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Abstract - In this work, we investigate an anisotropic and homogeneous Bianchi Type-I universe filled with Dark Matter 

(DM) and Dark Energy (DE) in the framework of Einstein’s theory of Relativity. We choose an interaction between DM and 

DE with the interacting term,𝑄 = 3𝐻𝛾𝜌𝑚, by considering Tsallis generalized entropy. The exact solutions of the field 

equations are obtained by using the laws of the Hubble parameter proposed by Berman [1]. The EoS parameter of Tsallis 

Holographic DE (THDE) is explaining the evolution of the universe as The EoS parameter is Phantom like, Quintessence 

like and approaches to ΛCDM model. The EoS parameter, Anisotropy Parameter, Deceleration parameter, Total Energy 

Density parameter are explained by graphical representation in both models. The results, we obtained are consistent with 

the observational data. 

Keywords - Tsallis holographic dark energy, Bianchi-I Universe, Constant deceleration parameter, General relativity.  

 

1. Introduction 
One of the most prevalent problems in cosmology is to explain the accelerated expansion of the universe, until the late 

1990s, it was believed that the expansion of the universe was decelerating. Observations of Type Ia Supernovae, Cosmic 

Microwave Background, Large Scale Structure [2-3] Suggested that the Universe is accelerating. Dark energy (DE) with 

high negative pressure is the primary component of the acceleration of the universe [3-5]. Dark matter (DM) and DE stand 

between the mysteries of the scientific arena today, DM represents approximately 25 % of the total energy density of the 

Universe. The cosmologist [6-7] suggest that DE occupies 73% of the Universe, DM occupies 23%, whereas 4% is baryonic 

matter.  

 

In order to describe late time acceleration, two approaches were recommended: i) To construct various DE candidates 

and ii) to modify Einstein's theory of gravitation. Among the numerous alterations of theories Brans–Dicke (BD), Saez–

Ballester (SB), scalar tensor theories play important role in study of DE, there are interesting reviews on modified theories 

and DE models such as quintessence, Phantom, Quintom, Tachon, K-Essence, Chaplygin gas and modified Chaplygin gas 

models [8-11].  

 

Amongst various DE candidates, the Holographic (HDE) and new agegraphic DE, Tsallis Holographic DE (THDE) are 

studied, among the many different approaches to describe the dark cosmological sector, so called HDE, it is another possible 

candidate which emerges from the famous holographic principle proposed to explain the thermodynamics of black hole 

physics, many researchers actively research on HDE such as [12-16].  

 

Later, several researchers proposed different IR cutoffs, which caused some new cosmological problems, Tsallis and 

Cirto proposed a new HDE model in 2013 called as Tsallis HDE (THDE), The properties of THDE were proposed using IR 

cutoffs such as the particle horizon, Ricci horizon, and Granda-Oliveros cutoffs, which were inspired by Tsallis generalized 

entropy formalism [17]. It is discovered that the THDE model with a particle horizon as an IR cutoff explains the universe's 

current accelerated expansion and predict the age of the universe, THDE is a particular example of generalized Nojiri–

Odintsov HDE [18]. In the THDE model by using Tsallis generalized entropy, 𝑠𝛿 = 𝛾𝐴𝛿 where 𝛾 is an unknown constant 

and 𝛿 is a non-additive parameter [19] thus, the energy density of the THDE can be obtained as 𝜌𝑇 = 𝐶𝐿2𝛿−4, where 𝐶 is an 

unknown parameter, if the Hubble horizon is used as the IR cutoff 𝐿 = 𝐻−1 then the energy density of the THDE is obtained 

as 𝜌𝑇 = 𝐶𝐻−2𝛿+4.  

