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Abstract

Let G be a graph with order p and size q. The degree sum energy of a graph G is
defined as the sum of the absolute values of the eigenvalues of the degree sum matrix
of G. In this paper, we obtain the degree sum energy of m−splitting graph of a regular
graph and central graph of regular graph. We define a new operation m−semishadow
graph and obtain degree sum energy of m−semishadow graph of a regular graph.
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1 Introduction

Let G be a simple graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G) =
{e1, e2, . . . , en}. The number of edges incident with vertex vi is called degree of vi; denoted
by di. The adjacency matrix A(G) of the graph G is a square matrix of order n whose (i, j)
- entry is equal to 1 if the vertices vi and vj are adjacent, and is equal to zero otherwise.
The absolute sum of eigen values of adjacency matrix of graph G is called Energy of graph
G. Energy of graph G was first introduced by Ivan Gutman[5] in 1978 and he briefly outlined
the connection between the energy of a graph and the total π−electron energy of organic
molecules. He also presented some fundamental results on graph energy, the relation between
energy E(G) of the graph G and the characteristic polynomial of G. H. S. Ramane and I.
Gutman [6] gave list of research papers on Graph Energy published in 2019, which became
resourceful during our study.
H. S. Ramane, D. S. Revankar, and J. B. Patil defined degree sum energy of a graph as
follows.
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Definition 1.1. [4] Let G be a simple graph with n vertices v1, v2, . . . , vn and let di be the
degree of vi, i = 1, 2, . . . , n. Then the degree sum matrix of a graph G is DS(G) = [dij], where

dij =

{
di + dj; vivj ∈ E(G).

0; otherwise

The characteristic polynomial of degree sum matrix of G is |λIn −DS(G)|, where In is the
identity matrix of order n. The roots of the characteristic equation |λIn −DS(G)| = 0 are
called the degree sum eigenvalues of G. If λ1, λ2, . . . , λn are the degree sum eigenvalues of G
then the degree sum energy of a graph G is defined as

EDS(G) =
n∑

i=1

|λi|.

We begin with simple, finite, connected and undirected graph G = (V (G), E(G)) with order
p and size q, which is denoted as G(p, q). We refer to Bondy and Murty [8] for the standard
terminology and notations related to graph theory.

Lemma 1.2. [2] If a and b are scalars then∣∣∣∣∣∣∣∣∣
a b b . . . b
b a b . . . b
...

...
...

. . .
...

b b b . . . a

∣∣∣∣∣∣∣∣∣ = (a− b)n−1[a+ (n–1)b]

Lemma 1.3. [2] Let A and C be square matrices then∣∣∣∣A B
0 C

∣∣∣∣ = |A| × |C|.

2 Results

Definition 2.1. [11] The splitting graph S ′(G) of a graph G is obtained by adding to each
vertex v a new vertex v′ such that v′ is adjacent to every vertex that is adjacent to v in G.

Definition 2.2. [11] The m−splitting graph Splm(G) of a graph G is obtained by adding to
each vertex v of G new m vertices, say v1, v2, v3, . . . , vm such that vi, 1 ≤ i ≤ m is adjacent
to each vertex that is adjacent to v in G.

Theorem 2.3. Let G be r− regular graph then

EDS(Splm(G)) = 2r
(
2mn−m+ n− 2 +

√
(m− n)2 +mn2(m+ 2)2

)
.

Proof. Let v1, v2, . . . , vn be n vertices of r− regular graph G. So the degree sum matrix of
r− regular graph G is of order n and matrix is

DS(G) =


0 2r 2r . . . 2r
2r 0 2r . . . 2r
...

...
...

. . .
...

2r 2r 2r . . . 0


2
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Let v1i , v
2
i , . . . , v

m
i be the vertices corresponding to each vertex vi, where 1 ≤ i ≤ n, which are

added in G to construct Splm(G) such that N(v1i ) = N(v2i ) = N(v3i ) = . . . = N(vmi ) = N(vi).
The degree sum matrix of m−splitting graph of r− regular graph G is of order mn+ n and
matrix is

DS(Splm(G)) =



0 2r(m+ 1) . . . 2r(m+ 1) r(m+ 2) r(m+ 2) . . . r(m+ 2)
2r(m+ 1) 0 . . . 2r(m+ 1) r(m+ 2) r(m+ 2) . . . r(m+ 2)

...
...

. . .
...

...
...

. . .
...

