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Abstract - An injective map f : E(G) — {x1,%2,...,xq} is said to
be an edge pair sum labeling of a graph G(p, q) if the induced
vertex function f*:V(G) —» Z — {0} defined by f*(v) = Y.g, f(e)
is one — one, where E, denotes the set of edges in G that are

incident with a vertex v and f*(V(G)) is either of the form
{J_rkl,ikz, ...,ikg} or {J_rkl,J_rkz, ...,J_rkp__l}U{kg} according as p
2 2 2

is even or odd. A graph which admits edge pair sum labeling is
called an edge pair sum graph. In this paper we prove that some

cycle related graphs are edge pair sum graphs.
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I. INTRODUCTION

All graphs in this paper are finite, simple and
undirected. For standard terminology and notations
we follow Gross and Yellen [1]. The symbols V(G)
and E(G) denote the vertex set and the edge set of a
graph. R.Ponraj et.al introduced the concept of pair
sum labeling in [7]. An injective map f: V (G) —
{1, £2,...,£p} is said to be a pair sum labeling of a
graph G(p,q) if the induced edge function f¢:E(G) —
Z - {0} defined by fc(uv) =f(u)+f(v) is one-one and

fe(E(G)) is either of the form {xki, *ky,..., £kq} Or
2

{zk1, £ko,..., £kq-1} U{zxkq+1} according as q is even
2 2

or odd. A graph with a pair sum labeling is called pair
sum graph. Analogous to pair sum labeling we define
a new labeling called edge pair sum labeling [3]. Let
G(p, q) be a graph. An injective map f : E(G) —
{£1,%x2,..,£q} is said to be an edge pair sum
labeling if the induced vertex function f*:V(G) -
Z — {0} is defined by f*(v) = X.cg, f(e) is one —
one where E,, denotes the set of edges in G that are

incident with a vertex v and f*(V(G)) is either of

the form {ikl, *k,, ..., ikg} or
2

{ikl,ikz, ,ikp_—l}u {kg} according as p is even
2

2

or odd. A graph with an edge pair sum labeling is
called an edge pair sum graph. We established that
the path, cycle, star graph, P,UK;, , C, © K3 ifn
is even, triangular snake, bistar, K;,, U K ,, ¢, U ¢
and complete bipartite graphs K; ,, are edge pair sum
graph [3-6]. In this paper we prove that some cycle
related graphs are edge pair sum graphs.
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I EDGE PAIR SUM GRAPH WITH MANY ODD AND EVEN CYCLES:

In [3] it was shown that the cycle C, is an
edge pair sum graph. The star graph K; ,, is an edge
pair sum graph if and only if n is even. We would
like to consider graphs with many odd and even
cycles. Let P,(+)N,,, be a graph with
V(Pa(+) Npm) = {vi, V...
E(Pn (+) Nm) ={vavz, vavs, ..

VU1, VpUz,...,VoUn}. Herep =n+ mand q = n+2m-1.

cooUm}

.y Vn-1Vp, ViU, Vilo,...,Viln

1Vn1 ul! u21

Theorem 2.1: The graph B,(+)N,, is an edge pair
sum graph if m is odd.

Proof: Let V(P,(+)N,,)) ={v,u;:1<i<n1<
j<m} and E(B,(+)N,) ={e;=vv11<i<
(n—1), ¢f=vujand e/ =vyu;: 1<j<m} be
the vertices and edges of the graph B,(+)N,,. Define
the edge
fiE(B,(+)N,,) ={£1,£2, ..., £(n+2m —1)} by
considering the following three cases.

labeling

Case (i):n=2

Define f(e;) = 2, f(e1) = -1, f(e;) = -3,
for 1<i<™> fler,)=(2i+3), f (e@ﬂ,) =

~(2i+3)f(ef1) = (m+ 2+ 20)and f (oo, ) =

2

—(m + 2 + 2i).

The induced vertex labeling are as follows f*(v,) =

Fled + fler) + fler) + f (em, ) = 1,

Frw) = flen)+ fler) + flern) + f (enes, ) =
1, f*(u) = fley) + fle]) = —4 for1 < i < ™2
fruy) = f(ei+i) + f(elﬁ+i) =(m+5+4i) and

5+4i). From the above arguments we get
fr(V(P.(+)Np)) = {£1,£(m + 9),£(m +
13),...,

sum labeling of B,(+)N,,. The example for the edge

+(3m + 3)} u {—4}. Hence f is an edge pair

pair sum graph labeling B,(+)N,,, forn=2and m=3

is shown in Figure 1.

