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Abstract - For a graph ¢ = (V, E), the minimum equitable eccentric dominating energy Mq.q(G) is the sum of the eigen
values obtained from the minimum equitable eccentric dominating n X n matrix M,g.4(G) = (m;;). In this paper, Mqeq(G)
of standard graphs are computed. Properties, upper and lower bounds for Ml.,.,(G) are established.
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1. Introduction

In 1978 I. Gutman[1] introduced energy of a graph. Inspired by Gutman many authors have explored different types of
energy in graph theory. M. R. Rajesh Kanna et al[2] found the minimum dominating energy of a graph. For agraph ¢ = (V, E),
let A = (a;;) be the minimum dominating matrix defined by

1, lf 'Uivj € E,
(a;;) ={1,if i = jand v; € D,
0, otherwise

and 44,4,, ... 4, are the eigen values of A. The minimum dominating energy E,(G) = X7~ |4;|. Eccentric domination was
introduced by T. N. Janakiraman et al[3] in 2010. For a graph G = (V,E), aset S € V is said to be a dominating set, if every
vertex in V' — S is adjacent to some vertex in S. The eccentricity e(v) of v is the distance to a vertex farthest from v. Thus,
e(v) = max {d(u,v):u € V}. For a vertex v, each vertex at a distance e(v) from v is an eccentric vertex. Eccentric set of a
vertex v is defined as E(v) = {u € V/d(u,v) = e(v)}. Aset D € V(G) is an eccentric dominating set if D is a dominating set
of G and for every v € V — D, there exists at least one eccentric vertex of v in D. An eccentric dominating set with minimum
cardinality is called a minimum eccentric dominating set. The eccentric domination number y,,(G) of a graph G equals the
minimum cardinality of an eccentric dominating set. Swaminathan et al[4] introduced equitable domination number in graphs.
Riyaz Ur Rehman A and A Mohamed Ismayil[5] introduced equitable eccentric domination in graphs. An eccentric dominating
set S € V(G) is called an equitable eccentric dominating set(EQED-set) if for every v € V — S there exist at least one vertex
u € Ssuchthatvu € E(G) and |[d(v) —d(w)| < 1.

An equitable eccentric dominating set S is called a minimal equitable eccentric dominating set if no proper subset of S is
equitable eccentric dominating set. The equitable eccentric domination number y,,.4(G) of a graph G is the minimum
cardinality among the minimal equitable eccentric dominating sets of G. Inspired by Kanna et al we introduce minimum
equitable eccentric dominating energy E.,.q(G) of graphs. In this paper we find E.,.,(G) of standard graphs.

2. The Minimum Equitable Eccentric Dominating Energy-Eegea(G)

In this section, the minimum equitable eccentric dominating matrix and its energy are defined. Minimum
equitable eccentric dominating energy of some standard graphs are obtained.

Definition 2.1: Let = (V, E) be a simple graph where V(G) = {v,, v, ... v,,/n € N} is the set of vertices and E is the set of
edges. Let D be a minimum equitable eccentric dominating set of G then the minimum equitable eccentric dominating matrix
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of G isan x n defined by M,q.4(G) = (m;;), where

1,if | deg(v;) — deg (vj)| < 1, (vi,vj) € E(G) and v; € E(vj) or vj € E(v),
(my) = Lifi=jandv; €D,
0, otherwise

Definition 2.2: The characteristic polynomial of M4 (G) is defined by G,,(G, 1) = det (M,qeq(G) — PI).

Definition 2.3: The minimum equitable eccentric dominating eigen values of G are the eigen values of M., (G). Since
Ml,q.4(G) is symmetric and real, the eigen values are real. We label the eigen values in non-increasing order y; > ¥, >
>,

Definition 2.4: The minimum equitable eccentric dominating energy of G is defined by E.;.4(G) = Y11 [l
Remark 2.1: The trace of Ml.,.4(G)=Equitable eccentric domination number.

Example 2.1:
(O]

on Vs

Figure 2.1. House X graph

Vertex | Eccentricity e(v) Eccentric vertex E(v)
2 2 Uy, Vs
v, 1 Vyq, V3, Vs, Vs
Vs 1 Uy, Uy, Uy, Vs
Uy 2 vy
Vg 2 vy

The minimum equitable eccentric dominating sets of an "House X graph’ are D; = {v;,v,}, D, = {v;,v3}, D3 = {v;,v,} and
Dy = {vy, vs}.
1. D; = {vy,v,},

Meqed (G) =

OO O OF
[ Y =
mm O RO
OO R RO
OO = = O

The characteristic polynomial G, (G, ) = —¢° + 2y* + 493 — 3% — 2.

