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Abstract:- In this paper mainly we have obtained equivalent conditions on skew semi rings, regular
semi near rings and Idempotent semi near rings.
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introduction:- In this paper we obtained certain Identities on regular semi near rings and also we have

obtained certain equivalences on semi near rings,regular semi near ring, and Idempotent
semi near rings.

We also obtained results such as x +x = X, X*y + y*x + x*y = x*y, y +y*x + y~=

Y, X*Y#X + X*¥y + XFYEX R XFYFX,

yEXFY + X*yEX + yEX*y R yEXRy, X + X*y*X + X < X using the identities x*X = X, X +

X*¥Yy FXTX, X+ y*x + X =X,
Also by using Greens is relation (i. e, 1", R, "L R" D). We have



obtained
results fora+a*xb+a=a,at+b*xa+ta=a,b+axb+b=>b,b*xa+b+

b*a = b*a.

Besides this we have also proved the equivalent conditions for idempotent
semi near ring like, X*X =X ;X +X*y+ X TX <X +X =X ;
ytysx+y=y,

XHY*RX + Xky + XFYEX T XFYEX S XFY - yEX F XHY T XRY,
XY+ X+ XFYyRXHY Yy T X*Y T YR Y S (X YRy +X)H(x +y) = x*y.

AMS Subject Classification :- 16Y60 , 20M10

First we start with the following Preliminaries
Def 1: Semi near ring :- A semi near ring (N,+, *) is an algebra with two binary
operations + and*such that both the additive reduct (N,+) and the reduct (N, *)

are semi rings and such that the following distributive law holds,

x* (y+2z)=x*y+ x*z , (X +y) *2= X*zZ + y*2z.



Def2: Regular elementin a semi near ring in N :- Two elements a, b are said
to be
regular if axb+ b*a +a*b=ax*b, if any two elements in N are regular then N is called regular
semi near ring.

Def 3: Invertible element in a semi near ring :- two elements a, b are said to be inver tiable
semi near ring N

Ifaxb + b#*a+ a*b = a*b and b*a + a*b + b*a = bx*a.

(a) axx*a=a; X*a*x =X. (b) atx+a = a ; x+tatx = x. In this

[P

a’ is called invertiable element in N.

Theorem 1:- A semi near ring which satisfies the identities
X*X X, X TX*¥YyFXRX, X T ysx + X=X,

then it satisfies X + X = X, X*y+ y*X + X*y = X*y , y*X + X*ky + y*X = y*X.

Proof :- Let S be a semi near ring which satisfies the above identities.
Then fora,b € S,
(ata)=(ata)*(at a)=ax(at a)+ax(ata)=a*ata *ata*xata*a=atatata=ata=
a
and (a*b + b*a + a*b) = (a*xb + b*a + a*b)*(a*b + b*a + a*b)
= a*b *(a*b + b*a + a*b) + b*a *(axb + b*a + a*b) +
a*b *(axb + b*a + a*b)
= (a*b + a*b*a + a*b) + (b*a*b + (b*a*b)*a + b*a*b) +
(axb + (a*b)a) + a*b)
= a*b + bxaxb+ axb = a*b.
Also (b*a + axb + b*a) = (b*a + a*b + b*a)*( b*a + a*b + b*a)
= b*a *(b*a + a*b + b*a) + a*b* (b*a + a*b + b*a) +
b*a *(b*a + a*b + b*a)
= b*a*b#*a + b*a*axb + bxaxb*a + axb*b*a + a*b*axb + a*b*b=*a +
b*axb*a + b*a*a*b + b*axb*a
= ( b*a + b*a*b + b*a) + (a*b*a + a*b + axb*a) +
( b*a + b*axb + b*a)
=b*a + axb*a+ b*a = b=*a.

Remark:- From the above theorem it is observed that ‘a*b’ and ‘b*a’ are invertiable elements
in N.

Lemma 2:- If N is a semi near ring which satisfies (i) a*a =a ; (ii) at+ a*b +a=a, at+ b*a
ta=a,



then ‘a*b’ is invertible in N.



Proof:- By using theorem1, we have a*b + b*a + a*b = a*b and b*a + a*b + b*a = b*a.
Now, a*b *b*a *a*b = a*b and b*a*a*b*b*a= b*a.
a*bxb*a*a*b = a*b*a*b = a*b. Also b*a*a*b*b*a = b*a*b*a = b*a. hence ‘a*b’ is

invertible is N.

