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1. Introduction 
Let 𝐴 denote the class of functions of the form 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

                                                              (1.1)     

which are analytic and univalent in the open unit disc 𝑈. 

 

Let 𝑇 denote the subclass of 𝐴 in 𝑈, consisting of analytic functions whose non- zero coefficients from the 

second terms onwards are negative. That is, an analytic function f ∈ 𝑇 if it has a Taylor series expansion of the form 

 

 𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

   , 𝑎𝑘 ≥ 0                                        (1.2) 

 are analytic in the open disc U. 

 

A linear multiplier fractional q – differ-integral operator is defined as 

 

                                               𝒟𝑞,𝜆
𝛿,0 𝑓(𝑧) = 𝑓(𝑧) 

𝒟𝑞,𝜆
𝛿,1 𝑓(𝑧) = (1 − 𝜆) Ω𝑞

𝛿𝑓(𝑧) + 𝜆𝑧𝒟𝑞  Ω𝑞
𝛿𝑓(𝑧)  

          𝒟𝑞,𝜆
𝛿,2𝑓(𝑧) = 𝒟𝑞,𝜆

𝛿,1 (𝒟𝑞,𝜆
𝛿,1 𝑓(𝑧)) 

⋮ 

                                             𝒟𝑞,𝜆
𝛿,𝑛𝑓(𝑧) = 𝒟𝑞,𝜆

𝛿,1 (𝒟𝑞,𝜆
𝛿,𝑛−1 𝑓(𝑧))                                                       (1.3)   

We note that if f ∈ 𝐴 is given by (1.1), then by ( 1.3), we have  

                                              𝒟𝑞,𝜆
𝛿,𝑛𝑓(𝑧) = 𝑧 + ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘𝑧𝑘                       (1.4)

∞

𝑘=2

 

                                   where,  

ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) = (
Γ𝑞(2 − 𝛿)Γ𝑞(𝑘 + 1)

Γ𝑞(𝑘 + 1 − 𝛿)
[([𝑘]𝑞 − 1)𝜆 + 1])

𝑛  

                (1.5)  

 

It can be seen that, by specializing the parameters, the operator   𝒟𝑞,𝜆
𝛿,𝑛𝑓(𝑧)  reduces to many  known and new integral and 

differential operators. In particular, when δ = 0,  q → 1−  the operator  𝒟𝑞,𝜆
𝛿,𝑛𝑓(𝑧) reduces to the operator introduced by Al-

Oboudi [1] and if  δ = 0, λ = 1 and q → 1− it reduces to the operator introduced by S�̌�l�̌�gean [4]. 

Now using the above differ-integral operator, we define the following subclass of  . 

http://www.internationaljournalssrg.org/
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Let   𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  be the subclass of 𝑇 consisting of functions which satisfy the                    condition 

        ℜ {
(𝑏 − 2) 𝒟𝑞,𝜆

𝛿,𝑛 𝑓 + 2  𝒟𝑞,𝜆
𝛿,𝑛+1 𝑓

(𝑏 − 2𝜆) 𝒟𝑞,𝜆
𝛿,𝑛 𝑓 + 2𝜆 𝒟𝑞,𝜆

𝛿,𝑛+1 𝑓
} ≥ 𝛼                        (1.6) 

 

For different parametric values of q, λ, δ, b and n we get the classes defined                        by Mostafa [3] and Annapoorna 

et. all [2]. 

2. Main Results 
Now, we prove the sufficient conditions for the class  𝒯𝑞

𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆). 

 

Theorem 2.1. A function  f  defined by ( 1.2), is in the class 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆) if and            only if 

∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]} ≤ 𝑏(1 − 𝛼) 

 

where  ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)  defined in (1.5).  

Proof:.   Let 

ℜ {
(𝑏 − 2) 𝒟𝑞,𝜆

𝛿,𝑛 𝑓 + 2  𝒟𝑞,𝜆
𝛿,𝑛+1 𝑓

(𝑏 − 2𝜆) 𝒟𝑞,𝜆
𝛿,𝑛 𝑓 + 2𝜆 𝒟𝑞,𝜆

𝛿,𝑛+1 𝑓
} ≥ 𝛼 

 

 

 

ℜ {
𝑏𝑧 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘𝑧𝑘[𝑏 + 2 − 2𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞

𝑘=2

𝑏𝑧 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘𝑧𝑘[𝑏 + 2𝜆 − 2𝜆𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞
𝑘=2

} ≥ 𝛼 

Letting  z → 1, we have 

 

𝑏 − ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 + 2 − 2 ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)] ≥   𝛼 {𝑏 − ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 + 2𝜆 − 2 𝜆 ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]

∞

𝑘=2

} 

∞

𝑘=2

 

 
Therefore 

∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]} ≤ 𝑏(1 − 𝛼). 