Minimum equitable eccentric dominating eigen values are 1, =~ 2.9354, ¥, =~ 1, Y3 = 0, P, = -0.4626, s ~-1.4728.
Minimum equitable eccentric dominating energy E4.4(G) = 5.8708.

2. Dz = {171, 173},

Meqed (G) =

OO O O
Y N =X=)
= = =]
OO R RO
OO = = O
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The characteristic polynomial G,(G,¥) = —¢° + 2y* + 43 — 3% — 2.
Minimum equitable eccentric dominating eigen values are ; = 2.9354, ¢y, = 1, Y53 = 0, Y, = -0.4626, Y5 ~-1.4728.
Minimum equitable eccentric dominating energy E,.4(G) ~ 5.8708.

3. D3 = {UI’ 174},
1 0 0 0O
(0 0 1 1 1\|
Megea(@ =0 1 0 1 1
01 110
01100

The characteristic polynomial G, (G, ) = —¢° + 2y* + 43 — 4% — 3y + 2.

Minimum equitable eccentric dominating eigen values are iy, = 2.8136, ¥, = 0.5293, Y5 = 1, Y, = -1, s =~-1.3429.
Minimum equitable eccentric dominating energy Eq.4(G) =~ 6.6858.

4. D4 = {vl’ 1.75},

Meqed @) =

co o or
Rk R oo
PR O RO
oo R RO
RO R RO

The characteristic polynomial G, (G, ) = —¢5 + 2y* + 43 — 4p? — 3y + 2.
Minimum equitable eccentric dominating eigen values are i, = 2.8136, ¥, = 0.5293, Y5 = 1, Y, = -1, s =~-1.3429.
Minimum equitable eccentric dominating energy E.,.q4(G) = 6.6858.

Observation 2.1: The energy of "House X’ graph G varies for different minimum equitable eccentric dominating sets.
For the set Dy, Dy, Egqeq(G) = 5.8708,

For the set D3, Dy, Egqeq(G) = 6.6858.

Remark 2.2: The minimum equitable eccentric dominating energy depends on the minimum equitable eccentric dominating
set.

Theorem 2.1: For a complete graph K,, where n > 2 the minimum equitable eccentric dominating energy of a complete
- —1)2 —1)— —1)2
graph Eeqed(Kn) _ (n—2) + (n 1)+\/§n 1)2+4 + (n-1) \/én 1) +4.

Proof: Let K, be a complete graph with the vertex set V = {v;, v,, ... v, }. The minimum equitable eccentric dominating set is
D = {v,} then

1 1 1 1 1 1
1 0 1 1 1 1
1 1 0 1 1 1
Meqed(Kn): : :
1 1 1 0 1 1
1 1 1 1 0 1
1 1 1 1 1 0 pn
The characteristic equation is G, (K, ) = det (M¢geq (Ky) — Y1).
1-y 1 1 111
1 -y 1 11 1
1 1 —y 11 1
11 1 -y 1 1
11 1 1 -y 1
11 1 1 1 -y

The characteristic equation is G, (G, ) = (=1D)"2(y + D" 2(Y? — (n — Dy — 1).
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The minimum equitable eccentric dominating eigen values are
Y =—1(n— 2times),
— —1)2
l,b _ (n 1)+\/;n 1)2+4 and
W= (n-1)—y(n—-1)2+4
—_—
The minimum equitable eccentric dominating energy of the complete graph K,, is given by

mn-1D+yn-12+4 mn-1D-yn-12%2+4
2 2 '

(n-1)+/(n-1)2+4

2

IE:eqed (Kn) = |(—1)|(Tl - 2) + +

+

(n-1)—J(n-1)2+4
2

IE:eqed (Kn) =(n-2)+

Theorem 2.2: For cocktail party where n > 4 and crown graph G where n = 6, the minimum equitable eccentric dominating
energy Eeqeq(G) = 7.
Proof: Let G be a graph with the vertex set V = {v,, v,. ... v,,}. The minimum equitable eccentric dominating set is D =

{v, vy, ..o}, |D| = gthen
2

1 0 O 0 0 O
0 1 0 0 0 O
0 0 1 0 0 O
Meqed(6)= : :
0 0 O 0 0 O
0 0 O 0 0 O
0 0 0 0 0 0/
The characteristic equation is G, (K, ) = det (M4¢4(G) — YI).

1-y 0 0 0 0 0
0o 1-y 0 - 0 00
0 0 1-vy 0 00

0 0 0 - 0 0
0 0 O - 0 =y 0
0 0 O 0 0o -y

The characteristic equation is G,,(K,,, ¥) = (¥? — ¢ — 1)z.
The minimum equitable eccentric dominating eigen values are
Y =0and
Yp=1 (% times).
The minimum equitable eccentric dominating energy of the cocktail party and crown graph G is given by
Eeqed(G) = |1 12_1 = g

3. Properties of Minimum Equitable Eccentric Dominating Eigen Values
In this section we discuss the properties of eigen values of M,q.,(G) for complete, crown and cocktail party graphs.
Bounds for minimum equitable eccentric dominating energy of some standard graphs are obtained.