 

Recently, Koussour and Bennai have studied “Interacting Tsallis holographic dark energy and tachyon scalar field dark 

energy model in Bianchi type-II Universe” [20], Santhi, M. et al., have studied “Marder space-time with Tsallis holographic 

dark energy model” [21], Pandey, et al., have studied “Phantom model for Tsallis holographic dark energy” [22]. 

http://www.internationaljournalssrg.org/
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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Motivating to above investigations, in this work we have considered spatially homogeneous and anisotropic Bianchi 

Type-I Universe with a THDE model in the framework of Einstein’s theory of Relativity. We choose an interaction between 

DM and DE, the interaction term can be taken as, 𝑄 = 3𝛾𝐻𝜌𝑚, where 𝛾is coupling parameter. Solutions of the field equations 

are obtained by considering special laws of the Hubble parameter yields a constant value of the deceleration parameter 

proposed by [1].  The geometrical and physical aspects of the model are studied in details. 

 

2. Metric and Field Equation 
The Metric for axially symmetric Bianchi-I space time is described as 

                              𝑑𝑠2 = 𝑑𝑡2 − 𝐴2𝑑𝑥2 − 𝐵2(𝑑𝑦2 + 𝑑𝑧2)                                      (2.1)  

where 𝐴and𝐵 are the cosmic scale factor. 

The Einstein’s field equation in natural limit (8𝜋𝐺 = 𝑐 = 1) are given as  

                             𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 = −(𝑇𝑖𝑗 + 𝑇̄𝑖𝑗)                                    (2.2) 

where 𝑅𝑖𝑗is the Ricci tensor, 𝑅is the Ricci scalar and 𝑔𝑖𝑗is the metric tensor. 𝑇𝑖𝑗𝑎𝑛𝑑𝑇̄𝑖𝑗are the energy momentum tensors of 

DM and THDE, respectively. 

 

The energy momentum tensors are given as 

                                                    𝑇𝑖𝑗 = 𝜌𝑚𝑢𝑖𝑢𝑗                                   (2.3) 

and 

                                               𝑇̄𝑖𝑗 = (𝜌𝑇 + 𝑝𝑇)𝑢𝑖𝑢𝑗 − 𝑔𝑖𝑗𝑝𝑇                                    (2.4) 

 where 𝜌𝑚, 𝜌𝑇and𝑝𝑇are the energy density of DM, energy density of THDE and pressure of the THDE respectively. 

The THDE density with the Hubble horizon as the IR cutoff is [46, 64,65]. 

                                                     𝜌𝑇 = 𝐶𝐻−2𝛿+4                                      (2.5) 

 where 𝐶is an unknown parameter, 𝐻 is the Hubble parameter and 𝛿is a free parameter. If 𝛿 = 1THDE reduces to HDE 

and for𝛿 = 2, DE behave like Cosmological Constant. 

 

In co-moving coordinate systems, the Einstein’s field equations (2.2) for the metric (2.1) with the help of Eqs. (2.3) - 

(2.4) can be written as 

 

                          2
𝐵̈

𝐵
+ (

𝐵̇

𝐵
)

2

= −𝑝𝑇                                     (2.6) 

                          
𝐴̈

𝐴
+

𝐵̈

𝐵
+

𝐴̇𝐵̇

𝐴𝐵
= −𝑝𝑇                                    (2.7) 

                        (
𝐵̇

𝐵
)

2

+ 2
𝐴̇𝐵̇

𝐴𝐵
= 𝜌𝑚 + 𝜌𝑇                                    (2.8) 

where an overhead dot (.) represent derivative with respect to time 𝑡. 

 

The energy conservation law 𝑇;𝑗
𝑖𝑗

= 0, gives the continuity equation as 

 

                        𝜌̇𝑚 + 𝜌̇𝑇 + 3𝐻(𝜌𝑚 + 𝜌𝑇 + 𝑝𝑇) = 0                                   (2.9) 

 

In the interacting model, we consider that DE interacts with DM with interaction term𝑄, then the continuity equation 

becomes 

 

                                              𝜌̇𝑚 + 3𝐻𝜌𝑚 = 𝑄                                  (2.10) 

 

                                            𝜌̇𝑇 + 3𝐻(𝜌𝑇 + 𝑝𝑇) = −𝑄                                  (2.11) 
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Here, 𝑄 indicates the interaction term explaining energy flow between the DE and DM. There are usual options for the 

interaction term 𝑄 such as 3𝐻(𝛾1𝜌𝑇 + 𝛾2𝜌𝑚), here 𝛾1, 𝛾2are the coupling constant, a single coupling constant can be used 

as 𝑄1 = 3𝐻𝛾𝜌𝑇 , 2 3 ,mQ H= 𝑄3 = 3𝐻𝛾(𝜌𝑇 + 𝜌𝑚) [28, 66-67].  