Theorem 3:- In a semi near ring (N, +,*) if the following identities hold
(a) x*x=~x, (b)x +x*y+x =X, (c) X + y*x + X = X , then the following
holds
(1) x+x=X, (2) X*y Fy*X + X*y = X*y, (3) yEX + X*¥y + yERX = yEX,
(4) xxy*X + xxy + X*y*RX 2 X3Y*X, (5) Y+ y*X T y= Y, (6) y + x*y +y =y, (7) yrx*y + y*x +

YEXRY R yrXRY, (8) yEX*Y + XHYEX F yEX*Y = yEXHY,
(9) x*y*x + yrx*y + XFy*x = xry*x, (10) X + XFy*X + X T X,
(1) y+ysx*ry+y=y, (12)x + yrx*y + x =X, (13) y + x*y*x t y=y.
Proof:- by using Theorem(1) identities 1,2 and 3 are clear to prove (4) we have,

(axb*a + a*b + axb*a) = (a*b*a+ a*b + axb=*a)*(axb*a+ a*b + axb*a) = (axb*a + a*b + a*b=a)
(axb*a + a*b + a*b=a)
= a*b*a*a*b*a + a*b*a*a*b + a*b*a*a*b*a + a*b*a*b*a + a*b*a*b + axb*a*b*a +
axb*a*akb=*a + axb*a*xaxb + axb*axaxb*a
= a*b=a + a*b + a*b*a + a*b*a + a*b + axb*a +a*b*a + a*b + a*b*a
= a*b=a + a*b*a*b + a*b*a + a*b*a + a*b*a*b + a*b *a + axb*a +
axb*axb + axb*a

= a*b*a + ax*b*a + a*b*a = a*b*a + a*b*a = axb*a.

B)y+yxx+y=yasb+b*at+b=(b+tb*a+b)x(b+tb*xa+b)=b.(6)y+x*y+ty=y
asb+a*b+b=(b+a*b+b)x(b+axb+b)=h.

(7) yxxxy + y*x + yrxxy = y*xxy
b*a*b + b*a + b*a*b = (b*a*b + b*a + b*a*b)( b*a*b + b*a + b*a*b)
= b*a*b*b*a*b + b*a*b*b*a + b*a*b*b*a*b + b*a*b*a*b +
b*a*b*a + b*a*b*a*b+ b*a*b*b*a*b + b*a*b*b*a + b*axb*b*a*b
= b*a*b + (b*a*b)*a + (b*a*b) + (b*a*b) + b*a + (b*a*b) +
b*a*b*a*b + b*a*b*a + b*a*b
= b*a*b + b*a +b*a*b + b*a*b + (b*a*b)a + b*a*b
= b*a*b + b*a + b*a*b = b*a*b.



(8) YEXFY + X*Y*X + yEXRY T yERXKY
b*a*b + a*b*a + b*a*b = (b*a*b + a*b*a + b*a*b)*( b*a*b + axb*a +
b*a*b)
= b*a*b *b*a*b + b*a*b*a*b *a+ b*axb*b*a*b + a*b*a*b*axb +
axb*a.axb*a+ a*b*a.b*a*b + b*a*b.b*a*b + b*a*b*a*b*a + b*a*b.b*a*b
= b*a*b + (b*a*b)a + (b*a*b) + axb + (a*b)*a + a*b + b*a*b + (b*a*b)*a +

(b*a*b)
= b*a*b + axb + b*a*b = b*a*b. (9) x*y*x
+ yEXRY FXFYRX T XkyEX
axb=*a + b*axb + a*b*a = (a*b*a + b*a*b + a*b+*a)( axb*a + b*a*b +
axb#*a)

= axb*a*a*b*a+ axb*a*b*a*b + axb*a*a*b*a + b*axb*axb*a+

b*a*b*b*a*b + b*a*b*a*b*a
+ axb=xa*axb*a + akxb*axb*akxb + axb*axaxb*a

= a*b#*a + (a*b*a)*b + axb*a + b*a + (b*a)* b+ (b*a) + a*b*a + (a*xb*a)*b
+ axb*a

= a*b*a + b*a + a*b*a = a*b*a + b*a *b%*a + a*b*a = a*b*a + b*(a*b*a) +
axb*a = a*b*a,

as X + y*x + X = X.