Theorem 3.1: Let D be a minimum equitable eccentric dominating set and 1;, 5, ... {,, are the eigen values of minimum
equitable eccentric dominating matrix M,4.4(G) then

1. For any graph G, X7, ¢; = |D|,

2. For a complete graph K,, where n > 2, ¥, 9? = |D| + (n)(n — 1),

3. For a crown and cocktail party graph G, ¥, ¥Z = |D|.

Proof:

1. We know that the sum of eigen values of M4, (G) is the trace of M4 (G).

L =X ymy = D]

11
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2. Similarly, for a complete graph K,, sum of square of eigen values of M, (K,) is trace of [Meqed (1’(’,1)]2
Now Y7, o7 = Xi, X7, myymy;
N (my)? + Diwj MMy
Ll =X (my)? + 2 Zi<j(mij)2
i =D+ mnh -1
[since for a complete graph K,,, 2 Zi<j(mij)2 =m)m-1)]
3. Similarly, for a crown and cocktail party graph G sum of square of eigen values of M4 (G) is trace of [Meqed (G)]2
NOWZ L WP =X X mymy;
=N (my)? + Diwj MMy
Ll =X (my)? + 2 Zi<j(mij)2
yi=IDl+0
[since for a crown and cocktail party graph G, 2 ZK]-(mij)z =0

Theorem 3.2: For a complete graph K,, where n > 1, if D be the minimum equitable eccentric dominating set and W =
| det det Mygeq (K, | then {/ID] + n(n — 1) + n(n — YW/ < E,peq(Ky) < J/n(n(n—1) + D).
Proof: By Cauchy schwarz inequality (3™, g;h)? < &, 9>, h?). If g; = 1 and h; = ; then
Qi 1 I)2 < Qi 1)(2 YD)
(Eeqed(G)) < Tl(lDl + Tl(Tl - 1))
= ]Eeqed(G) < \/Tl(lDl + Tl(Tl - 1))
Since the arithmetic mean is not smaller than geometric mean we have

- o S il 2 A
z#,mllw,l = [T ;2= ”]"(" R
il = (T, 1l
S|y | =0T 11/»]%
s ] = |det Megeq (6] =

Siw il [ 1] = n(n — YW

n(n 1)

n(n 1)

n(n 1)

Now consider
(Eeqed(Kn)) = Ckaly:?
(Begea(K))" = (CIoalhiD)? + Siwj il [ 2
(Eeqea(Kn))” = (ID] +n(n + 1)) + n(n— HWa

Eugea(Ky) 2 (D] +nn — 1) + n(n — DWA

Theorem 3.3: For a crown graph G where n = 6 and cocktail party graph G where n > 4, if D be the minimum equitable
eccentric dominating set and W = | det M4.4(G) | then J|D| +n(n—1)W?2M™ < Eupeq(G) < /n(ID]).
Proof: The proof follows on the similar lines of theorem-3.2.

Theorem 3.4: If 1, (G) is the largest minimum equitable eccentric dominating eigen value of M., (G) then
[D|+n(n-1)

1. For a complete graph K,,, ¥, (K,,) =2 ——,

n
2. For a crown and cocktail party G, ¥,(G) = — 'Dl
Proof:

T
1. Let Y be a non-zero vector, then by ref.[7], we have i, (Meqed (G)) =P Y Meqea(©¥

YTy

12
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UTMeqed(G)U __Ipl+n(n-1)

lpl (Meqed (G)) = vTu
2. Let Y be a non-zero vector, then by ref.[7], we have i, (Meqed (G)) =vug

T
P, (Meqed (G)) > U Meqea@U _ Dl here 1 is the unit matrix.

uTu n

where U is the unit matrix.

YTy

YTMeqed(G)Y

Characteristic equation G,,(G, ), Roots (G) and Energy E.g.q(G) of Minimum EQED sets of various standard

graphs are tabulated.

