International Journal of Mathematics Trends and Technology Volume 69 Issue 5, 70-77, May 2023
ISSN: 2231-5373/ https://doi.org/10.14445/22315373/1IIMTT-V6915P506 © 2023 Seventh Sense Research Group®

Original Article

Quasi-Convolution Properties of a New Family of
Close-to-Convex Functions Involving a q—p—
Opoola Differential Operator

Ezekiel Abiodun Oyekan?, Sondekola Rudra Swamy?, Peter Oluwafemi Adepoju®, Timothy Ayodele Olatunji?

!Department of Mathematical Sciences, School of Science, Olusegun Agagu University of Science and Technology, Okitipupa,
Ondo State, Nigeria.
2Department of Computer Science and Engineering, RV College of Engineering, Bangalore, Karnataka, India.
3Department of Mathematical Sciences, School of Science, Olusegun Agagu University of Science and Technology, Okitipupa,
Ondo State, Nigeria.
4School of Creative Technologies, University of Bolton, BL3 5AB, UK.

Received: 30 March 2023 Revised: 04 May 2023 Accepted: 15 May 2023 Published: 31 May 2023

Abstract -

In this paper, by means of a g—difference operator, we first introduce a g—p— Opoola differential operator.

y - (K1 \" ny K
DpqF(2) = 2P — Z ([P] ) [1T+Gk+o—y—DA"az
k=p+r a
(pr,A € N:={1,2,--- 3 n,t E NU 0:= {0,1,2,---}), which is related to D"(y,o,t)f(2) = z+ X,[1+
(k+o—y—Dt]"az%,z€U 0<y <@, t=>0when p=r=1in F(z) € T(p,r). Via employing the g—p— Opoola
differential operator, we define a new family of close-to-convex functions and obtain a coefficient estimate theorem.
Furthermore, we also introduced several modified-Hadamard products for the family and finally gave some corollaries.

Keywords - Quasi-Convolution Properties, Close-to-Convex Functions, g—difference operator, g—p—Opoola differential
operator, Modified-Hadamard product.

1. Introduction
In 2017, Opoola [19] introduced and studied the generalized differential operator D™(y, ¢, t)f (2):

D"(y,o,)f(2) = z+ ) 1+ (k+¢—y—Dt]"aez*, 0<y<e¢p, t=0.

k=2
for f(z) € A of the form

f@=2z+ ) a7,
k=2

with normalization f(0) = f'(0) — 1 = 0. As usual, A denotes the class of analytic functions in the unit disk E = {z €
C:|z| < 1} where C is the set of complex numbers. Several works involving the differential operator D™ (y, ¢, t)f (z) have
appeared in the Literature, for example ([15], [[20] - [22]]). Eventually, the differential operator D™ (y, ¢, t)f(z) becomes
Sélagean and Al-Oboudi differential operators when the parameters involved are and by letting t = 4 for the Al-Oboudi
differential operator.

We note that T(1,1) = T such that
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D"(y,(p,t)f(z)zz+2[1+(k+go—y—1)t]"akzk, a,20,zelU 0<y <o, t=>0.
k=2
for f(z) € T where T denote the subclass of A consisting of functions with negative coefficients onward. Now, let T (p, ) be
the class of functions F(z) of the form.

(1.1) f@2) = z+ 2[1 +k+9—y - Del"a 2",
k=2
(wherea, =20; A=20; 0< @ <vy; p,r,n €N ={1,2, --}) be defined and analyticin E = {z € C:|z| < 1}.

Definition 1.1. The Jackson’s q-difference operator introduced in [13] is defined as follows

0,F (2) = S Ui
F'(0) if z = 0.
énd .
(1.2) 3,F(2) = [Pl 2P~ — Z [K],[1 + (k — DA az?,
e W
(1.3) K], = — : and,as q » 1~ = [K], - k.

