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Abstract - In this paper, for a graph G = (V, E) of order k, the minimum eccentric dominating energy E,;(G) is the sum of
the eigenvalues obtained from the minimum eccentric dominating k X k matrix A,;(G). E.;(G) of standard graphs are
computed. Properties, upper and lower bounds for E,,;(G) are established.
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1. Introduction

In 1978, one of the present authors conceived the concept of energy of a graph, defined as the sum of absolute values of
the eigenvalues of the adjacency matrix [3, 8]. Motivated by the remarkable success of the theory of graph energy [4, 8],
many different variants of graph energy have been introduced and studied [5]. One of these is the “minimum dominating
energy”, put forward by Rajesh Kanna et al. [9].

Foragraph G = (V,E), let A = (a;;) be the minimum dominating matrix defined by

1, if viv; €EE
(a;j) =41, ifi=jandv; €D
0, otherwise

Where D is the dominating set with minimum cardinality [6]. If its eigenvalues are 1,,1,, ..., 1,,, then the minimum
dominating energy is defined as [9]
n
Ep(6) = ) 1A
i=1

The concept of eccentric domination was introduced by Janakiraman et al. [7]. For a graph, G = (V,E),asetS c V' is
said to be a dominating set if every vertex in V — S is adjacent to some vertex in S [6]. The eccentricity e(v) of a vertex v is
the distance to a vertex farthest from v. Thus, e(v) = max{d(u,v) |u € V}. For a vertex v, each vertex at a distance e(v)
from v is an eccentric vertex of v. The eccentric set of a vertex v is defined as E(v) = {u € V(G) |d(u,v) = e(v)}. A
dominating set D < V(G) is an eccentric dominating set if, for every v € V — D, there exists at least one eccentric vertex u
of v in D. An eccentric dominating set with minimum cardinality is called a minimum eccentric dominating set. The
eccentric domination number y,;(G) of a graph, G equals the minimum cardinality of an eccentric dominating set. Inspired
by Ref. [9], we now introduce the “minimum eccentric dominating energy” of a graph, denoted by E,,; (G).

In this paper, we find E,;(G) of some standard classes of graphs often encountered in graph theory and its application
[2]. These are the complete star, cocktail party, and crown graphs.

The cocktail party graph, denoted by K, is the graph having the vertex set V. = U {u;, v;} and the edge set E =
{(uw), (vi,vj):0 # j} U {(wi,v;), (vi,w;):i,j € N,i # j}. The crown graph Hy is the graph having 2 sets of vertices
{u, uy, o ug 2} and {vy, vy, ..., vy 2} With an edge from w; to v; Where i # j. The crown graph is a graph obtained from the
complete bipartite graph by removing the horizontal edge between the paired nodes.
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2. Minimum Eccentric Dominating Energy
In this section, the minimum eccentric dominating matrix and minimum eccentric dominating energy are defined and
then computed for some standard graphs.

Definition 2.1. Let G = (V,E) be a simple graph with vertex set V(G) = {v,v,,..vi},k € N and edge setE. LetD be a
minimum eccentric dominating set of G. Then the minimum eccentric dominating matrix of G is the k x k matrix A.q(G) =
(ej;), whose
1, if v € E(vy) orv; € E(v))
(ej) =11, ifi=jandv, €D
0, otherwise

Definition 2.2. The characteristic polynomial of a minimum eccentric dominating matrix A, (G) is defined by P (G, ) =
det(A.q(G) —YI).

Definition 2.3. The eigenvalues of A.;(G) are said to be the minimum eccentric dominating eigenvalues of G. Since A,;(G)
is symmetric, the eigenvalues of A, (G) are real. We label them in non-increasing order as y; = i, = -+ = Y.

Definition 2.4. The minimum eccentric dominating energy of G is
k
Eea(6) = ) Il
i=1

Remark 2.1. The trace of A,,(G) it is the eccentric domination number of the respective graph

Example 2.1. In order to illustrate the above definitions, consider the 4-vertex graph H, depicted in Fig. 1, and its eccentricity

properties shown in Table 1.
Vi
V2. 3

V4
Fig. 1 Graph H is used to exemplify Definitions 2.1-2.4.

