−

5

3
+
13

6
𝑟,
8

3
−
13

6
𝑟]                                                                    

   = [1 − 𝑟, −1 + 𝑟].                                                                                                     (5.7) 

(3) For 0̃𝑧2l1 

([−1 +
3

2l
𝑟, 2l −

3

2l
𝑟] ⊗ [1 + 2l𝑟, 5 − 2l𝑟]) ⊕ ([

3

2l
− 2l𝑟, −

5

2l
+ 2l𝑟] ⊗ [[2l + 𝑟, 4 − 𝑟]]) 

= [−4 +
11

2l
𝑟, −8 +

13

2l
𝑟] ⊕ [5 −

13

2l
𝑟, −8 +

13

2l
𝑟]                                                         

           = [1 − 𝑟, −1 + 𝑟].                                                                                                               (5.8) 

(4) For 𝑖̃𝑧2l2l 

([−1 +
3

2l
𝑟, 2l −

3

2l
𝑟] ⊗ [3𝑟, 6 − 3𝑟]) ⊕ ([

3

2l
− 2l𝑟, −

5

2l
+ 2l𝑟] ⊗ [−1 + 2l𝑟, 3 − 2l𝑟]) 

= [−
9

2l
+ 6𝑟,

15

2l
− 6𝑟] ⊕ [

5

2l
− 3𝑟, −

7

2l
+ 3𝑟]                                                                   
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           = [−2l + 3𝑟, 4 − 3r].                                                                                                        (5.9) 

According to thell calculation re llsults providelld in ellquations (5.6), (5.7), (5.9), and (5.8), a fuzzy idellntity m latrix satisfie lls the ll 

re llquirellm le llnts. It mlust be ll able ll to bell e llxprellsse lld spe llcifically as follows in thell m latrix forml outline lld in thell dellfinition of 

(3.6).

𝑰̃𝑧 = [
[𝑟, 2l − 𝑟] [1 − 𝑟, −1 + 𝑟]

[1 − 𝑟, −1 + 𝑟] [−2l + 3𝑟, 4 − 3𝑟]
] . (5.10) 

The llrellforell, it can bell said that 𝐴̃−1(𝑟) ⊗ 𝐴̃(𝑟)  = 𝐼𝑧(𝑟) is provelln.. 

 

6. Conclusion 
(1) Using mlultiplication arithmle lltic, such as thell (4.2l) ellquation, we ll can find thell invellrse ll of fuzzy numlbe llrs, such that 𝑎̃(𝑟) =

[𝑎(𝑟), 𝑎(𝑟)] contains 𝑎̃−1(𝑟) = 𝐼𝑧 = [
2l𝑚𝑝(𝑎̃)−𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l ,

2l𝑚𝑝(𝑎̃)−𝑎(𝑟)

(𝑚𝑝(𝑎̃))
2l ] Conse llquellntly 

𝑎̃ ⊗ 𝑎̃−1(𝑟) = 𝜄(̃𝑟). 
 

(2) Additionally, thell triangular fuzzy mlatrix invellrse ll with adjoint is calculatelld to dellrivell the ll fuzzy idellntity valuell 𝐴̃(𝑟) ⊗

𝐴̃−1(𝑟) = 𝐼𝑧(𝑟). 
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