 

In this work, for linear interaction we choose 𝑄 = 3𝛾𝐻𝜌𝑚, where 𝛾is the coupling parameter between DM and DE, if 

we take 𝛾 = 0we obtain the non-interacting model.  

 

Using Eq. (2.5) in (2.11), The EoS parameter of THDE is obtained as 

 

                                   𝜔𝑇 =
𝑝𝑇

𝜌𝑇
= −1 +

(2𝛿−4)𝐻̇

3𝐻2 − 𝛾
𝜌𝑚

𝜌𝑇
                                      (2.12) 

 

The Directional Hubble Parameter in the direction of 𝑥, 𝑦𝑎𝑛𝑑𝑧 respectively, and Average Hubble parameter is defined as 

                                    𝐻1 =
𝐴̇

𝐴
, 𝐻2 =

𝐵̇

𝐵
= 𝐻3                                      (2.13) 

                                   𝐻 =
1

3

𝑉̇

𝑉
=

1

3
(𝐻1 + 2𝐻2)                                      (2.14) 

The special Volume 𝑉 and Average Scale factor 𝑎 is defined as 

                          𝑉 = 𝑎3 = 𝐴𝐵2, 𝑎 = (𝐴𝐵2)
1

3                                     (2.15) 

The deceleration parameter 𝑞(𝑡) is defined by  

                                      𝑞 = −
𝑎𝑎̈

𝑎̇2                                     (2.16) 

 

The mean anisotropy parameter of expansion𝐴𝑚, the expansion scalar𝜃 and the shear scalar 𝜎2are defined for the metric as 

  

                          

𝐴𝑚 =
1

3
∑ (

𝐻𝑖−𝐻

𝐻
)3

𝑖=1

2

                                    (2.17)  

 

                         𝜃 =
𝐴̇

𝐴
+ 2

𝐵̇

𝐵
= 3𝐻                                    (2.18) 

 

                       𝜎2 =
1

2
[(

𝐴̇

𝐴
)

2

+ 2 (
𝐵̇

𝐵
)

2

] −
𝜃2

6
                                     (2.19) 

 

From the Eqs. (2.3) - (2.4), the cosmic scale factor can be written as 

 

                                                    A=F2
2𝑎 𝑒𝑥𝑝(2𝐹3 ∫ 𝑎−3 𝑑𝑡)                                      (2.20) 

 

B=F2
−1𝑎 𝑒𝑥𝑝(−𝐹3 ∫ 𝑎−3 𝑑𝑡)                                      (2.21)  

 

where 𝐹1, 𝐹2𝑎𝑛𝑑𝐹3are constant such that 3𝐹3 = 𝐹1 

 

3. Cosmological Solutions of the Model 
In order to obtain the exact solutions of the field Eqs. (2.6) -(2.6) and cosmic scale factor𝐴and𝐵 , we assume the special 

law of variation for the Hubble parameter which yields the constant value of the deceleration parameter [1]. According to 

this law the variation of the mean Hubble parameter is given by 

                                                            𝐻 = 𝑘 𝑎−𝑚                                          (3.1) 

where 𝑘 > 0 and 𝑚 ≥ 0.  

Here we obtain the cosmological models I) Model for 𝑚 = 0and II) Model for 𝑚 ≠ 0. 

