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1. Introduction

In this study, the concepts of multiplication N-groups and cyclic N-groups in the near rings are defined by Elaheh
Khodadaapour and Tahereh Roodbarilor. They discussed the relationship between multiplication N-groups and cyclic N-groups.
The left N-group E is regarded as unitary and N as a commutative near ring with zero symmetric. This paper’s foundational
ideas are all referenced in [6, 9]. Here, we defined the fundamental definition and outcomes required for this paper. The symbols
<n,<Jy and < are used to mean N-subgroup, normal N-group and ideal respectively. Max(N) represents the collection of all
maximal ideals of N. Most of the definitions have been extracted from [9].

Definition 1.1 If the following standards are satisfied, a nonempty set N combined with the binary operations " + " and "." is
referred to as right near ring.

i. (N,+) isagroup(not necessarily abelian).

ii. (N,.) isasemi group.

iii. (p +b)c=pc+bc),Vp,b,ceN.

Definition 1.2 An additive group (E, +) is referred to be a left N-group, if 3 a map N X E — E, (n,u) = nu in which the
following standards are satisfied-

i. (m+n)u=mu+nu.

ii. (mn)u = m(nu).

It is to be noted that N is itself an N-group over itself. If for 1 € N such that 1.u =u V u € E, then E is called an unitary
N-group.

In the event that A is a subgroup of (E,+) and NA < A forany A C E, then E is referred to as an N-subgroup.
If F isanormal subgroup of (E,+) with na € F, V n € N,a € F, then F is referred to be a normal N-subgroup of E.
If D isanormal subgroup of (E,+) suchthat n(a+e)—ne €D, ¥V n€ N,a € D,e € E, then D isreferred to as an ideal of E.
Let A < E. Then the set E: {a+ A:a € E} forms an N-group under the operations (k+A)+ (s+A)=(k+s)+ A and
m(s+ A) =ms + A, Vs, k € E,m € N, called quotient N-group.
E is called cyclic if E =nl forsome n € N, 1 € E.

When x € E, Nx is referred to as the principal N-subgroup of E.
E is known as the principal N-group (PNG) if each A <y E is principal.
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E is referred to as an ideal N-group if each A <y E isan ideal.
If K < E, then the N-subgroup of E is referred as a subfactor of E.

If for any (left or right) ] <« N with I €] implies ] =1 or ] = N, then I < N is referred to be (left or right)maximal.

If forany ] <y E with I <] implies ] =1 or ] = E, then I <y E is referred to be maximal.

If k or 1 —k isinvertible in it for any k € N or N has a unique maximal N-subgroup, then N is called local.

N is called strongly regular if forany n € N 3 m € N such that n = n?m or mn?2.

Jacobson radical, J(N) = {nI: 1 € Max(N)}.

If 3 1,] < Nsuchthat ] € P implies I € P or J < P,then P < N is called prime.

If(P+T)NC=PNC+TnNCV PT,C <y E,then E is called left DN-group.

A fully DN-group is a DN-group if each factor group is DN-group.

E isreferred to generated finitely if 3 afinite set {e,, e,, e5, ...e,}suchthat E = n,e; + nye, + nze; + -+ nye,, e EE,n; €
N, i=12, ..n

Definition 1.3 E is Uniserial if any two of its N-subgroups are comparable to each other.

Definition 1.4 E is called Bezout N-group if any of its N-subgroup which is generated finitely, is cyclic.
Lemma 1.1 [9][2.72 corollary] Maximal ideal of a near ring with unity is a prime ideal.

Lemma 1.2 N-subgroups of an ideal DN-group E are also ideal DN-groups.

Proof. Let T <y E. If T}, T,, T3 <y T, then A;,A,, A; <y E also. So the result.

2. Localized N-groups
Definition 2.1 H < N s called multiplicative closed if p € H implies p"* € H or 1 € H and p,y € H imply py € H.

It is to be noted that forany p e H,pp™* =p~'p=1€Hand p=(p~ ).