Table 1. Eccentricity properties of the vertices of the graph H

Vertex Eccentricity e(v) | Eccentric vertex E(v)
V1 2 V3
V2 1 V1,V3,V4
V3 2 V1Vyg
Vg 2 V3

The minimum eccentric dominating sets of H are D; = {v;,v3}, D, = {v,,v3} and D3 = {v;, v, }.
For D; = {vy, v3}

Agg (H) =

O RR =
RO
T
=N =)

The characteristic polynomial is P,(H,y) = * —2y3—4¢*+ ¢+ 1. The minimum eccentric dominating
eigenvalues are ¥, ~ 3.1401, ¥, = 0.5712, 3 = —0.4378, ¢, = —1.2735. Thus the minimum eccentric dominating
energy is E.;(H) =~ 5.4226.

For D, = {v,, v3},

01 10
1 1 1 1
Aed (H) = 1 1 1 1
01 10
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The characteristic polynomial is P, (H,) = y* — 293 — 42, The minimum eccentric dominating eigenvalues are
Y, = 3.2361, P, = 0,3 = —1.2361. The minimum eccentric dominating energy is E.;(H) = 4.4722.
FOT D3 = {U3, U4_},

Agg (H) =

SRRk o
(U = N Y
[ S Y
[ =)

The characteristic polynomial is P,(H,¥) = ¥*—293 —49Y? + ¢ + 1. The minimum eccentric dominating
eigenvalues are ¢, = 3.1401, i, = 0.5712, ¢y; = —0.4378, 3y, = —1.2735. The minimum eccentric dominating energy is
E.q(H) ~ 5.4226.

Example 2.1 shows that the actual value of the minimum eccentric dominating energy depends on the eccentric
dominating set used.

Theorem 2.1. The minimum eccentric dominating energy of the cocktail party graph k), is

2k
1+V5] [1-+5
Buaic) = Y il = || 2 @
i=1

Proof. Let K, be a cocktail party graph with vertex set V. = U ,{u;, v;}. Let D be the minimum eccentric dominating set
and |[D| = k.Then D = {uy,u,,...uy} or {vy, v,, ... v }. Then the minimum eccentric dominating matrix is

+

1 0 0 O 0 01 0
01 0 O 0 0 0 1
0 01 0 1 0 0 O
0 0 0 1 01 0 O
Apg(Ky) =11+ + & & P :
0 0 1 0 0 0 0 O
0 0 0 1 0 0 0 O
\1 0 0 O 0 0 O 0/
0 1 0 O 0 0 0 0/ kxk
The characteristic polynomial is P, (Kyy, Y) = det(Aqq(Kz) — WY1
1-y 0 0 0 ... 0 010
0 1-y 0 0 - 0 0 0 1
0 0 11—y o - 1 0 0 O
0 0 O 1-y - 0 1 0 O
0 0 1 0 e =Y 0 0 O
0 00 1 0 - 0 0
100 0 - 0 0 -y 0
0 1 0 0o - 0 0 0o -y
resulting in Py (Kp, %) = (W% — — k.
The minimum eccentric dominating eigenvalues are
Y= ! +2\/§ (k times)
Y= ! 2\/3 (k times)

The minimum eccentric dominating energy of K, is then given by Eq. (1).

Theorem 2.2. For the star graph Si, k > 2, the minimum eccentric dominating energy is

k-1 +(k—-1)>+38 k—1)—y(k—-1)2+38
2 2 '

Eea(Si) = 1-1I(k = 3) +

+ (2)
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Proof. Let S;, be the star graph with vertex set V. = {v;, v,, ... v, }. The minimum eccentric dominating setis D = {v,, v},
where vy, is the central vertex. Then

1 1 1 1 1 1
1 0 1 1 1 1
1 1 0 1 1 1
Aed(sk) = : :
1 1 1 0 1 1
\1 1 1 1 0 1/
1 1 1 1 1 1/ kxk
The characteristic polynomial is P, (S, ) = det(Aqq(S;) — YI)
- 1 1 1 1 1
1 - 1 - 1 1 1
1 1 -y 11 1
1 1 1 -y 1 1
1 1 1 1 Y 1
11 1 1 1 1-9y