 

3.1.  Model for 𝒎 = 𝟎 [Exponential Volumetric Expansion Model] 

For𝑚 = 0, Equ. (3.1) gives the volume scale factor as 

 

                                                         𝑉 = 𝑐1𝑒3𝑘𝑡                                       (3.2)  

 

where 𝑐1 > 0 is a constant of integration.  
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Using Eq. (3.2) in Eqs. (2.20) -(2.21), we obtain the exact values of scale factors as 

                                      A=F2
2𝑐1

1/3
𝑒𝑥𝑝 (𝑘𝑡 −

2𝐹3

3𝑘𝑐1
𝑒−3𝑘𝑡)                                      (3.3) 

                                     B=F2
−1𝑐1

1/3
𝑒𝑥𝑝 (𝑘𝑡 +

2𝐹3

3𝑘𝑐1
𝑒−3𝑘𝑡)                                      (3.4) 

The mean Hubble parameter𝐻, deceleration parameter 𝑞 and mean anisotropy parameter of expansion 𝐴𝑚 for the model are 

respectively given by    

                                                     𝐻 = 𝑘                                      (3.5) 

                                                    𝑞 = −1                                      (3.6) 

                                                  𝐴𝑚 =
2𝐹3

2𝑒−6𝑘𝑡

𝑘2𝑐1
2                                     (3.7)  

The expansion scalar and the shear scalar are obtained respectively as 

                                                  𝜃 = 3𝐻 = 3𝑘                                  (3.8) 

                                                𝜎2 =
3𝐹3

2𝑒−6𝑘𝑡

𝑐1
2                                    (3.9) 

Using Eq. (3.5) in Eq. (2.5), we get the energy density of THDE as 

                                    

              𝜌𝑇 = 𝐶(𝐾)−2𝛿+4                                 (3.10) 

 

Using Eq. (3.5) in Eq. (2.10), we get the energy density of DM as 

                                                𝜌𝑚 =
𝑐2

𝑒3𝑘(1−𝛾)𝑡                                (3.11) 

where 𝑐2 > 0is constant of integration.  

 

The matter density parameter (𝛺𝑚)and THDE density parameter (𝛺𝑇)is given as 

 

                               𝛺𝑚 =
𝜌𝑚

3𝐻2 =
𝑐2

3𝑘2𝑒3𝑘(1−𝛾)𝑡                             (3.12) 

 

                                       𝛺𝑇 =
𝜌𝑇

3𝐻2 =
𝐶(𝑘)−2𝛿+2

3
                             (3.13) 

 

The overall density parameter obtained by using Eqs. (3.12) and (3.13) 

 

                                 𝛺 = 𝛺𝑚 + 𝛺𝑇 =
𝑐2

3𝑘2𝑒3𝑘(1−𝛾)𝑡 +
𝐶(𝑘)−2𝛿+2

3
                            (3.14) 

 

Using Eqs. (3.5), (3.10) and (3.11) in Eq. (2.12), the EoS parameter of THDE is given by 

                                    

         𝜔𝑇 = −1 − 𝛾 [
𝑐2(𝑘)2𝛿−4

𝐶𝑒3𝑘(1−𝛾)𝑡]                                (3.13) 

3.2. Model for 𝒎 ≠ 𝟎 [Power-law Volumetric Expansion Model] 

For 𝑚 ≠ 0, Eq. (3.1) gives the volume scale factor as 

                                                 𝑉 = (𝑚𝑘𝑡 + 𝑐3)3/𝑚                              (3.14)  

where 𝑐3 > 0 is a constant of integration.  

Using Eq. (3.14) in Eqs. (2.20) - (2.21), we obtain the exact values of scale factors as 

                       A=F2
2(𝑚𝑘𝑡 + 𝑐3)1/𝑚 𝑒𝑥𝑝 (

2𝐹3

𝑘(𝑚−3)
(𝑚𝑘𝑡 + 𝑐3)

𝑚−3

𝑚 )                                (3.15) 

                     B=F2
−1(𝑚𝑘𝑡 + 𝑐3)1/𝑚 𝑒𝑥𝑝 (

−𝐹3

𝑘(𝑚−3)
(𝑚𝑘𝑡 + 𝑐3)