1 —
Some other relevant works on (1.2) include ([[1]-[311. [51, [6], [°], [10], [16], [27], [28]).
Now we define the p-q - Opoola differential operator by

DY ,F(2) = F(2)

VA

D}, qF(2) = 1,

3,F (2)

=zP — Z K, [1+(k+¢—y—DA"az"

Z
D3} F(2) = ——0, (D} F(2)),

[Plq
Hence,
Z
D} F(2) = 71, 04 (DI;;IlF(z))
_ [K]q N n k
(1.4) — g Z P O+ G+o—y-Dil"a:
q

k=p+r
Where N € N U 0.

Note that:
(i) Puttingp=1, ¢ =y, A =1, q > 1~ in(1.4), we have the Salagean differential operator D" studied in [25];
(if) Puttingp =1, ¢ =y, g = 17 in (1.4), we have the Al-Oboudi differential operator;
(iii) Putting n = 0 in (1.4), we the g-p-Salagean differential operator studied in [18];
(iv) Lettingq - 1—,¢ =y, 4 =1 in (1.4), we have the operator DN p introduced and studied by Shenen et al. [26],
Kamali and Orhan [14], Aouf and Mostafa [7] and Aouf et al. [8].

Definition 1.2. For some u(0 < p < [p],) and (0 < & < 1), a function F(z) € T(p,r) is in the class Tp"fg}"’l(N, &) if
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it satisfies
aq(DII\J’,qF(Z)) _ [P]
(1.5) 2P 1 l<¢
0,(D% F(
2@l _(p), 2y

In what follows, we shall state and prove our results for the class Tp‘f’(‘ly"l(N, r, 1, &). These results are the coefficient estimate

theorem of several modified-Hadamard products for the class.
Coefficients problems and modified-Hadamard product problems have appeared very significantly in the Literature, and for
a few examples, interested readers are referred to ([11], [12], [23], [24]).

2. Main Result
Properties of the class T, (N, 7, u, ) such as
Theorem 2.1. Let F(z) be given by (1.1), then F(2) € T,, ;(N, 7,1, §) if and only if

(2.1) Z <[[P]]q> [1+k+o—y—DA"a, < 28([plq — .
=p+r q
Proof. Assume I;hgt (2.1) holds, we find from (1.1) and (1.5) that
|0, (Dg F@)) = [plq 227 = €10,(Dq F@)) + [plq 2Pt = 2u2P7

([p]q zP~t — Z (K1, <[[P]]q> 1+ k+o—y—DA"a,zP"" —[pl, Z"‘l) —[ply 2P| -
k=p+r q

© N
([p]q zP~1 — Z [K]q<[K] ) 1+ k+o—y—DA"a,zP"" —[pl, Z"‘1>+[p]q ZP71 — 2 zP71
k=p+r 1

d B
13w ([K]) [1+ G+ 9=y = DA @ 27| -
k=p+r ! [P]q
§2(ply —w) zP~t = [K]q(P ) T+ k+e—y—DA"aq,z¢?
k=p+r

< —2&(lply—w) lzIPP+ (1 + &) Z <[P] ) [14+ k+@—y—DA" ay |z
q

k p+r

<—-28(lply— W+ @A+ z [K]q( Klq ) M+(k+eo—y—1A"a, <0.
q

k=p+r
Hence, by the maximum modulus theorem, we have

9, (D;V,_qF(z))
Zp—1 - q
%(Z%if@) +&(lplg — )

N
ZI?:p+r _[K]q (%) [1 + (k to—-v— 1))']11 ay zt
- K]\ Nk
26(ply — 1) 27 =& SepurlKly ([ppt) [1+ G+ =y = DA gy 25
Now since Re(z) < |z| for all z, we have
[K]q n k-1
Zk p+r[K]q ([P] ) [1+(k+<ﬂ—]/—1)/1] Ay Z
Re <1

26((ply ~ 1) 777~ 52y KTy (08 (14 oty — DA 25
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Now choose values of z on the real axis so that —

9q(P NqF( ).
Zp

is real and letting ¢ — 1~ through real values, we have

S K
> Ik, (ﬁ) [1+ (k+ ¢ —y = DA" a,2¢(Iplg — 1)

k=p+r [ ]q

¢ Z [Kl, (P q) [1+ Kk +9 -y = DA &

=p+r
This gives the required condition.