From which we obtain P, (S, %) = Y@ + D32 -(k — 1) ¢ — 2]

The minimum eccentric dominating eigenvalues are

$=0

Y =—-1 (k-3 times)

lp_(k—l)+,/(k—1)2+8
B 2

l/}_(1«—1)—,/(k—1)2+8
B 2

The minimum eccentric dominating energy of the star S, is thus

k-D+/k-—D?+8
2

Eeq(Sx) =0+ [-1|(k—3) +

+

k-1 -Jk-12+8
2

and Eq. (2) follows.

Theorem 2.3. For the complete graph K., k = 2, the minimum eccentric dominating energy is

(k—1)+Vk?-2k+5| |(k—1)—+Vk?2-2k+5
Evq(K) = |(=D)I(k —2) + ‘

> > (3)

+

Proof. Let K, be the complete graph with vertex set V. = {v;, v,, ... v, }. Its minimum eccentric dominating setis D =
{v1}. Then

1 1 1 1 1 1
1 0 1 1 1 1
1 0 1 1 1
Aed(Kk) = : :
1 1 01 1
1 1 1 1 0 1
1 1 1 1 1 17 pxx

The characteristic polynomial is P, (K, ) = det(A.4(K) — YI)
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1-y 1 1 11 1
1 -y 1 11 1
1 1 -y 11 1
111 -y 1 1
11 1 1 -y 1
11 1 1 1 1-9y

From which it follows P, (Ky, ) = (Y + D*2[y? — (k — 1) ¢ — 1].

The minimum eccentric dominating eigenvalues are
Y =-1 (k-2 times)

w_(k—1)+\/k2—2k+5

2
lp_(k—l)—\/k2—2k+5
B 2

and thus the minimum eccentric dominating energy of K, is given by Eq. (3).

Theorem 2.4. The minimum eccentric dominating energy of the crown graph H,, is

1++/5| |1-+5[]k
sty =[5 [

. ®

+ |

k/2

Proof. Let H, be the crown graph with vertex set V. = U’ {u;, v;}. Let D be the minimum eccentric dominating set where

i=1
[D| = k/2.Then D = {ug, Uy, ... Uyj2} OF {Vy, Vs, ... Vys2}. Then
100 100
0 1 0 01 0
0 1 0 0 1
Aed(Hk) = : :
0 0 0 0 O
0 1 0 0 0 O
0 0 1 0 0 0 pxk
The characteristic polynomial is P, (Hy, ) = det(A.q(H,) — YI)
1-y 0 0 1.0 0
0 1-vy 0 0 10
0 0 1—v 0 0 1
100 Y 0 0
01 0 - 0 =y 0
0 0 1 0 0o —y
From which, we calculate Py (H,, ) = (¥ — 3 — 1)*/2,
The minimum eccentric dominating eigenvalues are
1445 (k . )
Y= > > imes

Y= ! _2\/§ (g times)

and therefore, the minimum eccentric dominating energy of H,, is this given by Eq. (4).
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3. Properties of Minimum Eccentric Dominating Eigenvalues
In this section, we discuss some properties of the eigenvalues of A, for cocktail party, complete, crown, and star graphs.
Bounds for minimum eccentric dominating energy of some standard graphs are obtained.

Theorem 3.1. Let D be the minimum eccentric dominating set and ¥4, ¥, ... P, the eigenvalues of the minimum eccentric
dominating matrix A, (G). If G is

1. any graph, then ¥, y; = |D|,

2. the cocktail party graph K, then Y25, ¢? = |D| + 22"1 ACHIE

3. the complete graph K, and crown graphs H, then ¥¥_, ¥? = |D| + XX, |E(v))],

4. the star graph Sy, then ¥¥ 92 = [D| + XE L IE(w)| + (k — 1).