𝑚−3

𝑚 )                                 (3.16) 

The mean Hubble parameter𝐻, deceleration parameter 𝑞 and mean anisotropy parameter of expansion 𝐴𝑚 for the model 

respectively given as  
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                                                    𝐻 = 𝑘(𝑚𝑘𝑡 + 𝑐3)−1                                (3.17) 

 

                                                   𝑞 = 𝑚 − 1                               (3.18) 

 

                                                 𝐴𝑚 =
2𝐹3

2(𝑚𝑘𝑡+𝑐3)
2(𝑚−3)

𝑚

𝑘2                               (3.19) 

 

The expansion scalar and the shear scalar are obtaining respectively as 

                                                  𝜃 = 3𝐻 = 3𝑘(𝑚𝑘𝑡 + 𝑐3)−1                             (3.20) 

 

                                                  𝜎2 = 3𝐹3
2(𝑚𝑘𝑡 + 𝑐3)−6/𝑚                             (3.21) 

 

Using Eq. (3.17) in Eq. (2.5), we obtain an energy density of THDE as 

 

                                                 𝜌𝑇 =
𝐶(𝑚𝑘𝑡+𝑐3)2𝛿−4

𝑘2𝛿−4                               (3.22) 

Using Eq. (3.17) in Eq. (2.10), we obtain an energy density of DM as 

                                                  𝜌𝑚 =
𝑐4

(𝑚𝑘𝑡+𝑐3)
3(1−𝛾)

𝑚

                               (3.23) 

where 𝑐4 > 0is constant of integration.  

 

The matter density parameter (𝛺𝑚)and THDE density parameter (𝛺𝑇)is given as 

 

                                  𝛺𝑚 =
𝜌𝑚

3𝐻2 =
𝑐4

3𝑘2(𝑚𝑘𝑡+𝑐3)
3(1−𝛾)

𝑚 −2
                               (3.24) 

 

                                 𝛺𝑇 =
𝜌𝑇

3𝐻2 =
𝐶(𝑚𝑘𝑡+𝑐3)2𝛿−2

3𝑘2𝛿−2                                  (3.25) 

 

The overall density parameter obtained by using Eqs. (3.24) and (3.25) 

 

                  𝛺 = 𝛺𝑚 + 𝛺𝑇 =
𝑐4

3𝑘2(𝑚𝑘𝑡+𝑐3)
3(1−𝛾)

𝑚
−2

+
𝐶(𝑚𝑘𝑡+𝑐3)2𝛿−2

3𝑘2𝛿−2                                (3.26) 

 

Using Eqs. (3.17), (3.22) and (3.23) in Eq. (2.12), the EoS parameter of THDE is given by 

 

              𝜔𝑇 = −1 −
(2𝛿−4)𝑚

3
− 𝛾 [

𝑐4(𝑘)2𝛿−4(𝑚𝑘𝑡+𝑐3)4−2𝛿

𝐶(𝑚𝑘𝑡+𝑐3)3(1−𝛾)/𝑚 ]                               (3.27) 

4. Discussion 
The physical and geometrical behaviours of the cosmological model are as follow 

 

4.1. The Deceleration Parameter (𝒒) 

 

0.5 1 1.5 2 2.5 3

-3

-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

2.5

3

t

q

________ Exponential Volumentric Expansion Model m=0

________ Power Law Volumentric Expansion Model m=1/2

________Power Law Volumentric Expansion Model m=3/2

t

q

 
Fig. 1  The variation of q vs. time t 
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In the evolution of universe deceleration parameter play an important role, Astronomical observations of SNIa and CMB 

indicate that the current Universe is in a phase of accelerated expansion and the value of the deceleration parameter lies in 

between−1 ≤ 𝑞 < 0.  

 

From the equation (3.18), it is observed that the deceleration parameter 𝑞 is negative for 𝑚 = 0and for0 < 𝑚 < 1. This 

indicates that the universe is accelerating as shown in fig. (1). 