Definition 2.2 Let S be a multiplicative closed subset of a commutative near ring N with identity. Define "+ " and "." in
(S7IN,+,.) by- s;iin; +s531n, = (s15,)71(s,n; + syny) and (syny). (s31ny) = (s15,) 1(nyny), V s4,8, € S,ny,ny € N,
Then for any s;'ng,s;'n,,s3n; € STIN we have, (s;s,) 1 €S and s,n; +s;n, € N. S0, (s;5,)7(spn; +s:n,) € S7IN
=si'n; +s3'n, €STIN . Now, (sy'ng +s3Mny) +s3Mn; = (515,) 7 (sony + s10y) + 53103 = (515,83) H{s3(s,ny +
siny) + (s18,)n3} [since (N,.) is associative] = (s15,53) 1{(sny + s1ny)s3 + (s15,)n3} [since SS N and (N,.) is
commutative]

= (515253) H{(szn1)s3 + (s1ny)s3 + (s152)n3}  [by  right  distributive  law] = (s1555) 7 {s3(s2n4) + s3(s1ny) +
(s1s2)n3} [since SSN and (N,.) is commutative] = (515,53) {s3(s2n;) + s3(syny) + (syS2)ns} [since (N,.) is
commutative and has right distributive property]

= (515253) " H{(s253)n;) + (s153)n,) + (s15)n3} [since (N,.) is associative and commutative]. Similarly, we can show that
sT'ng + (531 Ny + 531 N3) = (515253) T {(5253)01) + (5153)n2) + (51523} ~(sy'ng +s37mp) +s3Mn; =s7'ng +
(s3'n, + s3'ny).

For any s™'x € STIN we have, 0 + s™'x =s710 + s71x = s71(0 + x)[since s™* € N,N has the right distributive property
and (N,.) is commutative] = s~!x. Similarly, s™*x + 0 = s~!x. Thus the identity 0 of (N, +) is the identity of (S7IN, +).
For any s™'x € SN, —s~x is the inverse of s™'x as s™Ix + (—=s7'x) = s} (x —x) =s710 = 0 = (—s"'x) + s 'x. Also,
(S7IN,.) is closed by definition. Since N is commutative, s71n;(s;'n,s3'n;) = (s7in;s;n,)s3tn;. Now, for any s,y €
SC N we have, s71,y 1,57yl (sy) T € SEN. ~ syl = (s7L1)(y t.1)[since N has the unity] = (sy)~*(1.1)[by
hypothesis] = (sy)™! [since N has the unity]. = (s7in; +s3'n,).s31n3) = (s15;,)71(syn; + syny)s3ing) =
(s15,53)71(s,n; + syny)ny) [since (N,.) is associative]

= (515253) " 1(spn N3 + s;nyn3) = (515,53) 71 1. (spnyng + syn,ng)[since N has the unity] = (s;5,53) 1. s3%s5. (s,nyn5 +
sin,n3) [by definition of S]

= (5,535,53) " 1(s,S3n,n3 + s;s3n,nz)[since N has the right distributive property and (N,.) is commutative] =
(s183) 1 (nyn3) + (s,53) 1(nyng) = sy'ny.s3ng + s31n,.s31n; The above conditions shows that SN is a near ring, called
localized near ring.

Note that if h € H, then h™10 = 0, where 0 is the identity of (N, +).
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Definition 2.3 Let S be a multiplicative closed subset of a commutative near ring N with identity. Then as above (S7IN,+) is
agroup. If we defineamap S™N x S™'E — S71E by (s;'n,s;'e) — (5;5,) 1(ne) i.e. sy'n.s;te = (s;5,) *(ne). Then we
get, (s1'ny +57'nz)(s71e) = (5152) 7 '(s2ny +51n5)s7 e = (51555) (20 + SiNz)e = (515,5) 7 1(S211S + 511p8) =
(s152) 1s71(spn e + synye)  [as (xy)™! = x"y71] = (s15,)7! (s71synge +s7is nye)[as s7! € N and N is commutative]
=s7 (s !nse) + s31(s7'nye) [by hypothesis] = (s7ts™1)(n.e) + (s31s71)(n,e) [since N is commutative] = (s;s)7*
(nse) + (s25) " H(nze) [since (xy)™! =x7ty™1] = (s;'n;.s7te) + (s31n,.s1e)[by hypothesis]. This shows that S™1E is an
S~IN-group called localized N-group of E or simply S™E is an N-group.