Proof. 1. We know that the sum of eigenvalues of A, (G) is the trace of A, (G), implying
k k

zll)i =Zeii = |D|
i=1

2. The sum of squares of the eigenvalues of Aed(sz) is

lel zzkzzkeu e = Z(e”) +Zeueu Z(e”) +ZZ(eU) |D|+2ZR|E(1J,-)|
i=1 j= i%j i<j i=1

Since ZZK]-(eij) = X Ewy).

3. The sum of squares of the eigenvalues of A.;(K,) and A4 (H,,) is the trace of [A,4(K,)]? and [A,;(K,)]?, respectively.

Thus,
lel ZZ@U e = Z(e”) +Zeueu Z(e”) +ZZ(eU) |D|+i|E(vi)|

i=1j= i#j i<j
4. For the star graph Sk, the sum of squares of the elgenvalues of Aed (Sk) is

Zl/)L Zz eje; = Z(eu) + Zeueu z:(e”)2 + ZZ(eU) = |D| + 2 [E(w)|+ (k—1)

i=1 j= i#j i<j

Theorem 3.2. For the complete graph K, and the crown graph Hy, if D is the minimum eccentric dominating set and
= | det A,;(G)], then

k k
D] + Z|E(vi>| (k= DW* < Egg(6) < [k (Zw(vm * |D|> 5)

Proof. By the Cauchy-Schwarz inequality (XX, a;b; ) <Gk, a)CE,b?), ifa; = 1and b; = ;, then

(Sm) =(2)(Er)
E.q(6)2 <k <|D| +;|E(vi)|>

Implying the right-hand side inequality in (5).
Since the arithmetic mean is not smaller than the geometric mean, we have

k(k 1)

K ﬁ k % k %
T 1)Z|¢|ijl> [ e I [[w“‘-l)l =[L_1[|wi|] =[]_[wl

i#j
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1 2 2
— . | = k = k
PR, lz.lwll Y] = I det Aeg () = W

i#]

and thus
2
> il | = ke = YW
i#j
We now have
k 2 k k R
Eea(6)? = (Z wm) > [ [+ 1wl )] = <|D| * Z|E(vi)|> + Ie(k = HWE
i=1 i=1 i%j i=1
which implies the left-hand side of the inequality in (5).
Theorem 3.3. For the cocktail party K, if D is its minimum eccentric dominating setand W = | det A,4(Kx)], then

2k 2k
DI+ Y IE@D] + k(k = DW2¥ < Bog(K) < [k (chvm * |D|>

i=1 i=1

Proof. The proof is analogous as that of Theorem 3.2.

Theorem 3.4. For the star graph Sy, if D is its minimum eccentric dominating setand W = | det A.4(Sy)|, then

k k
D1+ D IE@)] + (e = 1)+ k(k = DW?/* < Eeg(S) < [k (Zw(vm +1D]+ (e - 1))

i=1 =1

Proof. The proof is analogous as that of Theorem 3.2.

Theorem 3.5. If ¥, (G) is the largest minimum eccentric dominating eigenvalue of A, (G), then for the complete graph

K, and the crown graph H,
k
1
$:(6) = E('Dl v Z|E(vi)|>
i=1

2k
1
Y1 (ko) = ﬁ<|n| + le(vm)

k
1
NENE ;<|D| + Y IE@D]+ (k- 1))

for the cocktail party graph K,

and for the star graph S,

Proof. Let Y be a non-zero vector. Then by applying the Rayleigh-Ritz theorem [1],
max Y Rea(G)Y
1 (Rea (@) =75 —57y —

UTA(G)U D] + XK, |Ew)]
uru k

1/11 (Aed (G)) =
where U is the unit matrix.
Analogously,
UTAcq(Hy) U D] + XK |E(v)]
uru k

¢1(Aed(H2k)) =
and
UTAq(S)U DI+ X E@)] + (k= 1)
uru k

lpl (Aed (Sk)) =
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4. Conclusion
In this paper, we define the minimum eccentric dominating energy of the graph and their properties are discussed. The
minimum eccentric dominating energy for the family of graphs is determined, and their bounds are calculated.
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