 

In other words, the sign of 𝑞 indicates whether the model accelerates or not. The positive sign of q (for𝑚 > 1) 

corresponds to the deceleration of the universe, whereas the negative sign −1 ≤ 𝑞 < 0 for 0 ≤ 𝑚 < 1indicating inflation of 

the universe and for 𝑚 = 1gives 𝑞 = 0 corresponds to expansion with constant velocity i.e. Acceleration and deceleration 

of the power law model may depend on the value of m.  

 

The observation of our model consistent with the observations of [2-4] of accelerate expansion of the universe and may 

find applications in the analysis of late time evolution of the actual universe. In the exponential model, 𝑞 = −1 and,
𝑑𝐻

𝑑𝑡
= 0, 

implies that the greatest value of the Hubble parameter and the fastest rate expansion of the universe. Thus, this model may 

represent the inflationary era in the early universe and the very late times of the universe. 

 

4.2. The Anisotropy Parameter of Expansion (𝑨𝒎) 

0.5 1 1.5 2 2.5 3

-0.5

0.5

1

1.5

2

2.5

Am

t

_______ Exponential Volumetric expansion model

________Powel Law Volumetric expansion model

 
Fig. 2 The evolution of anisotropy parameter of expansion (𝑨𝒎) vs. time t, for 𝑭𝟑 = 𝒌 = 𝒄𝟏 = 𝒎 = 𝟏 

 

In Fig. 2, we plotted an anisotropy parameter of expansion 𝐴𝑚 for equations [(3.7) and (3.19)] against cosmic time t, 

from the fig. it is observed that the anisotropic parameter is positive and decreases with respect to time t and approaches to 

zero after some time t. Thus, the observed isotropy of the universe can be achieved in our derived model at the present epoch. 

The results show that the universe expands isotropically for large cosmic time t. Which match with the observational data 

that the universe is isotropic at large scale.  

 

4.3. The Evolution of Total Energy Density Parameter 𝜴 = 𝜴𝒎 + 𝜴𝑻 
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_______ Power law volumetric expansion model


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Fig. 3 The evolution of total energy density parameter 𝛀 = 𝛀𝐦 + 𝛀𝐓vs. time t, for𝐂 = 𝐤 = 𝐜𝟐 = 𝐦 = 𝟏, 𝛄 = 𝟎. 𝟑𝟎, 𝛅 = 𝟏. 𝟒 
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In fig. 3, we plotted the evolution of total energy density parameter 𝛺 = 𝛺𝑚 + 𝛺𝑇  for the equations [(3.14), (3.26)] 

against cosmic time t. The density parameter 𝛺takes these values 𝛺 > 1, 𝛺 = 1, 𝛺 < 1corresponds to the open, flat, and 

closed Universe respectively.  

 

From the fig. 3, we observed that the total energy density parameter of the universe is positive i.e.𝛺 > 1 and approaches 

to 1 (i.e.𝛺~1) for sufficiently large cosmic time t in exponential and power law model, thus our model predicts a flat Universe 

at a later time. we can conclude that the Universe will proceed towards the isotropy in the future and the anisotropy of the 

Universe will damp out, which is supported by the current observational data.  

 

4.4. The Evolution of EoS Parameter (𝝎𝑻) 
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Fig. 4 The evolution of EoS parameter (𝛚𝐓) vs. time t, for 𝐂 = 𝐤 = 𝐜𝟐 = 𝐜𝟒 = 𝐦 = 𝟏, 𝛅 = 𝟏. 𝟒, 𝛄 = 𝟎. 𝟑𝟎. 

 

Figure 4, shows that the variation of the EoS parameter 𝜔𝑇against cosmic time t in exponential and power law model. 