Definition 2.4 Let S be a multiplicative closed subset of a commutative N with unity. If A <y E, then S™*A is called
S~IN-subgroup of S7E if n(s™'a) = s~!(na) € S™A, for some s € S,a € A,n € N. This S™*N-subgroup is called localized
N-subgroup of E or simply S™*A is an N-subgroup of E.

Definition 2.5 Let S be a multiplicative closed subset of a commutative N with unity. For I € N, S~1I is an ideal of STIN if
S~ is an additive normal subgroup of S™*N and s7!x.s3'n, s7n;(s3n, + s71x) — s7in;s;1n, € ST, forsome s, sy, s, €
S,n,n;,n, € N,x € 1. This ideal S™*1 is called localized ideal of N or simply S~I is an ideal of N.

Definition 2.6 Let P < N be prime without unity. Then S = N\P is multiplicative closed subset of N because if d,b € S, then
db €N and d,b € P. Also, P is prime, db 2P andso db € S. Also 1 2P,1 € N=> 1€ S. Then S™IN is called localization
of N at P and denoted by Np. Therefore Np = (N\P)"IN = S~IN.

Localization of E at a prime ideal P, Ep = S™'E = (N\P)E.

Lemma2.1 SS =S if S isa multiplicative closed subset of N.

Proof. If x € SS, then x = s;s, € S, for some s,,s, €S. So, SS € S.
Again if s € S, then s = 1.s [since N has identity]. Since 1 € S and S is Multiplicative closed, therefore s = 1.s € SS. Thus
S € SS and hence SS = S.

Lemma2.2 Let S beamultiplicative closed subset of N and I < N. Then S™*I < S™IN.

Proof. Since I < N, for any x,y €1 and n,n;,n, EN, xn € Ln+x—n €1l and n,(n, + x) —n;n, € I. Now, for any
S1,S, €S we have, s;ix—s3ly =(5:82)7 (s,x—s;y) €S and  sy'n+sylx —sytn = (518,) 7 (syn + 5.%) +
s71(—n) = (515251) " [s1(syn + 5,X) — s;5,n]. Now, s; ES=>s; EN=>s,x€I. Also s,n €N and so s;(syn + s;x) —
s;spn € I. Again, s;s,s; € S and therefore (s;s,5;)7![s;(szn + s;X) —s;5,n] € S™1. Now, s;!x.s71n = (s,5;)"(xn) €
ST and sy'ng(s;™ny +57MX) —sytngsytng = sytng[(528) 7N (sng +5;%)] = (s152) TH(yny) = (51528)7h my(sn +
$,X) — (5152) " (nyn,) = (s15,5) 1[n;(sn, + s,x) — s(nyn,)] € S [since s,x € I]. This shows that S7I is an ideal of
S™IN.

Since by lemma 1.1, maximal ideal in N with unity is prime ideal. So, P € Max(N) implies S = N\P is closed subset as
shown earlier and localized near ring, localized N-groups, localized N-subgroups, localized ideals are defined. Now, utilizing
this idea, we will demonstrate some findings.

Lemma 2.3 Let X <y E. Then Xp <y Ep, V P € Max(N).

