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Abstract - In a periodic differential equation with a singular nonlinearity, we prove the existence and multiplicity of positive
periodic solutions of the equation through a basic application of Krasnoselskii's-Guo fixed point theorem and the positivity
of the associated Green's function.
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1. Introduction
In recent years, the periodic problem for the second-order singular nonlinear equation
" h(t)

Y ()+a(0)¥(0) = i+ el @
has deserved the attention of many experts in differential equations, where 7 is a positive paramaeter, © is a positive
constant, g(t) e L*(R/ wZ,R"), here R* :=(0,+0) and () is a positive constant, a(t),h(t) e L"(R/ wZ,R) are
 -periodic functions. From a mathematical perspective, differential equations with singularities can be divided into three

classes based on the types of singularities involved in the equations of attractive, repulsive and indefinite (attractive or
repulsive) types. Each of the above classes has its own properties, which means that their research methods are different. At
present, there have been many results in the study of this type of equation.

There are a number of methods that are widely used, starting with the pioneering paper of Lazer and Solimini. In
particular, the method of Schauder fixed point theorem [11, 15], Krasnoselskii's-Guo fixed point theorem [8, 15], the theory
of upper and lower solutions [10], Leray-Schauder alternative principle [2], Leray-Schauder degree theory [3, 6] and
coincidence degree theory [12] are important tools.

Interest in the study of such equations began with Lazer and Solimini [10]. They investigated the existence of positive
periodic solutions to equation (1.1) by the theory of upper and lower solutions for =1, 1< p<+w0 ,
gt) e L°(R/wZ,R) and a(t) =0, b(t) ==£1 (if b(t) =1it is a repulsive singular equation, and b(t) =—1it is an

attractive singular equation). After that, the use of methods Krasnoselskii's-Guo fixed point theorem and Schauder fixed point
theorem for Torres [14] and Wang [15] respectively proved that equation (1.1) has a periodic positive solution with a

singularity of repulsive type, where ¥ =1, a(t),&t) e L°(R/ wZ,R"), b(t) e C(R,R™) is ¢ -periodic function. Later,
by Schauder fixed point theorem, Liu, Cheng and Wang [11] 2020 considered the existence of a positive periodic solution for
equation (1.1) with a singularity of attractive type, where ¥ =1, g(t) € L°(R/ wZ,R), a(t),h(t) e C(R,R"), here
R™ :=(—0,0) . Recently, Han and Cheng [8] 2022 discussed the existence of positive periodic solutions for equation (1.1)
with indefinite weights, where y =1, a(t)e L’(R/wZ,R) , &t)eC(R,R) . Their proofs were based on
Krasnoselskii's-Guo fixed point theorem.

Although there have been many research results on equation (1.1) [5, 9], there is still room for improvement. In this
paper, applying Krasnoselskii's-Guo fixed point theorem and the positivity of the associated Green’s function, we consider
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the existence and multiplicity of positive periodic solutions to equation (1.1). It is worth mentioning that since

b(t) e L’ (R / wZ, R) this indicates that

v (:) it is an indefinite type Y = 0. Furthermore, depending on the value of 7
taken, we can obtain the existence of one positive periodic solution and two periodic solutions to equation (1.1), respectively.
2. Preparations and Notations

Our proof relies on the following lemmas, which we describe in detail next.
Lemma 2.1. (Krasnoselskii's-Guo fixed point theorem [4, P. 94]) Let Y be a Banach space and K isaconein Y . Assume

that S, and S, are open subsets of Y with 0€ S, S; = S, Let
T:KN(S2\§)>K

be a completely continuous operator such that one of the following conditions holds:
W[ Ty|[=|y| for y € K as, and [Ty|<|y] for y €K A3S,.

(i) [Ty|<||y| for y e KNS, and [Ty|=]|y|| for y e KNS, .
Then T has a fixed point in the set K ﬁ(gz \Sl) :

We will use the concept of Green's functions to write the periodic problem as an equivalent fixed point problem. A
general mechanism for constructing Green's functions is described in [1]. The following one lemma is common to us and can
be seen in some related literature (see, e.g., [13, Corollary 2.3]).

x| ()

1+2/
() =19 F(l+1] 1< a <o,

Lemma 2.2. (see [13, Corollary 2.3]) Define

4
—,a:OO
(4

. . . _ O o4 —y
Where T is the Gamma function, i.e., I'(t) _J. y' e dy. Assume that a(t) >0 for almost every t [0, @] and
0

a(t) e L"(R / wZ) . Furthermore, let
1
® p o .
||?3‘||p = UO la()| dtjp <p2p) (2.1)

where p = p;Pl if 1< p <oowe have the Green’s function G(t,s) >0 for (t,S) €[0, @] x[0, »] .