(10) x + x*y*x + X =X as
a+axb*a+a=(a+ axb*a+a)(a+axb*a+a)
=a+axb*a+a+axb*a+a*b*a+a+a*b*a+a
=a+ axb*a+a+ axb*a+ a+ axb*ata
=a+ axb*ata+a*b*ata = a+a*b*ata =a

(1) y+y*xxy+y=y
b +b*a*b+b=D>b +b*a*b+bxb +b*axb+b
=b + b*a*b+ b + b*a*b + b*a*b*a*b + b*a*b + b + bxa*b+b
=Db + b*a*b + b*a*b + b + b*a*b+ b
=Db + b*a*b+ b + b*xaxb+b=b + b*a*bt+tb=b

(12) x + y*x*y + x =X as
a+b*a*b+a=(a+b*axb+a)(a+b*axb+ a)
=a+a*b+a+b*xatb*at+b*xatat+axb+a
=a+b*xatata*b+a=a+axbt+a=a.

(13) ytx*yxx +y=y
b + a*b*a+ b= (b + axb*a+ b)( b + a*b*a + b)
=b+b*a+b+axb+aksb*a+asb+b+b*a+b
=b+axb+a*b*a+a*b+b+b*a+b
=b+a*b+ (a*b)*a+axb+b+b*a+b
=b+axb+b+bxat+tb=b+axb+b=D>

Theorem 4:- In a semi near ring (N,+,*) if the following identities hold
(a) xxx=x, (b)x +x*y+x =X, (c) X + y*x + x = X, then the following
are equivalent.
(1) x*y +ykx + X,y = Xy, (2) y*X + X*y + y*X = y*X,

Theorem 5:- In a semi near ring (N,+,*) if the following identities hold
(a) x*x =X, (b) x +x*y + x =X, (¢) X + y*x + x = X, then the following
are equivalent.
(1) y*xry + Xyix + y*xky = yaxy , (2) X#y*x + yexry

+ X*Yy*X =~ Xoky®X,

Proof:- proofis Obvious



Lemma 6:- If N is a semi near ring which satisfies (i) a*a =a ; (ii) a+ a*b +a=a, at+ b*a +ta=a,
then ‘a*b’ is invertible in N.

Proof:- By using theorem1, we have a*b + b*a + a*b = axb and b*a + a*b + b*a = bxa.
Now, a*b *b*a *a*b = a*b and b*a *a*b *b*a = b*a.
axbxb*a*a*b = a*b*a*b = a*b. Also b*a*axb*b*a = b*a*b*a = b*a. hence ‘a*b’ is

invertible is N.

Now we have obtained certain results on regular semi near ring using
Green’s equivalences L, R, D which are defined by

(a,b) el <@ a+b=a;b+a=b, (a,b)eL” ©a*xb=a;b*a=>b

(a,b)er’ <a+b=b;b+a=a (a,b)er"<a*b=b;b*xa=a

(a,b)ep’ <>a+b+a=a;b+a+b=b.(a,b)ep' <>a*b*xa=a;bxax
b=b

Lemma 7:- In a regular semi near ring N if for a, b €S with (a, a*b) €L’, then a*b + a +

axb = a*b,
as (a, a*b) eL’ = a + a*b =a; axb + a = a*b.

Now, axb +a=a*b+a+a*b=a*b,and alsoa+a*b+a=a

Lemma 8:- In a regular semi near ring N if for a, b €S with (a, b*a) €L’, then b*a + a +

b*a = b*a.
as (a, axb) eL'=>a +b*a=a; b*a+ a=b=*a.

Now, b*xa+a=Db*a+a+ b*a=Db*a,andalsoa+b*a+ta=a



Lemma 9:- In a regular semi near ring N if for a, b €S with (b, a*b) €L’, then b + a*b =
b,asa*b+b=a*b. a*b+b+a*b=a*bandalsob+a*b+b=>b.
hence (b, a*b) eL” = a*b + b + axb = a*b.

Lemma 10:- In a regular semi near ring N if for a, b €S with (b, b*a) €1’, then b + a*xb =
b, as b*a + b =b=*a. b*a+b=Db*a+ b + b*a=b*a.
Hence b*a + b + b*a=Db*a, and b + b*a +b = b*a.