3. Modified-Hadamard Product Theorems for T, ,(N, 7, , )
In this section, we will introduce new theorems for modified Hadamard products for the functions that belong to the class

Tpq(N, 7, 1, ).
Let F,(w = 1,2, --,5) be defined by

= Y [+ (et @y = DA a2t 3.1
k=p+r
where (ag, = 0,4 > 0,p,r,n €N ={1,2,---}).
The modified Hadamard product of F; and F, is defined by
(B F)@) =20 = ) [+ (k+ 9 -y = DA aaaz 2 (32)
k=p+r

Theorem 3.1. Let F, (2) € Ty o(N, 7,1, )(w = 1,2,- - -, 5) defined by (3.1), then ((F; * F; * ...* F;)(2))(2) € T, (N, 7,11, ),

where

Ty=1((P1g—bw)
0 =[P, - et (33)
[p+rlq(1+6)(“(p1 N

The result is sharp for the functions

2§ ([P]q Hw)

E,(z) = zP — b+l ZP*r (3.4)
+
i+ 71a+ 6 (B 14 v g -y - D
q
Proof. To prove the Theorem, we will use the mathematical induction.
Fors =1, weseethatn = [P], — . Fors = 2, we have
K N
K1+ O ([p12) [+ G+ 9 —y - DA
q
— Apw < 1(w =1,2). (3.5)
L 26([PT, — 1)
This gives that
[K1g\" n
g1+ §) (p1L) [+ e+ —y =D
1 JU1tez < 1. (3.6)
i Ty 26071~ )
To prove the case where s = 2, we have to find the largest 8 such that
K N
Ko (1 + ) ((p12) 1+ G+ =y = DA
q
— Apax < 1. 3.7
L 26([P1, — ©)
such that
JJar1a
k,1%k,2 (3.8)

2¢([P] 9) \/l_[ L 2([P] _uw)'
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Then using (3.6), we need to find the largest ® such that

k N
. (a1 + ) ([p12) 11+ et o =y = 2
< 3.9
2§([P]y — ©) 7=128([P1g — 1) G2
that is
o< [P, - [M3-1 26([P], — 1) (3.10)
< R .
260141+ 9 ([p12) [+ g -y = DA
Defining the function @ (k) by
d)(k) — [p]q _ levzl 26([p]q - uw) (3 11)
Ko \" '
260141+ 9 ([p]2) [+ (g -y = DA
we see that @ (k) = 0 for k = p + r. This implies that
0< o(p+r) =Ipl, - %sz]([p,]\," ~ ) (3.12)
26[p +11y(1+ ) ( p[p]: ) [+ (k+ -y - DA
Therefore, the result is true for s = 2.
Suppose that the result is true for any positive integer s. Then we have (F; * F, * ... x F;)(z) € T, (N, 7,1, §), where
Y= [P] _ ([p]q - 9)25([17](1 - us+1) (3 13)
= [P], = .
260+ 71y + ) (Pppt) [+ Gt p =y - D2
After simple calculation, we have
W= [p], - w2 26 (Iplg — ) 18
q N .
26[p +11,(1+ ) ([p[;’]qr]“) [1+(k+—y— DA
Thus, the result is true for s + 1; the result is true for any positive integer s.
Putting p,, = p(w = 1,2,...,s) in Theorem 3.1, we have:
Corollary 3.2. If E,,(2z) € T, (N, 7,1, §)(w = 1,2, - -, 5), then (Fy = F; * ...x F;)(z) € T, ,(N, 7,1, &), where
6o, — [P, - 261 ([l ~ W° (3.15)
U p+7lg)" ]
p+rly(+ ) (Tprt) [+ G+ —y = 2]
The result is sharp for the functions
R = 27 25([1?]7V - 27 (316)
p+ 711+ O (Tor2) [+ Gt o -y = DT
q
Putting § = 1 in Theorem 3.1, we have:
Corollary 3.3. If F,,(z) € T, (N, 1, py, 1) = T, o (N, 1,y ) (W = 1, 2,- - -, 5), then (Fy * F, = ... x F)(z) €
Tp,q(N, 1, 1, &), where
n= [p]q _ wzl([p]q - p-w) — (3.17)