Remark 2.1. (see [7]) In the special case a(t) = ¢® with ¢ > 0. Green’s function has the following form

cosg(t— s—g)

,0<s<t<w,
2gsin@
G(t,s)
COSg(t—S+Q)

,0<t<s<w.

)
2csin=>—
o>

If ¢ < 7 \we have Green’s function G(t,s) >0 for (t,s) €[0, w]x[0, @] .
@
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Besides, we will use the notations

G = min G(t,s) G = max G(t,s) o _9 (2.2)
G

0<s,t<m 0<s t<w
On the basis of (2.2), it is clear that 0 < G. <G and 0 < o <1.
where C,:={y eC(R,R), y(t+®) = y(t),forall t € R} with norm ly| = rpeaX|Y(t)|. It is easy to verify that K it

isacone in C, . Finally, we provide several definitions

h* (t) := max {h(t), 0}, h" (t) :=—min{h(t),0} , h:= = j h(t)dt, € = max eft), & = min &(t)

te[0,]

3. Main Result
Based on several lemmas from the previous section, we can obtain the following theorem.

Theorem 3.1. Assume that equation (2.1) holds. Then the following one of conclusions holds.
(i) There exists 7, > O such that equation (1.1) has a positive periodic solution for ¥ > ¥, ;

(i) For all sufficiently small ¥ >0, equation (1.1) has two positive periodic solutions.

Proof. A positive periodic solution of equation (1.1) is just a fixed point of the map T defined by
[ h(s)
(T, =7], 6t s)( 7 te(s) |ds.
y”(s)
According to Lemma 2.2, for all (t,s) €[0, ®]x[0, ®] we have G(t,s) >0.
()Our proof relies on Lemma 2.1. First, define

Sy ={yeC,:|y|<R}and S, ={yeC

where R and R, are two positive constants and

R,>R >— [Hh”] =0
o| &

Step 1. We claim that T, (Km(ng \SRl )) c K. Actually, for y e K m(§R2 \SRl) we have

<R2},

oR <y(t)<R, forallteR.
Because R, > & we obtain
h(t) h'(t) h(t)
yo VTyo yo
o
y7(t) el (3.1)

o],
v

>0,
forall t €[] . From (2.2) and (3.1), it can be seen that
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h(s)
y7(s)
> G [ G, s)( (?)) +e(s)jds
h(s)
?(s)

h(s)
7(8)

te[0,0]

min (T, y)(t) = min L:UG(t,s)[ +e(s)]

= 706G j G(t, s)( +e(s)jds

> yo max G(t S)(

te[0,w]

+e(s)]ds

=o[Ty,

Which implies Ty(K m(ng \SRl))CT . Besides, by applying the Arzela-Ascoli theorem, we can easily prove that

T,:Kn (§R2 \ SRl ) — T itis a completely continuous operator.

Step 2. We prove that
HT7 yH > ||y|| for yeK m&SRl , 3.2)

In fact, for Y € KN O3S, | it is obvious that ||y|| =R, and

oR <y({t)<R , forallteR.
It can be obtained from (3.1) that

T, 0 =7 6, s)( (?))+e(8)jds

[ e, )[h*(s) h(s) e()]

7(s) y*(s)
h"(s)
>y| G(t,s)——ds
J. P( )
Goh"
> RY .
p+l
Now for a fixed number R, > o', there exists }, > G f? >0 such that for y > 7o (3.2) holds.
w
Step 3. We prove that
IT,y|=]y]. for ye KNS, . (3.3)

Actually, forany Y € KN3OSg | we can obviously get ||y|| =R, and

oR, <y(t)<R,, forallteR.
From (3.1), it can be seen that
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h(s)

T 0 =] 6 s)( )+e(s)jds

h'(s) h(s)
-r), e )( V'(s) Y(s) e()j

Gwh' _Ga)f? . .