Proof. We have, Xp = S7*X,Ep = S71E. Since X <y E, X is subgroup of E and so NX € X. Now, a,b € Xp implies a =
sT1x;,b = s;1x,, for some s;,s, € S,x;,X, € X. S0, a —b = (5;5;,)71(s,%; — 51X,). Since s,x;,5;X, € X and X is subgroup
of E, s,%; —s;X, € X. Also, s;.s, €S [since S is multiplicative closed]. Therefore, a — b € S™1X. Also, let y € Np. Xp. Then
y = nx, for some n € Np,x € Xp. ~n =s7!n; and x = s;'x;, for some n; € N,x; € X = nx = (5;5,) " (n;x;) € S™IX.
Thus, y = nx € Xp. Hence the result.

Lemma24 If Ep =0, V P € Max(N),then 3 s €S =N\P suchthat se=0 V e € E.

Proof. Ep = 0 = S™E = 0. So, for any e € E there exists s € S such s™* € S and (s™1)~le = 0[Since S is closed]. Also
s = (s™1)7L. Thus the result.
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Theorem 2.1 Foran N-group E, E =0 ifand only if Ep = 0, V¥ P € Max(N).

Proof. If E=10, 3 s € (N\P)™! such that se = 0. So, Ep = 0. Let e € E. Then Ann(e) < N. Let Ann(e) < N be proper.
Then 3 P € Max(N) such that Ann(e) < P [since every proper ideal in N is contained in a maximal ideal]. Since Ep = 0, 3
s € S = N\P such that se = O[by lemma 2.4]. . s € Ann(e) S P = s € P-which contradicts s € N\P. Thus Ann(e) =N =
ne=0,VneN.Since1eN,le=0=>e=0=E=0.

Corollary 2.1 Ap =Bp = A =B, V A B <y E, P € Max(N).

Proof. Let a € A. Then s;'a € S™A, for some s; € S = N\P = s;'a € S™1B[since Ap = Bp] = s;ta = s;'b, for some s, €
S,b€B = s7la—s;b =0 = (s;5,) (spa—s;b) = 0 = (s,a—s;b)p =0 = (s,a — s;b) = 0[ by using theorem 2.1] =
s,a =s;b = s;ls,a =5;1S;b > a=1.a€ NB € B. Thus A € B. Similarly, B € A. Hence A = B.

Lemma 2.5
If I < N, then I < Np, V P € Max(N)

Proof. As in lemma 2.2 we can prove the result.

Theorem 2.2 An ideal N-group E isa DN-group if and only if Ep isaalso DN-group, V P € Max(N).

Proof. Since E is a DN-group, DNT)+ (KNT)=(MD+K)NT, VDK T <y E. Now, to show (Dp + Kp) N Tp = (Dp +
Tp) N (Kp + Tp), ¥V Dp,Kp, Tp <y E Ep. It is enough to show that, Dp + Kp = (D + K)p and Dp N Kp = (D NK)p. Let x €
Dp+Kp=>x=a+b, where a€ Dp,b € Kp. S0, a =s7%a;,b=s;'b, for some a; €D,b; €K. ~ x=s7ta; +s;'b; =
(s152)71(sa; + s;b,). Since D,K <y E, s,a; € D,s;b, € K. Also, since S is multiplicative closed, s;,s, €S = s;.5, €S. =
X €S™Y(D +K). ~ Dp +Kp S (D + K)p.

Let y € (D+ K)p = S™1(D +K). Then, y =s"1(x + b), for some s € S,x € D,b € K. Since S™'x is an ideal, s™*(x + b) —
sTlbeSIx 2 y=s1(x+b) €S Ix+S b SID+SK=Dp +Kp. =~ (D+K)p EDp+Kp. Thus Dp +Kp = (D +
K)p.

Again, let x € Dp N Kp = S™ID N S™1K. Then, x = s;'a = s, 'b,for some s;,s, €S,a € D,b € K. Since s71,s;1 €S = N\P
and D,K <\ E, s;'a€eD,s;'beK. ~xeDNK.Since DNK <yEand S=N\PS N, S(DNK)cDNKandso DNK &<
STTDNK). ~x€STIMDNK)=DNK)p. ~DpNK, S (DNK)p. So we get, Dp NKp = (DNK)p. Thus (Dp +Kp) N
Tp=MD+KpnTp=[D+K)NTp=[DNT)+EKNT)]p =DONT)p+(KNT)p=DpNTp)+ (Kp NTp). But by
lemma 2.3, Dp,Kp, Tp <y Ep. Hence Ep isa DN-group.