2r(m+ 1) 2r(m+ 1) . . . 0 r(m+ 2) r(m+ 2) . . . r(m+ 2)
r(m+ 2) r(m+ 2) . . . r(m+ 2) 0 2r . . . 2r
r(m+ 2) r(m+ 2) . . . r(m+ 2) 2r 0 . . . 2r

...
...

. . .
...

...
...

. . .
...

r(m+ 2) r(m+ 2) . . . r(m+ 2) 2r 2r . . . 0


Here upper left block is of order n, upper right block is of order n×mn, lower left block is
of order mn× n and lower right block if of order mn.
So, the characteristic polynomial of DS(Splm(G)) is |λIn −DS(Splm(G))|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −2r(m+ 1) . . . −2r(m+ 1) −r(m+ 2) −r(m+ 2) . . . −r(m+ 2)
−2r(m+ 1) λ . . . −2r(m+ 1) −r(m+ 2) −r(m+ 2) . . . −r(m+ 2)

...
...

. . .
...

...
...

. . .
...

−2r(m+ 1) −2r(m+ 1) . . . λ −r(m+ 2) −r(m+ 2) . . . −r(m+ 2)
−r(m+ 2) −r(m+ 2) . . . −r(m+ 2) λ −2r . . . −2r
−r(m+ 2) −r(m+ 2) . . . −r(m+ 2) −2r λ . . . −2r

...
...

. . .
...

...
...

. . .
...

−r(m+ 2) −r(m+ 2) . . . −r(m+ 2) −2r −2r . . . λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣ (λ+ 2r(m+ 1))In − 2r(m+ 1)Jn −r(m+ 2)Jn×mn

−r(m+ 2)Jmn×n (λ+ 2r)Imn − 2rJmn

∣∣∣∣
Where In is the identity matrix of order n and Jn is the matrix of ones of order n.
To reduce the lower left block containing all “− r(m+2)” to zero in above determinant, we
perform

Ri +
r(m+ 2)

λ− 2r(m+ 1)(n− 1)

n∑
j=1

Rj, where i = n+ 1, . . . ,mn+ n, Then above determinant is∣∣∣∣ (λ+ 2r(m+ 1))In − 2r(m+ 1)Jn −r(m+ 2)Jn×mn

0 βJmn − (β − α)Imn

∣∣∣∣
Where α = λ− r2(m+ 2)2n

λ− 2r(m+ 1)(n− 1)
and β = −2r − r2(m+ 2)2n

λ− 2r(m+ 1)(n− 1)
.

On applying Lemma 1.3 we get,∣∣ λ+ 2r(m+ 1))In − 2r(m+ 1)Jn
∣∣× ∣∣ βJmn − (β − α)Imn

∣∣
On applying Lemma 1.2 we get,

|λIn−DS(Splm(G))| = (λ+2r(m+1))n−1(λ+2r)mn−1
{
λ−r

(
2mn−m+n−2±

√
(m− n)2 +mn2(m+ 2)2

)}
3
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Thus, spectrum of DS(Splm(G)) is(
−2r(m+ 1) −2r r

(
2mn−m+ n− 2±

√
(m− n)2 +mn2(m+ 2)2

)
n− 1 mn− 1 1

)
Calculating absolute sum of eigen values, we get

EDS(Splm(G)) = 2r(m+ 1)(n− 1) + 2r(mn− 1)

+r
(√

(m− n)2 +mn2(m+ 2)2 + 2mn−m+ n− 2
)

+r
(√

(m− n)2 +mn2(m+ 2)2 − 2mn+m− n+ 2
)
.

= 2r
(
2mn−m+ n− 2 +

√
(m− n)2 +mn2(m+ 2)2

)
.

Example 2.4. The Degree sum matrix of 2− splitting graph of complete graph K4 (3−regular
graph of 4 vertices) is

0 18 18 18 12 12 12 12 12 12 12 12
18 0 18 18 12 12 12 12 12 12 12 12
18 18 0 18 12 12 12 12 12 12 12 12
18 18 18 0 12 12 12 12 12 12 12 12
12 12 12 12 0 6 6 6 6 6 6 6
12 12 12 12 6 0 6 6 6 6 6 6
12 12 12 12 6 6 0 6 6 6 6 6
12 12 12 12 6 6 6 0 6 6 6 6
12 12 12 12 6 6 6 6 0 6 6 6
12 12 12 12 6 6 6 6 6 0 6 6
12 12 12 12 6 6 6 6 6 6 0 6
12 12 12 12 6 6 6 6 6 6 6 0


So, the characteristic polynomial of DS(Spl2(K4) is

(λ+ 18)3(λ+ 6)7(λ− 48± 6
√
129).