<y -~ > +G we
(O'Rz) R;
It is obvious that we can choose R, large enough such that
) E r? * *
Ty <y Coh' _Goh | 6 |<R,.
P R”
(O'Rz) 2

Therefore, (3.3) is satisfied. According to Lemma 2.1, we know that Ty it has a fixed point. Thus, equation (1.1) has a

positive periodic solution.
(ii) First, define

S, ={yeG,:|y|<n}and S, ={yeC,:|y|<r}
1

+ o+l
where I, and I, are two positive constants and r, > Gao S>>0 here 17 >0 is a constantand y77 >1.
n
According to Step 1 of (i), we can know that Ty(Km(grz \Sr1)>CT and T}/:Kﬁ(grz \Srl)—>T is a

completely continuous operator.
Afterwards, let us consider

HT},yH > ||y|| for yeKn 6Sr1 i (3.4)
In fact, for Y € KN 3S, , we can obviously get || y[| =1, and

or<y()<r, forallteR.
It can be obtained from (3.1) that

(Tyy)(t)=7j:G(t,s)( ) +e(s)st

?(s)
© h'(s) h(s)
= G(t,s S
7l e )(yp(s) y(s) T8¢
@ h*(s)
> G(t,s ds
7169
> Goh'
rlp
yyLean
since 77 > 1. Thus (3.4) holds.
Then we consider
HT}, y” < ||y|| , for y S K m@Srz . (35)
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Actually for y € KM 3S, | we can obviously get ||y|| =T, and

or,<y()<r,, forallteR.
From (3.1), it can be seen that.

(190 7]; 6.9 2 ot s
° y”(s)

e )(W(s) h(s) e()j

7(s) y’(s)
Goh' Goh . .
<y Y. +G we
(GRZ) 2

*

G wh' -
we |.

(on )

There exists 7, > 0 such that

1
o’rf"

7/1 < * _+ * *
Goh' +0°1r/G we
For ¥ <y, (3.5) holds.
It follows from Lemma 2.1 that Ty has a fixed point Y, € K m(grz \S,l) , Which is a positive periodic solution of
equation (1.1) for y <y, and satisfies I} < ||y1|| <.

On the other hand, define
S, ={yeG,:|y|<n}and S, ={yeC,:|y|<r}.

L

+ o+l
where I; and I, are two positive constants and r, > (G‘ h S>>0 here 7 >0 is a constant, 77" >1 and
77!

y'<y.

Similarly, according to Step 1 of (i), we can know that T, (K m(§r4 \Sr3 )) cTadT, :K m(§r4 \Sr3 ) —>Tis

a completely continuous operator.
Afterwards, let us prove that

HT}/ y” > ||y|| , for y S K m@Sr3 . (36)
In fact, forany Yy € KN3S, | itis clear that ||y|| =1, and

o, <y(t)<r, foralteR.
From (3.1), it can be seen that.
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ﬂ+e(s)jds

y”(s)

(T =7 jO”G(t,s)[

=yj0wG(t,s)(m—m+e(s)jds

y7(s) y“(s)
h*(s)
y2(s)

>y jo“’e(t, 5) ds
Gaoh

ry
>y,

>

since ¥1’ >1, thus (3.6) holds.
Then we prove that

HT7yH < ||y|| for ye KNS, .
Actually, forany Y € KN3S, | itis clear that ||y|| =T, and

or,<y()<r,, forallteR.
It can be obtained from (3.1) that
h(s)
y”(s)

(Tyy)(t)wjj’ca(t,s)( +e(s)jds

=7[ s, s)( Nis) Nes), e(s)j ds

yo(s) y°(s)

Gwh' Goh . .
y — +G we
(Jr4 ),0 r4p

14 G oht +Gwe |.
(O'r4)p

. o’rft
¥, <min Vit

IA

IA

There exists 7, > 0 satisfying

G oh' +0”r/G we

Therefore, y <y, , we know (3.7) holds.