Let Ep be DN-group, then forany D,K, T <y E, Dp+Kp) NTo =Dp NTp) + Kp NTp) =2 (D+K)NT)p=((DNT) +
(KNT)p =2 (D+K)NT=(DnNT)+ (Kn T)[by corollary 2.1]. This shows that E isa DN-group.

Proposition 2.1 An ideal N-group E generated finitely if and only if Ep generated finitely, v P € Max(N).

Proof. Let e, € Ep = S™'E = (N\P)™'. Then ep = s 'e,for some s € S,e € E. Since E generated finitely, e = n;e; +
nye, + -+ nye,, where n; € N,e; € E,i = 1,2,..n. Since S~'nye, is an ideal, s™*(n;e; + nye,) —s 'nye, € S™'nje; =
s™(n;e; + nye;) = s7inje; + s7inye,, for some s; €S = n;(s7le;) + ny(syley)[since N is commutative], where s = s,.
In the same way, it can be extended to a finite number n of steps, i. € ep = s7e = s™1(n,e; + nye, + nze; + -+ nye,) =
n;(syte;) + ny(syte;) + ny(s3te;) + ---ny(sptey,), where s; € S,e; € E and n; € N, for i = 1,2,3, ...n. This shows that Ep
generated finitely.

Lemma 2.6 If Ep iscyclic N-group, then I:—: = Ep, for some P € Max(N).

Proof. Let Ep be cyclic N-group generated by e,. Now, let us define a function ¢:Np — Ep by ¢(n,) = (ne), , where n €
N,e € E. i. e.p(s™'n) = s™(ne),where s € S = N\P. Clearly, ¢ is well defined and onto. For any mp,n, € Np we have,
d(mp +np) = G(s7'm +s5;'n) = G((s15;) ") (s;m + 5110)) = (515,) " ((s,m + syn)e) = (s15,) " (s;me + syne) =
s;'(me) + s3*(ne) = (me), + (ne), = ¢p(m,) + ¢(n,,). Also, for any n, € N, x, € E,, we have ¢p(n,x,) = d((nx),) =

N - . . . N .
((nx)e), = np(xe), = npd(xp). - ker"d) = Ep. Since kerd is an ideal, taking kerdp = I, we get, 1_: = Ep, where I, is an
ideal of Np.

3. Multiplication N-groups
Definition 3.1 N is referred to be arithmetical if N considered as N-group is a DN-group or Np = (N\P)~N is Uniserial, v
P € Max(N).
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Example 3.1 If E =N = {0,s,b, m} is the Klein’s 4-groups given by the following table-

. 0 S b m
0 0 0 0 0
S 0 0 S S
b 0 S b b
m 0 S m m
+ 0 S b m
0 0 S b m
S S 0 m b
b b m 0 S
m m b S 0

Then (E, +,.) isanear ring and N-group over itself.

P={0},L={0,s}, E <y E as NP=P,NL =L and NN =N suchthat Pc L c N.

Wehave, P+L=L+P=LP+E=E+P=EL+E=E+L=EP+P=P.

and P+L)NE=L=FnNE)+(LNE),P+E)ynL=L=CFnL)+ENL),L+E)nP=P=LnP)+(ENP), L+
PPNE=L=LNE)+(PNE), (E+P)NL=L=(EnL)+PnL),(E+L)NnP=P=(EnNP)+ (LNP).

Thus E isa DN-group and hence E is arithmetical.

Definition 3.2 If an N-subgroup A of E has the form IE for some [ < N, it is referred to be multiplication.
Definition 3.3 E is referred to as a multiplication N-group if A is multiplication VA <y E.