Thus, spectrum of DS(Spl3(K4)) is(
−18 −6 48 + 6

√
129 48− 6

√
129

3 7 1 1

)
Calculating absolute sum of eigen values, we get

EDS(Spl2(K4)) = 12(8 +
√
129).

.

We define m− semi shadow graph as under:

4
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Definition 2.5. Let G be a graph with vertices v1, v2, . . . , vn. The m−semi shadow graph
SDm(G) of graph G is constructed by taking graph G and m copies of G say G1, G2, . . . , Gm

with vertices v1i , v
2
i , . . . , v

m
i , where 1 ≤ i ≤ n, and joining each vertex v

(j)
i to all vertices

which are adjacent to vi in G, where 1 ≤ i ≤ n and 1 ≤ j ≤ m.

Let G be a graph with n vertices and e edges then the number of vertices and the number
of edges in SDm(G) is respectively (m+ 1)n and e(3m+ 1).

Remark 2.6. The 1− semi shadow graph of graph G is same as Shadow graph D2(G) of
graph G.

Theorem 2.7. Let G be r− regular graph then

EDS(SDm(G)) = 2r
(
3mn−m+ n− 3 +

√
(m− 1)2(n+ 1)2 + (m+ 3)2mn2

)
.

Proof. Let v1, v2, . . . , vn be n vertices of r− regular graph G. So the nth order degree sum
matrix of G is same as in theorem 2.3.
Consider m− copies of graph G, say G1, G2, . . . , Gm with vertices v1i , v

2
i , . . . , v

m
i , where 1 ≤

i ≤ n. To construct SDm(G), we join each vertex v
(j)
i to all vertices which are adjacent to

vi in G, where 1 ≤ i ≤ n and 1 ≤ j ≤ m.
The degree sum matrix of m−semi shadow graph of r− regular graph G is of order mn+ n
and matrix is

DS(SDm(G)) =



0 2r(m+ 1) . . . 2r(m+ 1) r(m+ 3) r(m+ 3) . . . r(m+ 3)
2r(m+ 1) 0 . . . 2r(m+ 1) r(m+ 3) r(m+ 3) . . . r(m+ 3)

...
...

. . .
...

...
...

. . .
...

2r(m+ 1) 2r(m+ 1) . . . 0 r(m+ 3) r(m+ 3) . . . r(m+ 3)
r(m+ 3) r(m+ 3) . . . r(m+ 3) 0 4r . . . 4r
r(m+ 3) r(m+ 3) . . . r(m+ 3) 4r 0 . . . 4r

...
...

. . .
...

...
...

. . .
...

r(m+ 3) r(m+ 3) . . . r(m+ 3) 4r 4r . . . 0


Here upper left block is of order n, upper right block is of order n×mn, lower left block is
of order mn× n and lower right block if of order mn.
So, the characteristic polynomial of DS(SDm(G)) is |λIn −DS(SDm(G))|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −2r(m+ 1) . . . −2r(m+ 1) −r(m+ 3) −r(m+ 3) . . . −r(m+ 3)
−2r(m+ 1) λ . . . −2r(m+ 1) −r(m+ 3) −r(m+ 3) . . . −r(m+ 3)

...
...

. . .
...

...
...

. . .
...

−2r(m+ 1) −2r(m+ 1) . . . λ −r(m+ 3) −r(m+ 3) . . . −r(m+ 3)
−r(m+ 3) −r(m+ 3) . . . −r(m+ 3) λ −4r . . . −4r
−r(m+ 3) −r(m+ 3) . . . −r(m+ 3) −4r λ . . . −4r

...
...

. . .
...

...
...

. . .
...

−r(m+ 3) −r(m+ 3) . . . −r(m+ 3) −4r −4r . . . λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣ (λ+ 2r(m+ 1))In − 2r(m+ 1)Jn −r(m+ 3)Jn×mn

−r(m+ 3)Jmn×n (λ+ 4r)Imn − 4rJmn

∣∣∣∣
5
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Where In is the identity matrix of order n and Jn is the matrix of ones of order n.
To reduce the lower left block containing all “− r(m+3)” to zero in above determinant, we
perform

Ri +
r(m+ 3)

λ− 2r(m+ 1)(n− 1)

n∑
j=1

Rj, where i = n+ 1, . . . ,mn+ n, Then above determinant is∣∣∣∣ (λ+ 2r(m+ 1))In − 2r(m+ 1)Jn −r(m+ 3)Jn×mn

0 βJmn − (β − α)Imn

∣∣∣∣
Where α = λ− r2(m+ 3)2n

λ− 2r(m+ 1)(n− 1)
and β = −4r − r2(m+ 3)2n

λ− 2r(m+ 1)(n− 1)
.