(3.5)

It follows from Lemma 2.1 that Ty has a fixed point Y, € K m(§r4 \Sr ) which is a positive periodic solution of
3

equation (1.1) for ¥ <y, and satisfies I; < ||y2|| <. Noting that

n<|lyi|<r <1 <[y, <.

we can deduce that Y; and Y, are two desired distinct positive periodic solutions of equation (1.1) for ¥ <y,

29



Shaowen Li / IIMTT, 69(6), 23-30, 2023

References

[1] Alberto Cabada, Jose Angle Cid, and Beatriz Maquez-Villamar in, “Computation of Green’s Functions for Boundary Value Problems
with Mathematica,” Applied Mathematics and Computation, vol. 219, no. 4, pp. 1919-1936, 2012. [CrossRef] [Google Scholar]
[Publisher Link]

[2] Jifeng Chu, Ning Fan, and Pedro J. Torres, “Periodic Solutions for Second Order Singular Damped Differential Equations,” Journal of
Mathematical Analysis and Applications, vol. 388, no. 2, pp. 665-675, 2012. [CrossRef] [Google Scholar] [Publisher Link]

[3] Zhibo Cheng, Lisha Lv, and Feifan Li, “Periodic Solution for Second-order Damped Neutral Differential Equation via a Fixed Point
Theorem of Leray Schauder Type,” Journal of Applied Analysis and Computation, vol. 11, no. 4, pp. 1731-1748, 2021. [CrossRef]
[Google Scholar] [Publisher Link]

[4] Dajun Guo, and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, Boston, 1988. [Google Scholar]
[Publisher Link]

[5] Jose Godoy, Robert Hakl, and Xingchen Yu, “Existence and Multiplicity of Periodic Solutions to Differential Equations with Attractive
Singularities,” Proceedings of the Royal Society of Edinburgh. Section A: Mathematics, vol. 152, no. 2, pp. 402-427, 2021. [CrossRef]
[Google Scholar] [Publisher Link]

[6] Robert Hakl, and Manuel Zamora, “Existence and Uniqueness of a Periodic Solution to an Indefinite Attractive Singular Equation,”
Annals of Pure and Applied Mathematics, vol. 195, pp. 995-1009, 2016. [CrossRef] [Google Scholar] [Publisher Link]

[7] Weiwei Han, and Jingli Ren, “Some Results on Second-order Neutral Functional Differential Equations with Infinite Distributed
Delay,” Nonlinear Analysis: Theory, Methods and Applications, vol. 70, no. 3, pp. 1393-1406, 2009. [CrossRef] [Google Scholar]
[Publisher Link]

[8] Xuefeng Han, and Zhibo Cheng, “Positive Periodic Solutions to a Second-order Singular Differential Equation with Indefinite Weights,”
Qualitative Theory of Dynamical Systems, vol. 21, 2022. [CrossRef] [Google Scholar] [Publisher Link]

[9] Daging Jiang, Jifeng Chu, and Meirong Zhang, “Multiplicity of Positive Periodic Solutions to Superlinear Repulsive Singular
Equations,” Journal of Differential Equations. vol. 211, no. 2, pp. 282-302, 2005. [CrossRef] [Google Scholar] [Publisher Link]

[10] A.C. Lazer, and S. Solimini, “On Periodic Solutions of Nonlinear Differential Equations with Singularities,” Proceedings of the
American Mathematical Society, vol. 99, pp. 109-114, 1987. [Google Scholar] [Publisher Link]

[11] Jie Liu, Zhibo Cheng, and Yi Wang, “Positive Periodic Solution for Second-order Nonlinear Differential Equation with Singularity of
Attractive Type,” Journal of Applied Analysis and Computation, vol. 10, no. 4, pp. 1636-1650, 2020. [CrossRef] [Google Scholar]
[Publisher Link]

[12] Shiping Lu, “A New Result on the Existence of Periodic Solutions for Liénard Equation with a Singularity of Repulsive Type,” Journal
of Inequalities and Applications, vol. 37, 2017. [CrossRef] [Google Scholar] [Publisher Link]

[13] Pedro J. Torres, “Existence of One-signed Periodic Solutions of Some Second-order Differential Equations via a Krasnoselskii Fixed
Point Theorem,” Journal of Differential Equations, vol. 190, no. 2, pp. 643-662, 2003. [CrossRef] [Google Scholar] [Publisher Link]

[14] Pedro J. Torres, “Weak Singularities may Help Periodic Solutions to Exist,” Journal of Differential Equations, vol. 232, no. 1, pp. 277-
284, 2007. [CrossRef] [Google Scholar] [Publisher Link]

[15] Haiyan Wang, “Positive Periodic Solutions of Singular Systems with a Parameter,” Journal of Differential Equations, vol. 249, no. 12,
pp. 2986-3002, 2010. [CrossRef] [Google Scholar] [Publisher Link]