Example 3.2 Example of a multiplication N-group.
Let N = (E,+,.) = {0,s,b,k} be the Klein’s 4-groups under the operations given below-

. 0 S b k
0 0 0 0 0
S 0 0 S S
b 0 S k b
k 0 S b k
+ 0 S b k
0 0 S b k
S S 0 k b
b b k 0 S
k k b S 0

Then (N, +,.) is a near ring as well as N-group over itself. D = {0}, K = {0,s},E <y E. Also, D,K, N < N such that
D = DE,K = KE and E = NE. Thus E is a multiplication N-group.

Theorem 3.1 If K < N such that K € J(N) and E is multiplication N-group, then KE = 0 implies E = 0.

Proof. Let x € E. Since E is a multiplication N-group, therefore by definition of multiplication N-group, Nx = JE, for some ]
< NJ[since Nx is a principal N-subgroup]. Now, KE = 0 = JKE = 0 = KJE = 0[since N is commutative] = KNx = 0. Since
x € Nx,ax = 0Va € K = a~lax = 0[since a € K € J(N)] = x = O[since E is unitary] = E = 0.

Definition 3.4 (Ap:Ep) = {np € Np:npEp S Ap}, for any Ap <y Ep.

Definition 3.5 An I, <y Np is called an ideal of Np if xp—yp € Ip,np+xp —np € Ip,np(n’p + yp) —npn’p €
Ip, VXp,yp € Ip,np,n'p € Np.
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Definition 3.6 Ep is referred to as a multiplication N-group if for every Ap <y Ep, Ap = IpEp, for some Ip < Np.

Theorem 3.2 Every cyclic localized N-group is a localized multiplication N-group.

Proof. Let Ep be cyclic generated by ep, for some e € E. Let Ap <y Ep. Now, (Ap:Ep) = {np € Np:npEp S Ap}. So,
(Ap:Ep)Ep € Ap. Let ap € Ap € Ep = ap = npep, for some n € N. Now, for any mp € Ep we have, npmp = npn’pep, for
some n' € N =n'p(npep) [since N is commutative] = n'pap € NpAp € Ap [since Ap <N Ep]. =~ npEp S Ap =np €
(Ap:Ep) = ap € (Ap:Ep)Ep = Ap S (Ap:Ep)Ep. = Ap = (Ap:Ep)Ep. Let Xp,yp € (Ap:Ep) and np,n’p € Np. Since
Ap <y Ep, for any e€E, (Xp —yp)ep =Xpep —ypep EAp. ~ (Xp —V¥p)Ep S Ap = xp —yp € (Ap:Ep). Since N is
commutative np + xp —np = xp € (Ap: Ep) and np(n’p +yp) — npn’p = npyp. But for any e € E,(npyp)e, = (yphp)ep =
yp(npep) € ypEp € Ap. -~ npyp € (Ap: Ep). Thus (Ap:Ep) isan ideal of Np and hence Ep is a multiplication N-group.

Theorem 3.3 Every localized multiplication N-group over local N is cyclic.

Proof. Let Ep be multiplication N-group over local N. -~ Ep = [pEp, for some Ip < Np = Ep = [pEp € NpEp € Ep. =~ Ep =
NpEp. So, for any e € E,Npep € NpEp = Ep = Npep S Ep. Let ep €Ep and a€ N. Since N is local, a or 1 —a is
invertible in it. If a is invertible, then apep € NpEp = apep = nyep, for some n € N. = (sy'a)(s;'e) = (s3'n)(s;'e), for
SOme  s;,S,,53,5, €S,n EN = (5155) 1 (ae) = (s35,) 1(ne) = a~1(s;5,) " 1(ae) = a7 1(s354) " (ne) =
(s152)"H(a"1(ae)) = (s3s4) 1(a1(ne)) [since N is commutative] = (s;5;)71(e) = (s354) 1 ((@™In)e) = (s5:5,)71(e) =
(s3'(a 'n))(s;'e) = e, € Npep = Ep S Npep. Thus Ep = Npep and hence Ep is cyclic.