 

Conversly, 

Suppose 𝑓 ∈ 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)   satisfies (1.6), equivalently 

 

|{
(𝑏 − 2) 𝒟𝑞,𝜆

𝛿,𝑛 𝑓 + 2  𝒟𝑞,𝜆
𝛿,𝑛+1 𝑓

(𝑏 − 2𝜆) 𝒟𝑞,𝜆
𝛿,𝑛 𝑓 + 2𝜆 𝒟𝑞,𝜆

𝛿,𝑛+1 𝑓
} − 1| ≤ (1 − 𝛼) 

 

|
𝑏𝑧 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘𝑧𝑘[𝑏 + 2 − 2𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞

𝑘=2

𝑏𝑧 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘𝑧𝑘[𝑏 + 2𝜆 − 2𝜆𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞
𝑘=2

− 1| ≤ (1 − 𝛼) 

 

As  z → 1 

 

|
𝑏 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 + 2 − 2𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞

𝑘=2

𝑏 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 + 2𝜆 − 2𝜆𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞
𝑘=2

− 1| ≤ (1 − 𝛼) 

 

 

|
∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[2(𝜆 − 1) + 2(𝜆 − 1)𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞

𝑘=2

𝑏 − ∑ 𝐵(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 + 2𝜆 − 2𝜆𝐵(𝑘, 𝛿, 𝜆, 1, 𝑞)]∞
𝑘=2

− 1| ≤ (1 − 𝛼) 
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This expression is bounded by (1 − α), if   

∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘  2(1 − 𝛼)[ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞) − 1]

∞

𝑘=2

≤   (1 − 𝛼) {𝑏 − ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)𝑎𝑘[𝑏 − 2 𝜆 {ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞) − 1}]

∞

𝑘=2

}  

 

which is true by hypothesis. Hence the theorem.  

 

As 𝑞 → 1 we get the following result. 

 

Corollary 2.2.  A function f defined by  (1.2), is in the class 𝒯𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆) if and only if 

 

 

∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 1)𝑎𝑘

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1,1)]} ≤ 𝑏(1 − 𝛼). 

Corollary 2.3. If   f ∈ 𝒯𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆) then 

|𝑎𝑘| ≤
𝑏(1 − 𝛼)

ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]}
 

Theorem 2.4.  Let 0 ≤ 𝛼 < 1 , 0 ≤ 𝜆1 ≤ 𝜆2 < 1  , 𝑛 > −1, b is any  non-zero                number, then 

𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆1) ⊂  𝒯𝑞

𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆2) 

Proof:  From the Theorem 2.1 

∑ ℬ(𝑘, 𝛿, 𝜆2, 𝑛, 𝑞)

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆2𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆2, 1, 𝑞)]} 

≤ ∑ ℬ(𝑘, 𝛿, 𝜆1, 𝑛, 𝑞)

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆2𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆1, 1, 𝑞)]} ≤ 𝑏(1 − 𝛼). 

 

For  𝑓(𝑧) ∈ 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆2)  

 
Hence 𝑓(𝑧) ∈ 𝒯𝑞

𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆1). 

 

Theorem 2.5. Let 𝑓(𝑧) ∈ 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  define  𝑓1(𝑧) = 𝑧  and 

𝑓𝑘(𝑧)  = 𝑧 − 
𝑏(1 − 𝛼)

 ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]}
𝑧𝑘  

 

where 𝑘 = 2, 3, 4, …   ,   𝑧 ∈ 𝑈 , 0 ≤ α < 1 , 0 ≤ λ < 1,    b is non-zero real number. 