On applying Lemma 1.3 we get,∣∣ λ+ 2r(m+ 1))In − 2r(m+ 1)Jn
∣∣× ∣∣ βJmn − (β − α)Imn

∣∣
On applying Lemma 1.2 we get, |λIn −DS(SDm(G))|

= (λ+2r(m+1))n−1(λ+4r)mn−1
{
λ−r

(
3mn−m+n−3±

√
(m− 1)2(n+ 1)2 + (m+ 3)2mn2

)}
Thus, spectrum of DS(SDm(G)) is(

−2r(m+ 1) −4r r
(
3mn−m+ n− 3±

√
(m− 1)2(n+ 1)2 + (m+ 3)2mn2

)
n− 1 mn− 1 1

)
Calculating absolute sum of eigen values, we get

EDS(SDm(G)) = 2r(m+ 1)(n− 1) + 4r(mn− 1)

+ r
(√

(m− 1)2(n+ 1)2 + (m+ 3)2mn2 + 3mn−m+ n− 3
)

+ r
(√

(m− 1)2(n+ 1)2 + (m+ 3)2mn2 − 3mn+m− n+ 3
)
.

= 2r
(
3mn−m+ n− 3 +

√
(m− 1)2(n+ 1)2 + (m+ 3)2mn2

)
.

Example 2.8. The Degree sum matrix of 2− semi shadow graph of cycle C4 (2−regular
graph of 4 vertices) is

DS(SD2(C4) =



0 12 12 12 10 10 10 10 10 10 10 10
12 0 12 12 10 10 10 10 10 10 10 10
12 12 0 12 10 10 10 10 10 10 10 10
12 12 12 0 10 10 10 10 10 10 10 10
10 10 10 10 0 8 8 8 8 8 8 8
10 10 10 10 8 0 8 8 8 8 8 8
10 10 10 10 8 8 0 8 8 8 8 8
10 10 10 10 8 8 8 0 8 8 8 8
10 10 10 10 8 8 8 8 0 8 8 8
10 10 10 10 8 8 8 8 8 0 8 8
10 10 10 10 8 8 8 8 8 8 0 8
10 10 10 10 8 8 8 8 8 8 8 0


6
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So, the characteristic polynomial of DS(SD2(C4) is

(λ+ 12)3(λ+ 8)7(λ− 46± 10
√
33).

Thus, spectrum of DS(SD2(C4)) is(
−12 −8 46 + 10

√
33 46− 10

√
33

3 7 1 1

)
Calculating absolute sum of eigen values, we get

EDS(SD2(K4)) = 4(23 + 5
√
33).

.

Definition 2.9. [1] The Central graph of a simple, connected and undirected graph G, de-
noted by C(G) is obtained by subdividing each edge of G exactly once and joining all the
non-adjacent vertices of G in C(G).

Let G be a simple r− regular graph with n vertices then the number of vertices and the
number edges in C(G) is n+ nr

2
and n(n+r−1)

2
respectively.

Theorem 2.10. Let G be r− regular graph then

EDS(C(G)) = 2(n2 + nr − 2n− 1) + 2
√(

nr − 2− (n− 1)2
)2

+ n2r(n+1)2

2
.

Proof. Let v1, v2, . . . , vn be n vertices of r− regular graph G. The degree sum matrix of
C(G) of r− regular graph G is of order n+ nr

2
and matrix is

DS(C(G)) =



0 2(n− 1) . . . 2(n− 1) n+ 1 n+ 1 . . . n+ 1
2(n− 1) 0 . . . 2(n− 1) n+ 1 n+ 1 . . . n+ 1

...
...

. . .
...

...
...

. . .
...

2(n− 1) 2(n− 1) . . . 0 n+ 1 n+ 1 . . . n+ 1
n+ 1 n+ 1 . . . n+ 1 0 4 . . . 4
n+ 1 n+ 1 . . . n+ 1 4 0 . . . 4

...
...

. . .
...

...
...

. . .
...

n+ 1 n+ 1 . . . n+ 1 4 4 . . . 0


Here upper left block is of order n, upper right block is of order n× nr

2
, lower left block

is of order nr
2
× n and lower right block if of order nr

2
.