Theorem 3.4 Localized multiplication N-group is also multiplication N-group.

Proof. Let M’ <y S™!E = Ep. Then 3 M <y E such that M’ = S™M. Since E is a multiplication N-group, M = IE, for some
I < N. Then M’ = STI(IE) = (SS)"!(IE)[using lemma 2.1]. So, M’ = (S71I)(S71E). Also, by lemma 2.2, S71I is an ideal of
S™IN. Thus the result.

Corollary 3.1 Since Every multiplication N-group over local N is cyclic and localized N-group of a multiplication N-group is
also multiplication N-group, every localized multiplication N-group over local N is cyclic.

Theorem 3.5 If E isagenerated finitely, then E is multiplication if and only if Ep is multiplication N-group, ¥V P € Max(N).
Proof. Let E be multiplication. So, by theorem 3.4, Ep is a multiplication N-group. Conversely, let Ep be multiplication
N-group. Let X <y E. Then Xp = Ip.Ep, for some ideal Ip of Np. « Xp = ST.S7IE = (SS)"(IE) = S™I(IE) = (IE)p [since
SS = S]. So, by corollary 2.1, X = IE. Hence E is a multiplication N-group.

Theorem 3.6 If Ann(E) < P, only, P, € Max(N) such that each principal N-subgroup is an ideal and Ep, is cyclic, then Ep
is a multiplication N-group for i = 1,2 ...n.

Proof. Since Ep, iscyclic, Ep, = (Ne;)p,, Where ¢; € E, i = 1,2,3,...n. Letus choose b; € (N~ P)\P, i =j, i=12..n. Let
X <y E be cyclic and generated by x = ¥iL; bje;. Now, Ep, = (Ne;)p, = (N\P)7'E = (N\P,)"*(Ne;) = (N\P)E = Ne;
[since (N\P;)N < N] = s;e; = n;e;, for some s; € N\P;,n; € N. Let s =s;5,55...S, and s’; = ${8,S3 ... ${_1Si41 --- S _Such
that s =s;s’;. =~ sx =s(b;e; +bye, +---bye,) . Now, s(bse; +bye, +---bye,) —s(bye, + ---bpe,) € Sbyje; = sx—
s(bye, + --bpe,) = s'byeg, for some s' €S = (ss)"![sx — s(bye, + --bpey)] = (ss)"1(s'bie;) = (ss) sx — s(bye, +
«-bpep)] =s1(s'bje;)) = s71(x) — s (bye, + -byey)] = (ss)"I(s'bje;) . Since s'bje; EE,ss€S,x€ X, bye, +
--bpe, € J(N)E, therefore Ep = Xp — (J(N)E)p. Since Ann(E) € P, only, Ann(E) £ P, V P € Max(N). So, 3 s € Ann(E),
but sgP =sE=0, for se N, but s 2P = Ep, = 0[since s € N\P =S]. So, Xp = J(N)E)p = Xp = STIJ(N)E) = Xp =
(SS)"*(J(N)E)[since SS=S] = Xp = (STJ(N)).(ST'E) = Xp =]J(N)p.E,. By lemma 2.5, J(N)p < Np[since J(N) < NI.
This shows that Ep is a multiplication N-group.

Definition 3.7 E is called locally cyclic if Ep is cyclic, V P € Max(N).
Theorem 3.7 If E generated finitely on local N, then E is multiplication iff it is locally cyclic N-group.
Proof. If E is a multiplication ideal N-group which generated finitely on local N, then by theorem 3.5, Ep is multiplication

N-group, V P € Max(N). Since N is local, Ep is cyclic N-group VP € Max(N)[by theorem3.3]. So, by definition E is locally
cyclic N-group. Conversely, suppose E is locally cyclic N-group. Then Ep is cyclic, vV P € Max(N). So, Ep is multiplication
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N-group, V P € Max(N)[by theorem 3.2] and so E is multiplication [by theorem 3.5].
Definition 3.8 Every N-subgroup of E is referred to as a principal ideal N-group if it is both principal and ideal.