Graph Figure Minimum Characteristic Roots ¥ (G) Energy
EQED set equation Eeqea(G)
9.(G.Y)
Paw graph {vy,v3}, Pt — 293 - P, = 1.8019, 4.4939
V1 PYr43p—1. | P, =1,
5 = 0.445,
U2 Vs W, = —1.247.
(07}
Pt =29 - Y, =2,
{UZ,U3}, 1:[}2 + 2111} 1!12 = 1' 4
l,b3 = 0'
. =—1.
{v3, 1,4} Yt — 293 — Y, = 1.8019, 4.4939
P2 43P—1. | P =1,
s = 0.445,
P, = —1.247.
Bull graph {vltUZ' U3}, _ll)s + 31/)4 lpl = 1! 3
= 3% + 92 Y =1,
Y =1,
Y, = 0.
—° + 3y* Y, =1,
{171,172,174}, - 31/)3 + 1/12- l/)2 = 1' 3
Y =1,
Y, = 0.
{vi, vz, v3} —° + 3yp* Y =1, 3
—3y3 + Y2 Y, =1,
1/)3 =1
Yy =

13
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Graph Figure Minimum Characteristic Roots Y (G) Energy
EQED set equation G,,(G, ) Eegea(@)
Fork {v1,v2,v3, 14}, —° + 4* — 693 Y, =1, 4
graph + 4% — . P, =1,
U1 Y3 =1,
71[}4 = 1r
Ps = 0.
U2 U3 {v1, V2,4, v5}, Y, =1, 4
—P° + 4yt — 6p° Y, =1,
+ 41!)2 - lp. l/J3 = 1;
Uy U5 =1,
’ Y5 = 0.
{vl' V3, Vg, 175}. —IPS + 41/’4 - 61,[}3 1,[}1 =1, 4
+ 41!)2 — I,D 1,[}2 =1,
Y3 =1,
1»04 =1,
1,05 = 0
(312)' {171, 174}, —1/)5 + 2¢4 - 1,03- l»Dl = 1! 2
Tadpole Y, =1,
graph Y3 =0.
{vy, vs}. _ws + 21,04 - ¢3- Y, =1, 2
Y, =1,
ll}3 = 0
House {va, v, - + 2¢* — 3, P, =1, 2
graph U1 P, =1,
¢3 = 0.
Vo U3 {vs, vs}. —> + 29* — 2. Y =1, 2
1/)2 = 1'
1/)3 = 0
Vg Us
Gem {vy,v,}. —5 + 2yt — B P, =2, 4
graph — 2% P, =1,
(O} Uo 1[}3 =0,
Yy = -1

14
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Graph Figure Minimum Characteristic Roots ¥ (G) Energy
EQED set equation Eeqea(@)
G:(G,Y)
Dart graph {vy, v, }. -5 + 2yt P, = 1.618, 3.236
- lpz' 1p2 = 1'
1p3 = 0'
Y, = —0.618.
CriCket {vli V3, Vg, US}! —1/)5 + 41104 lpl = 1; 4
graph — 63 + 4? Y, =1,

v Vo —. Y3 =1,
Il}4 = 1!
_ - Ys = 0.

Vs i Us
{va, v3, 14, vs}. _1/)5 + 41p* Y, =1, 4
— 61,03 + 4-1,02 Y, =1,
— . Py =1,
lp4 =1,
Ys =0
Cross {v1,v5, V3,04, Vs}, | P® — 5° P, =1, 5
+ 10y* P, =1,
— 1093 + 5y Y3 =1,
- 1/) Il}4 =1
Ys =1,
Pe=0
P° —59° Y =1
{v1, V2,03, Vs, V6}. | + 109" P, =1, 5
— 1093 + 512 Y3 =1,
- 1/) 1/}4 - 1r
Ys =1,
Yo =0
Net graph {v1, V5,13,V }, Yo — 4y P, =1, 4
+ 61/’4 Y, =1,
— 4 + 2. Y3 =1,
1/}4 =14
Ys =0
{v1,v2,v4,v6}- Yo — 4y® Y =1, 4
+ 61/14 Y, =1,
— 4 + 2. Y =1,
lp4 = 1!
Ps = 0.

15
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Graph Figure Minimum Characteristic Roots Y (G) Energy
EQED set equation Eeqea(@)
6.(G, )
{v2,v3, 1}, 1/)6 - 31!’5 Y, =1, 3
+ 3yt — ¢ Y, =1,
Y3 =1,
Y, = 0.
Fish graph
e = 3y° Y =1,
{vs, v, vs5}. + 3yY* —y3. Y, =1, 3
1p3 = 1'
Y, = 0.
(U
R graph {v,, V3, Vs, Vg ). P® — 45 + P, =1, 4
(] Uy 6yt — 43 + Y, =1,
P2, Y3 =1,
Y,=1,
V3 Uy Ps = 0.
)
Us Vs
3-prism {vy,v,}, Yo — 2y5 + Pt P, =1, 2
graph Y =1,
! PYs; = 0.
{vs, vs}, Yo — 295 + Pt Y, =1, 2
Y, =1,
Y3 =0.
{vs, v6}. Yo — 295 + Pt Y, =1, 2
lpZ = 1'
Y5 = 0.

4. Conclusion

In this paper we define the minimum equitable eccentric dominating energy of the graph and their properties are discussed.

Minimum equitable eccentric dominating energy for family of graphs are determined and their bounds are calculated.
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