o+ 71 (Tp2e) a4 ety =

The result is sharp for the functions
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([P] q uw)

[p+7],

77=Zp_ N
7l (Tprt) [+ Gt o=y = DA

ZP*T (3.18)

where (w =1,2,--+,5).
Theorem 3.4. If F,(z) € Ty q(N, 1, by, §) (W = 1,2, - -, 5), then

belongs to T, o (N, 1, iy, §) wWhere

s[2&(pl, — )]

26+ Olp + 11y (Pppt) [+ Gt p -y - DA

(3.20)

where (ko = min {py, P, ..., Hs}).
The result is sharp for the functions F,, (z) given by (3.4).
Proof. Since Theorem 3.1 gives

N
o, { s o, (o) 114+ - )

1 2
k;r i 2¢([plg — ww) } e, w

- {(1+€)[k]q<[[§]]:) [1+(k+<p—y—1m"¥
<1,

k=p+r t zf([p]q - uw) )

then, for (w = 1,2,-- -, s) we have:

<

k N
i ! (1”)[1{]"(%) e ym b i 2 <1, @321
L 26 ([plq — ) L, Sew |=20
=p+r k=p+r
So, we may find the largest w, such that:
N 2
o [+ om, (M) s @+o—y-nar| [ @
> Ply > 2, |<1 G2
S 2§([plg — mw) S
Inequalities (3.21) and (3.22) leads to k
92 < [p]q _ 5[25([P]q - UW)] (3.23)

N
260+ Ok, (1Y) [+ G+ p -y - DA

that is

s[26(plq — m)]”

N
26+ 0l + 7y (Fo) (14 @0 -y -

0, < [ply — (3.24)

This completes the proof.
Putting p,, = (w =1,2,- - -, s)in Theorem 3.2, we have:
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Corollary 3.6. If F,,(z) € T, (N, 1, ny, )(w = 1,2,- - -, s) and g(z) is defined by (3.19), then g(z) € T, 4(N, 1, 83), where

s[26([plq — m)]”

N
26+ Olp + 1y (To) (4 @70 =y - 2

The result is sharp for the functions defined by (3.16).
Putting £ = 1 in Theorem 3.2, we have:

85 < [ply — (3.25)

Corollary 3.6. If F,,(z) € T, q(N, 1, py, D(w =1,2,- - -,s) and g(z) is defined by (3.19), then (z) € T, 4(N, 1, 8,), where
2
S[([p]q - |J-0)]
p+r

-+l (Fos) [+ G449 -y = DA

0, = [plg — (3.26)

where (Ko = min {yy, 4y, ..., A }).
The result is sharp for the functions defined by (3.17)

Remark 3.7.
Puttingn = N = 0,q — 1 in the above results, we get the result of ([4]).
Putting n = 0 in the above results, we get the result of ([18])

4. Conclusion

Using the concept of quantum (or g-) calculus, a very vital area of study in the field of traditional mathematical analysis,
we have introduced a family of analytic functions that are close-to-convex in the open unit disc U by means of p-g - Opoola
differential operator. For the class defined, we discussed properties such coefficient estimate theorem and several modified-
Hadamard products for functions belonging to the class. Our main results are obtained in Theorem 2.1, Theorem 3.1 and
Theorem 3.4. Furthermore, by specializing in the parameters, several consequences of these new families are mentioned.
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