Figure 1

Case (ii): nis odd and take n = 2k+1.
Sub case (i): k=1 and k is even

for 1<i<k f(e)=(@+1i) and f(exsi) = —i,
fler) =1, f(e;)=—-(k+1), for

1SiSmT_1

flen) = (k+1+20),  f(emn, )= —~(k+1+

2), f(ess;) = (k+m+2i) and f(e@ﬂ,) =

—(k + m + 2i).
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The induced vertex labeling are

£ = fle) + fe1) + flera) + f (en, ) =

3, forl<i<k-—1 f"(vi4) =f(e)+ f(ey) =
(2i +3),  f"(Vis1) = flex) + f(ers1) =k,
1<i<k—1 f"(Wrs1+1) = flexsi) + f(epr14i) =

for

—(2i +1), f*Waier) = ez + f(e]) =
—Qk+1), f*(u)=f(e)+f(e])=—k, for
1<i< mT_l fruy) = f(ei+i) + f(elﬁ+i) =

Rk +m+1+4i)and f* <’u,m_+1+i) =f (e@ﬂ,) +
2 2

f (e@ﬂ,) = —(2k + m+ 1 + 4i). From the above
2

arguments
(VP (+)Np)) = {xk,£3,+5+7, ..., +(2k +
1), 2k + m +5), +(Qk + m +9), ..., £(2k +

3m — 1)}. Hence f is an edge pair sum labeling of

we get

B,(+)N,,. Figure 2 illustrates the edge sum graph

labeling B,(+)N,, where m=n= 3.

Figure 2

Sub case (ii): kisodd and k = 3
for 1<i<k f(e)=(1+1i),
f(ek+2) = _11

f(ek+1) = -2,

for 1<i<k-—2 f(egiz4i)=

1<i<

fleksi) —2.f(e) =1, f(er) = —k, for

P2 flepu) = e+ 20, f (emn,, ) = e+ 20),

f(ei/+i) =(k+m-1+2i) and f (e@ﬂ,) =

—(k+m—1+ 2i).

The induced vertex labeling aref*(v,) =3, for
1<i<k-1 i) = fle) + flegy) =
(2i+3), f*(ves1) = flew) + flegs1) = (k= 1),
for 1<i<k f"(Wesr+0) = ferss) + fersrsi) =
—@2i+1),  f(u)=f(e;) + fle)) = —(k - 1),

m-—1

for 1<i< — [ uyy) = f(ei+i) + f(elﬁ+i) =

@k+m=-1+4)and f* (unes ) = f(eiwns, ) +
2 2

f @@H) = 2k +m—1+40).
2

From the above
fr(V(P,(+)Ny)) = {#3,£5,7,.., +(2k +
1),+(k—1),+*2k+m+3),+x2k +m+

7), ...,k + 3m — 3)}.

arguments we get

Hence f is an edge pair sum labeling of B, (+)N,,.
Case (iii): nis even and take n = 2k
Sub case (i): k=0,2 (mod 3)

Define f(e;) =2, for 1<i<k—-1 f(e;4;) =

2+10), flegs)=-1, for 1<i<k-2
flegs1+1) = —(2 +1), f(31) =1, f(e1) =—(k+
1), for 1<i<™2 fler,) = (k +20),

2

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 108




International Journal of Mathematics Trends and Technology — Volume 7 Number 2 — March 2014

lonn,) = ~+20. Flefu) = Germ—1+

20) and f @@H) = —(k+m—1+2i). The
2

induced vertex labeling are f*(v,) = -1, f*(v,) =
1, for3<i<k f*(v;) =f(e)+ fleys) = Qi+
1), f*(ves1) =k, f*(vpyp) =—4, for 3<i<k
fre) = =Qi+ 1), f*w)=f(er) + fle)) =
—k, frQuuid) = fler) +

. -1
for 1SlSmT

flel,)=@k+m—1+4i) and f* (umTHH.) =
f (e@ﬂ,) +f @@H) = _(2k +m — 1+ 4i).
2 2

From the above arguments we get
(VP (+)Np)) = {1, £k, 7,49, ..., +(2k +
1),k +m+3), xRk +m+7),.., £(2k +

3m —3)}u{—4} Hence f is an edge pair sum

labeling of B, (+)N,,.
Sub case (ii): k=1 (mod 3)

Define f(e;) =2, f(ey) =-3, for 1<i<k-2
fleas) =B +1), flexsr) = -1, flexs2) = =2,
for 1<i<k—3 flexszsi) =—(@B+10), fle)=
1, fe) = —(k+1), for 1<i<™= f(e;y) =