So, the characteristic polynomial of DS(C(G)) is |λIn −DS(C(G))|

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −2(n− 1) . . . −2(n− 1) −(n+ 1) −(n+ 1) . . . −(n+ 1)
−2(n− 1) 0 . . . −2(n− 1) −(n+ 1) −(n+ 1) . . . −(n+ 1)

...
...

. . .
...

...
...

. . .
...

−2(n− 1) −2(n− 1) . . . λ −(n+ 1) −(n+ 1) . . . −(n+ 1)
−(n+ 1) −(n+ 1) . . . −(n+ 1) λ −4 . . . −4
−(n+ 1) −(n+ 1) . . . −(n+ 1) −4 λ . . . −4

...
...

. . .
...

...
...

. . .
...

−(n+ 1) −(n+ 1) . . . −(n+ 1) −4 −4 . . . λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
7
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=

∣∣∣∣ (λ+ 2(n− 1))In − 2(n− 1)Jn −(n+ 1)Jn×nr
2

−(n+ 1)Jnr
2
×n (λ+ 4)Inr

2
− 4Jnr

2

∣∣∣∣
Where In is the identity matrix of order n and Jn is the matrix of ones of order n.
To reduce the lower left block containing all “ − (n + 1)” to zero in above determinant, we
perform

Ri +
(n+ 1)

λ− 2(n− 1)2

n∑
j=1

Rj, where i = n+ 1, . . . , n+ nr
2
, Then above determinant is

∣∣∣∣ (λ+ 2(n− 1))In − 2(n− 1)Jn −(n+ 1)Jn×nr
2

0 βJnr
2
− (β − α)Inr

2

∣∣∣∣
Where α = λ− n(n+ 1)2

λ− 2(n− 1)2
and β = −4− n(n+ 1)2

λ− 2(n− 1)2
.

On applying Lemma 1.3 we get,∣∣ (λ+ 2(n− 1))In − 2(n− 1)Jn
∣∣× ∣∣ βJnr

2
− (β − α)Inr

2

∣∣
On applying Lemma 1.2 we get, |λIn −DS(C(G))|

= (λ+2(n−1))n−1(λ+4)
nr
2
−1
{
λ−
(
nr−2+(n−1)2±

√(
nr − 2− (n− 1)2

)2
+

n2r(n+ 1)2

2

)}
Thus, spectrum of DS(SDm(G)) is(

−2(n− 1) −4 nr − 2 + (n− 1)2 ±
√(

nr − 2− (n− 1)2
)2

+ n2r(n+1)2

2

n− 1 nr
2
− 1 1

)
Calculating absolute sum of eigen values, we get

EDS(C(G)) = 2(n− 1)2 + 4(
nr

2
− 1)

+

√(
nr − 2− (n− 1)2

)2
+

n2r(n+ 1)2

2
+ nr − 2 + (n− 1)2

+

√(
nr − 2− (n− 1)2

)2
+

n2r(n+ 1)2

2
− nr + 2− (n− 1)2.

= 2(n2 + nr − 2n− 1) + 2

√(
nr − 2− (n− 1)2

)2
+

n2r(n+ 1)2

2
.

Example 2.11. The Degree sum matrix of central graph of cycle C5 (2−regular graph of 5

8
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vertices) is

DS(C(C5) =



0 8 8 8 8 6 6 6 6 6
8 0 8 8 8 6 6 6 6 6
8 8 0 8 8 6 6 6 6 6
8 8 8 0 8 6 6 6 6 6
8 8 8 8 0 6 6 6 6 6
6 6 6 6 6 0 4 4 4 4
6 6 6 6 6 4 0 4 4 4
6 6 6 6 6 4 4 0 4 4
6 6 6 6 6 4 4 4 0 4
6 6 6 6 6 4 4 4 4 0


So, the characteristic polynomial of DS(C(C5) is

(λ+ 8)4(λ+ 4)4(λ− 24± 2
√
241).

Thus, spectrum of DS(SD2(C4)) is(
−8 −4 24 +

√
241 24−

√
241

4 4 1 1

)
Calculating absolute sum of eigen values, we get

EDS(C(K4)) = 2(24 +
√
241).

.

3 Conclusion

The energy of a graph is one of the emerging concepts in graph theory which serves as a
frontier between chemistry and mathematics. In this paper, we compute the Degree sum
energy of m− splitting graph of r−regular graph and central graph of r− regular graph. We
define m−semi shadow graph and compute the Degree sum energy of m−semi shadow graph
of r−regular graph. It is interesting to compute different graph energies for the different
families of graphs.
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