Theorem 3.8 If E is principal DN-group over local N and every localized DN-group over local N is Uniserial, then E is
multiplication N-group.

Proof. Since E is a principal DN-group, every N-subgroup is principal and so generated finitely. Let M <y E generated
finitely. Since by lemma 1.2, N-subgroups of a DN-group are also ideal DN-groups, M isa DN-group. .- By theorem 2.2, Mp
is a DN-group. Since N is a local, Mp is an Uniserial N-group[by hypothesis]. Since M generated finitely, Mp is also
generated finitely[by proposition 2.1]. So, for mp € M, we have, mp = n;pe;, + nzpe;, + Nzpesp + -+ + nypen,, where
njp € Np,e;p € Mp = mp € Nyeqp + Npeyp + Npegp + -+ + Npepp. Since Mp is Uniserial, so any two of its N-subgroups are
comparable, we may assume Npe;p € Nye,p € Nyesp S - € Npepp . -~ mp € Npepp = Mp € Npeyp. Since Mp s
N-subgroup and e,p € Mp, Npe,p S Mp. =~ Mp = Npe,p = My is cyclic = M is locally cyclic So, by theorem 3.7, M is a
multiplication N-group and hence E is multiplication.

Definition 3.9 A local near ring is referred to as convey if it is strongly regular.

Theorem 3.9 If E is an ideal DN-group which generated finitely over a convey N with inverse property and every ideal
DN-group over a strongly regular near ring is Bezout, then E is a multiplication N-group.

Proof. Let M <y E. Since E generated finitely, M generated finitely. Since N-subgroups of an ideal DN-group are also ideal
DN-group, M is an ideal DN-group. So, by theorem 2.2, M is also DN-group. Since M generated finitely, Mp is also
generated finitely [ by proposition 2.1]. Since N is convey, My is an ideal DN-group over a strongly regular near ring. By
hypothesis, Mp is a Bezout N-group. So, every generated finitely N-subgroup is cyclic. Since Mp generated finitely, Mp is
cyclic. So, by definition M is locally cyclic. Thus by theorem 3.7, M is a multiplication N-group. Hence E is multiplication.

Proposition 3.1 If N is an arithmetical, then ¥ Q € Max(N), ? is an Uniserial N-group.
Q
Proof. Let N be an arithmetical. Then by definition, Nq is Uniserial, v Q € Max(N). Now, to show for any sub factors (ideals

Iy
Ly SLp. Let a€Xy. Thena€ly, @ a€ly, 3 €Y, ~Xq € Yq. Thus if I, € 1,,, then Xy € Yq. Similarly, if 1, ©
I, then Yo S Xq. This shows the result

of T—S) Xq = N—‘: and Yo = Z—‘:,XQ S Yq or Yo € Xq. Since Iy, I, are ideals of the Uniserial N-group Nq, I;, €15, or

Theorem 3.10 If Eis multiplication ideal N-group which generated finitely and N is arithmetical local near ring, then E is a

DN-group.

Proof. Ep isalso multiplication N-group as E is a multiplication N-group[ by theorem 3.4]. Also, by theorem 3.3, Ep is cyclic.

So, by lemma 2.6, ? = Ep VP € Max(N). Since N is a arithmetical local, ? is an Uniserial N-group[ by proposition 3.1]. So,
P P

Ep is an Uniserial N-group = Ep isa DN-group[since Uniserial N-group is DN-group] = E is a DN-group[by theorem 2.2].

4. Conclusion

Near ring theory is a domain of Algebra with many applications. Multiplication N-groups have a wide range to study. By this
work this structure will become familiar in near ring theory. This study describes the Uniserial N-groups, Bezout N-groups,
multiplication N-groups and their relations under certain conditions. Although, these works will not study their direct application
and societal benefit, other science communities may use these structures for their different works.
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