30


https://doi.org/10.1016/j.amc.2012.08.035
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Computation+of+Green%E2%80%99s+functions+for+bound-ary+value+problems+with+Mathematica&btnG=
https://www.sciencedirect.com/science/article/abs/pii/S0096300312008284
https://doi.org/10.1016/j.jmaa.2011.09.061
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Periodic+solutions+for+second+order+singular+damped+differential+equations&btnG=
https://www.sciencedirect.com/science/article/pii/S0022247X11009255
http://dx.doi.org/10.11948/20200041
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Periodic+solution+for+second-order+damped+neutral+differential+equation+via+a+fixed+point+theorem+of+Leray+Schauder+type&btnG=
http://www.jaac-online.com/data/article/jaac/preview/pdf/jaac-11-4-1731.pdf
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Nonlinear+Problems+in+Abstract+Cones&btnG=
https://books.google.co.in/books?hl=en&lr=&id=kK_iBQAAQBAJ&oi=fnd&pg=PP1&dq=Nonlinear+Problems+in+Abstract+Cones&ots=Wn5qBhLowm&sig=iX50ULr2HkMJA7JMz6uaKRZEL4s&redir_esc=y#v=onepage&q=Nonlinear%20Problems%20in%20Abstract%20Cones&f=false
https://doi.org/10.1017/prm.2021.14
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Existence+and+multiplicity+of+periodic+solutions+to+differential+equations+with+attractive+singularities&btnG=
https://www.cambridge.org/core/journals/proceedings-of-the-royal-society-of-edinburgh-section-a-mathematics/article/abs/existence-and-multiplicity-of-periodic-solutions-to-differential-equations-with-attractive-singularities/888AD5711C0248A4A7CA4521D2C00C19
https://doi.org/10.1007/s10231-015-0501-3
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Existence+and+uniqueness+of+a+periodic+solution+to+an+indefinite+attractive+singular+equation&btnG=
https://link.springer.com/article/10.1007/s10231-015-0501-3#citeas
https://doi.org/10.1016/j.na.2008.02.018
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Some+results+on+second-order+neutral+functional+differential+equations+with+infinite+distributed+delay&btnG=
https://www.sciencedirect.com/science/article/abs/pii/S0362546X08000874
https://doi.org/10.1007/s12346-022-00583-0
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Positive+periodic+solutions+to+a+second-order+singular+differential+equation+with+indefinite+weights&btnG=
https://link.springer.com/article/10.1007/s12346-022-00583-0#citeas
https://doi.org/10.1016/j.jde.2004.10.031
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Multiplicity+of+positive+periodic+solutions+to+superlinear+repulsive+singular+equations&btnG=
https://www.sciencedirect.com/science/article/pii/S0022039604003973
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=On+periodic+solutions+of+nonlinear+differential+equations+with+singularities&btnG=
https://www.ams.org/journals/proc/1987-099-01/S0002-9939-1987-0866438-7/
http://dx.doi.org/10.11948/20190305
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Positive+periodic+solution+for+second-order+nonlinear+differential+equation+with+singularity+of+attractive+type&btnG=
http://www.jaac-online.com/data/article/jaac/preview/pdf/jaac-10-4-1636.pdf
https://doi.org/10.1186/s13660-016-1285-8
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=A+new+result+on+the+existence+of+periodic+solutions+for+Li%C3%A9nard+equation+with+a+singularity+of+repulsive+type&btnG=
https://link.springer.com/article/10.1186/s13660-016-1285-8#citeas
https://doi.org/10.1016/S0022-0396(02)00152-3
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Existence+of+one-signed+periodic+solutions+of+some+second-order+differential+equations+via+a+Krasnoselskii+fixed+point+theorem&btnG=
https://www.sciencedirect.com/science/article/pii/S0022039602001523
https://doi.org/10.1016/j.jde.2006.08.006
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Weak+singularities+may+help+periodic+solutions+to+exist&btnG=
https://www.sciencedirect.com/science/article/pii/S0022039606003275
https://doi.org/10.1016/j.jde.2010.08.027
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Positive+periodic+solutions+of+singular+systems+with+a+parameter&btnG=
https://www.sciencedirect.com/science/article/pii/S0022039610003359