From the equation [3.13], for Exponential volumetric expansion model, we observed that the EoS parameter 𝜔𝑇 < −1 i.e., 

start with phantom region and after some time t, the EoS parameter attains the value 𝜔𝑇 = −1 i.e., the model approaches to 

𝛬CDMmodel (cosmological constant dominated Universe). Mathematically, the cosmological constant is equivalent to the 

vacuum energy. The phantom, a hypothetical exotic matter, which has EoS𝜔𝑇 ≤ −1, violates the strong energy condition 

and it is a leading candidate for DE, which can be responsible for accelerating expansion of the Universe. The cosmological 

observation shows that a 𝛬CDMmodel or a model reduces to 𝛬CDM is an excellent model to describe the cosmological 

evolution of the universe.  

 

From the equation [3.27], for Power law volumetric expansion model we observed that the EoS parameter −1 < 𝜔𝑇 >
−1/3 i.e. The EoS parameter of THDE behaves like quintessence.  

From fig. 4, for the two cases, 𝑚 = 0and𝑚 ≠ 0, we can conclude that 𝜔𝑇 is evolving with negative values, thus our model 

is realistic model.  

 

Hence, from Fig. 4, we observed that THDE behave quintessence-like, phantom-like, or crosses the phantom-divide line 

(quintom). The results are consistent with the observations of [23, 24]. 

 

5. Concluding Remarks 
In this work, we have investigated a spatially homogeneous and anisotropic Bianchi Type- I universe filled with DM 

and DE in the framework of Einstein’s Theory of Relativity.  We state the interaction between DM and DE with the 

interaction term 𝑄 = 3𝐻𝛾𝜌𝑚by considering the THDE density with the Hubble horizon as the IR cutoff. The exact solutions 

of the Einstein’s field equation are obtained by using the condition of Hubble parameter is reduced to a constant value of 

deceleration parameter. 

 

We have summarized the conclusions as follows: 

• The sign of 𝑞 indicates whether the model accelerates or not. The positive sign of q   (for𝑚 > 1) corresponds to the 

deceleration of the universe, whereas the negative sign −1 ≤ 𝑞 < 0for 0 ≤ 𝑚 < 1indicating inflation of the universe 

and for 𝑚 = 1gives 𝑞 = 0 corresponds to expansion with constant velocity i.e. Acceleration and deceleration of the 

power law model may depend on the value of𝑚. 

• We observe that, in power law volumetric expansion model parameter such as 𝐻, ⥂⥂ 𝑝𝑇 , 𝜌𝑇 , 𝜃𝑎𝑛𝑑𝜎diverges and the 

special volume vanishes at point 𝑡 = −𝑐3/𝑚𝑘, thus the model has Big bang singularity at, 𝑡 = −𝑐3/𝑚𝑘, it can be shifted 
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to 𝑡 = 0 by considering,𝑐3 = 0. The singularity is point type as the scale factors 𝐴(𝑡)and𝐵(𝑡) vanishes at initial [68-

70]. 

• If 𝛿 = 1in Eq. (2.5), THDE reduces to HDE and for𝛿 = 2, DE behave like Cosmological Constant.  

• For𝑄 = 0, the non-interacting case the model reduces to [26] for special case. 

• The THDE density parameter 𝜌𝑇 and energy density of DM 𝜌𝑚 in the power law model are the remains positive in 

throughout evolution and decreasing function with respect to time t, it shows that there is a volumetric expansion of the 

Universe at late time. For exponential volumetric expansion model THDE density parameter 𝜌𝑇 is constant, and energy 

density of DM 𝜌𝑚 decreases faster towards zero than THDE density parameter 𝜌𝑇, hence THDE is responsible for 

accelerated expansion of the present-day universe. 

• In our model, we observe that EoS parameter of THDE can be quintessence-like, phantom-like, or crosses the phantom-

divide line (quintom). It is concluded that THDE model coincide with the flat ΛCDMmodel for large cosmic time t, 

which matches with the current observations. 

• From the equation [3.7 and 3.22], we conclude that Anisotropy of expansion dies out very quickly also the special 

volume V is finite at 𝑡 → 0and diverges for 𝑡 → ∞thus the universe approaches to isotropy for large cosmic time.  

Our model of THDE is suitable to describe the late time evolution of the universe. 
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