(k +1+20), flenss,,) = —(k+1+20),

f <emT+1+i) =

—(k +m+2i). The induced vertex labeling are
ffv) =3, ff(vy)) =-1, f*(vy) =1, ford<i<

flery;) = (k +m+2i) and

ko @) =Qi+1), fWe) =k [ (Wps2) =
—3, f*(Vpy3) =—6, for 4<i<k f*(vy)=

—Qi+1),  fr(u) = f(er) + f(er) = =k,
fr(uy) = f(ei+i) + f(elﬁ+i) =

2k +m+1+4i)and f* <’u,m_+1+i) =f (e@ﬂ,) +
2 2

for

1SiSmT_1

f (e@ﬂ,) = —(2k + m+ 1 + 4i). From the above
2

arguments
fr(V(P(FINy)) =
{1,k £3,+9,+11,..., +(2k + 1), +2k + m +

we get

5),(2k + m+9),...,£(2k + 3m — 1) U {—6}}.
Hence f is an edge pair sum labeling of B,(+)N,, if
m is odd.

Theorem 2.2: The graph B,(+)N,, is an edge pair

sum graph if mis evenand n > 3.

Proof: Let V(P,(+)N,,)) ={v,u;:1<i<n1<
j <m}and E(B,(+)N,) ={e; =vviy1:1<i<n,
ej=vujande =vu;: 1<j<m} be the
vertices and edges of the graph B,(+)N,,. Define the
edge labeling f:E(B,(+)N,,) = {1, £2,...,x(n +
2m — 1)} by considering the following four cases.
Case (i):n=3

Define f(e,) = =2, f(ey,)=1, for 1<i<Z

f(el') =1+2i), f (e%ﬂ,) = —(1+ 2i), f(el”) —

(m+1+2i) and f (eéﬂ.) = —(m+1+2i). The
2
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induced vertex labeling aref*(v,) = -2, f*(v,) =

6 +4i). From the above arguments we get

—Lfm@:LfmlsisgﬂmQ:ﬂ@+ f*(V(B,(+)N,,)) = {£2,%3,+(m + 10),+(m +

f(ei") =(m+2+4i)and f* (u%ﬂ.) =f <e%+i) +
f (eéﬂ.) =—(m+2+4i). From the above
2

arguments we get f*(V(B,(+)Ny,)) = {£1,+(m +
6),£(m + 10),...,=(3m + 2) U {-2}}. Hence f is
an edge pair sum labeling of B,(+)N,,. Figure 3

shows that B,(+)N,,
labeling form=2and n= 3.

IS an edge pair sum graph

Figure 3

Case (i)):n=4
fle) ==2,f(e;) =—1,f(e) =3, for 1<i<?
fle)) = @+20), f(em,,)=~@+20. f(e)=

(m+3+20) and f (en,, ) = —(m+3+2),
2

The induced vertex are f*(vy) =

_Z’f*(UZ) = _3! f*(v3) = 2! f*(vél-) = 31
1<i<? f*(u) = f(e) + fe)) = (m+6+40)

and (u%ﬂ.) =f <e'%+i) + f(e;m/ﬂ.) =—(m+

labeling

for

14),...,+(3m + 6)}.

Hence f is an edge pair sum labeling of B,(+)N,,.
Figure 4 shows that B,(+)N,,is an edge pair sum
graph labeling for m=n=4.

-18

-1

L d
-3

N@

Figure 4

Case (iii): nis even and take n = 2k, k > 3

—2 ifi=k-1

Define f(e;) =4 —1 if i=k
3 ifiz=k+1

2k+1-2i

B ifl<i<k-2
f@o‘bk—l—m

ifk+2<i<2k-1

for 1<i<? f(e) = @k+2i=1), f(em,,)=

—Qk+2i-1), f(e))=@Rk+m—1+2i) and

f(éw):—0k+m—1+20. The induced
2

vertex labeling are as follows f*(v,) = f(ey) +
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Fe)+ £ (em,) = @ =, @) = flen) +
flel)+f(em,,)=—@k-1), for 2<i<k-2

) =flei) + fle)) =4k +1-1),
f*(e-1) =3, f*(v) = =3, [ (Whs1) =
2, f*(Wpyo) = =2, k+3<i<2k-1

fr@) = fle) + fle) =4k —0), for L<i<™
fr(u) = f(e) + f(e)) = (4k + m — 2 + 4i)
I (u%+i) = f<e%+i) +f<e,2m/+i) =—(4k+m—
2 + 40).

for

and

From the above arguments we get
f*(V(P,(+)Ny)) = {2,£3,+12,+16, ..., +4(k —
1),k —1),+(4k + m + 2),x(4k + m +

6),..,x(4k + 3m — 2)}. Hence f is an edge pair

sum labeling of B,(+)N,,.