Then  𝑓(𝑧) ∈ 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  if and only if  𝑓  can be expressed as  

𝑓(𝑧) = ∑ 𝜇𝑘𝑓𝑘(𝑧)

∞

𝑘=1

,   

𝑊ℎ𝑒𝑟𝑒  𝜇𝑘 ≥ 0  𝑎𝑛𝑑  ∑ 𝜇𝑘

∞

𝑘=1

= 1       
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Proof:    If  

𝑓(𝑧) = ∑ 𝜇𝑘𝑓𝑘(𝑧)

∞

𝑘=1

 𝑤𝑖𝑡ℎ   𝜇𝑘 ≥ 0  𝑎𝑛𝑑  ∑ 𝜇𝑘

∞

𝑘=1

= 1   𝑡ℎ𝑒𝑛 

∑
ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) 𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]

ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) 𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]
 𝑏(1 − 𝛼)

∞

𝑘=2

= ∑ 𝜇𝑘(1 − 𝛼)

∞

𝑘=1

𝑏         = (1 − 𝜇1)𝑏(1 − 𝛼)

≤ 𝑏(1 − 𝛼) 

Hence 𝑓(𝑧) ∈ 𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆). 

Conversly, 

𝐿𝑒𝑡  𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘 ∈  𝒯𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)

∞

𝑘=2

   𝑑𝑒𝑓𝑖𝑛𝑒 

 

𝜇𝑘 =
ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞) 𝑏 (1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]|𝑎𝑘|

𝑏(1 − 𝛼)
      𝑘 = 2, 3, 4, … 

Define ,   

𝜇1 = 1 − ∑ 𝜇𝑘 .

∞

𝑘=2

    𝐹𝑟𝑜𝑚  𝑡ℎ𝑒𝑜𝑟𝑒𝑚 2.1 , ∑ 𝜇𝑘  ≤ 1  𝑎𝑛𝑑  𝑠𝑜  𝜇1 ≥ 0 .

∞

𝑘=2

 

Since  𝜇𝑘𝑓𝑘(𝑧) =  𝜇𝑘𝑓(𝑧) + 𝑎𝑘𝑧𝑘 ,   

∑ 𝜇𝑘𝑓𝑘(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘 = 𝑓(𝑧)

∞

𝑘=2

 .

∞

𝑘=2

 

  

 

Hence the theorem. 

 

Theorem 2.6.  The class  𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  is closed under convex linear combination . 

Proof: 𝐿𝑒𝑡  𝑓, 𝑔 ∈  𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  𝑎𝑛𝑑 𝑙𝑒𝑡   

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝑘𝑧𝑘

∞

𝑘=2

  ,   𝑔(𝑧) = 𝑧 − ∑ 𝑏𝑘𝑧𝑘

∞

𝑘=2

 

. 

For η such that 0 ≤ 𝜂 ≤ 1, it is enough to show that the function defined by 

 

ℎ(𝑧) =  (1 −  𝜂)𝑓(𝑧) +  𝜂𝑔(𝑧) ∈  𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  

 

𝑁𝑜𝑤,          ℎ(𝑧) = 𝑧 − ∑[(1 −  𝜂)𝑎𝑘 +  𝜂𝑏𝑘]

∞

𝑘=2

 𝑧𝑘  

Applying Theorem 2.1, to 𝑓, 𝑔 ∈  𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆)  we have, 

∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]}[(1 −  𝜂)𝑎𝑘 +  𝜂𝑏𝑘] 

≤ (1 −  𝜂) ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]}𝑎𝑘  

+𝜂 ∑ ℬ(𝑘, 𝛿, 𝜆, 𝑛, 𝑞)

∞

𝑘=2

 {𝑏(1 − 𝛼) + 2(1 − 𝜆𝛼)[1 − ℬ(𝑘, 𝛿, 𝜆, 1, 𝑞)]}𝑏𝑘 

≤ 𝑏(1 − 𝛼)(1 −  𝜂) + 𝜂𝑏(1 − 𝛼) = 𝑏(1 − 𝛼). 
Implies that  ℎ(𝑧) ∈ 𝒯𝑞

𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆). 

Hence the theorem. 
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3. Conclusion 
Here, in our present investigation, we have successfully introduced a new sub-classes of analytic functions 

𝒯𝑞
𝑛(𝑏, 𝑘, 𝛼, 𝛿, 𝜆) using the q-differintegral operator. Many properties and characteristics of this newly defined  

Function have been studied. 
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