Case (iv): nis odd and take n = 2k+1, k = 2

1 ifi=k+1
Define f(e;)) =4 2 if i=k
-5 ifi=k-1
f(ei):
5 if i=k+2
—(k+3-2i) ifl<i<k-2
-2k +1+2i ifk+3<i<2k

fler) =4, f(e;) = -4, f(ey) =6, f(e;) = —6, for
1<i<™2f(epy) = 2k +2i+1), f (eﬁﬂ,) =

—(k +2i+1), f(eyy;) =k +m—1+2i) and

f (e@ﬂ,) =—(Qk+m—1+2i). The induced
vertex labeling are as follows f*(v,) = f(ey) +
Fe)+f (em,) = —@k+ 1), F ) = flea) +
Fled)+f(em,,) = @+ ), for 2<i<k-1

f ) = flei1) + fe) = 4(—k —2+1),

(i) = =3, f*(v41) = 3, f*(y42) = 6, for
k+3<i<2k frw) =fleis) + fle) =
—4(k — i), f*(uy) = f(e1) + f(ey) = 10, f*(uy) =
f(ez) + fle;) = =10, for 1< i <™= f*(upy) =

fle) +f(e/) = (4k + m+4i) and f* <'U,mT+2+i) =
f (eéﬂ.) +f (e;ﬁ+i) = —(4k + m + 4i).

the above

fr (VP (+)Ny)) =
{£3,£12,+16, ..., x4k, +(2k + 1), =(4k + m +

From arguments we get

4),+(4k + m + 8),...,=(4k + 3m — 4) U {6}}.
Hence f is an edge pair sum labeling of B,(+)N,,.
Figure 5 shows that P,(+)N,,is an edge pair sum
graph for m = 2 and n= 6.

Figure 5
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I11. LADDER GRAPH:

Let L, = P, x P, be a ladder with V(L,)) =
{uj,v; :1<i<n} and E(L,) = {uuiq , vivi4q ¢

1<i<(n-D}u{uyv;:l<i<n}

Theorem 3.1: The graph L, is an edge pair sum

graph if n is even.

Proof: let V(L,)) = {u;,v; : 1 <i <n}and E(L,) =
{ee=wurl<i<(n—-1)ej=uw:1<i<
nand e = v;vi,,:1 < i < (n— 1)} are the vertices
and edges of the graph L,,. Define the edge labeling
fiE(L,) ={x1,%2,..,£(3n— 2)} by considering
the following two cases.

Case (i):n=2

fled=-2,  f(er) =1f(er) = -1,
f(e;) = 2. The induced vertex labeling

fru) = f(er) + fler) = =1.f*(up) = f(ey) +
flez) =-8, fw)=f(e))+f(e])=3
fr@) = fle) +fe)) = 1. the
arguments we get £*(V(L,)) = {£1, £3}. Hence f is

Define

and

From above

an edge pair sum labeling of L,,.

Case (i) n=2k, k>2
for 1<i<Z-1 fle)=2(5—i)+1, f(e%):
-2, for 1<i<}-1 f(en,)=-6i+2 for

()=

1<i<?-1  f(e)=6G~1),

en, |=-1forl<i<>-1 (e,; .):—ai
f( E+1) 2 f E+1+l
and f(e]) =3(n—2i) -2, f <e§) =2 forl<is<
2
%— 1f (eéﬂ.) = —(2i+1). The induced vertex
2
labeling are as follows

frw)=r(e)+f(e;)=@n-7), for 1<i<
Z-2  frw) = fle) + flews) + flefsn) =

£ =1 (o) < £ ()

f* (ugﬂ) =f (e%ﬂ) +f (eéﬂ) +

f(e%):—z for 1Si£§_2 f*(u%+1+i):

f (e§+i) +f <eé+1+i) +f (e%+1+i) = —(18i + 2),
f*(un) = f(en—1) + f(ey) = —(6n — 14),

) =f(e;) + f(e;) = (6n—14), for 1<i<
22 fu) = f(e) + flefna) + fleinn) =

(9n—18i-16), f*(vn)=f(es)+f (eé_l) +

()=

()= r() ()
f(eé) =-2 frls<is g_ 2 I (v%+1+i) -

2
F(enrune) * £ (en,) * £ (e0,10) = —201+ ),
f () = f(ey) + f(en_1) = —(4n—7). From the
above labeling we get f*(V(L,))={£2,x7+
(4n—T7),x(6n — 14),+14,+24,+34, ..., +(5n —
16),+20,+38,+56,... = (9n — 34)}. Hence f is an

(5n — 10i — 6),

f(ez) =2,
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edge pair sum labeling for L,if n is even. The
example for the edge pair sum graph labeling of L,,

for n =4 is shown in Figure 6.

10 4 7 2 -2 -3 -9
6 1 -1 -6
9 3 2 27 -4 .10
Figure 6
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