From the above it is observed that the relation ‘L’ is an equivalence relation which is

compatiable under *. It is also observed that every element in ‘L’ has an
inverse in N

Theorem 11:- In a semi near ring (N, +,*) the following are equivalent, (1) x +
X*Y TX =T X ; X*¥y + X T X*¥y R X*y.
(2) D' is the least distributive congruence such that
X*y + y*X + X*¥y = X*Yy.

Proof :- (1)= (2), axb + b*a + a*b = a*b*a + (axb*a)*b + a*xb*a = axb*a = a*b.
Also, a*b + b*a + a*b = (a*b*a)b + (a*b*a) + (a*xb*a)b = (axb*a)b =
axb.
Or
(1) = (2),as, a+axb+a=a,=aL axb.

and a*b + a + a*b = axb and also a + a*b = a*b and a*b + a=a. = a r "axb.

hence ap’a*b = b*a D' axb = axb + b*a + a*b = a*b; b*a + a*b + bxa =
b*a

(2) = (1), axb + b*a + a*b = a*b = a*b D' b*a, Claim :- a +
atb+a=a;a*b+a+a*b=ax*b

Since a*b D' b*a = a. a*b D' a*b*a = a*b D' axb*a = a*b +
a*bxa +axb = a*b.

Hence a + a*b +a=a.

Now claim :- a*b + a + a*b = a*b. Since
a*b D' b*a
= a* a*b D' axb*a = a*b D axb*a = a*b + axb*a + a*b = a*b = axbxaxb +



axb*a + axb*axb = axb*a*b
= (a*b*a)*b + a*xb*a + (a*xb=*a)*b = (a*b*a)*b. hence (2)

= (1) holds.

hence (1) and (2) are equivalent.

Def 4: A Semi near ring (N,+, *) is called commutative if X +y=ytxand x*y=
VEX.

Def 5:- A Semi near ring with set of Idempotents is called _Boolean semi nearring

Def 6:- A commutative semi near ring with set of Idempotents is called a Boolean
semilattice.

Lemma 12:- In a commutative semi near ring N, the following holds
(1) x*y+x+x*y=x,as
atb+a+asb=axb+ta=axb+a*a=ax(b+a)=atax(b+ta)t+a
(2) y*x +y+ y*x = y*x, as
b*a+b+b*a=b*a+a=a+b*a+a*a =a+(b+a)xat+aka =axa+(b+
a)xa+a%*a =a+(b+a)xa+ta=a.

Theorem 13:- For Boolean semi nearring
N, the following are equivalent,

(1) x*x =X ;X +X*y+ X=X
2)x+x=X;ytysx+y=y.
Proof:- (1) = (2)
Let (1) holds,
Now,a+a=(a+a)*(a+a)=a+a*(a+ta)+a=a.

also,b+b*a+b=b+a*b+b=b+b*(b+a)+b=hb.
2)=(1),Now(at+ta)=(a+a)¥(a+a)=a+a*(ata)+a=a.
But ata=a = a*a=a,andalsoa+a*xb+a=a+tax(a+b)+a=a
Hence (1) and (2) are equivalent.

Theorem 14:- For Boolean semi nearring
N, the following are equivalent

(1) x*y*X + X*y + X*y*X = X*y*X
(2) X*y + y¥X + X*y = Xy,
Proof:- It 1s clear.



Theorem 15:- For Boolean semi nearring
N the following are equivalent

(1) x#y+x +x*y=x*y; y+x*xy+y=y. (2) (x +
Y*(y +x)*(X +y) = x*y.



Proof:- (1) = (2)
(a+b)*(b+ a)*(a+b) = (a*b + a*a + b*b + b*a)*(a + b)

= a*b=*a + axb*b + a*a*a + a*a*b + b*b*a + b*b*b + b*a*a + b*a*b
=a*b*a+ a*b+a+axb+b*a+b+b*a+b*a
=a*b+a+a*b+b+axb

=a*b + b+ a*b=ax*Db

2)=()
Now a*b +a + axb=a*b +a+a*b +a*b+a+ a*b
= (a*b + a*a + b*b + b*a)*(a+ b)
=(a+b)*(b+a)*(a+Db)=axb.

Theorem 16:- For Boolean semi nearring
N the following are equivalent,

(1) x+y)x(y +x)*(x +y) = x*y
(2) xxy tx +txxy=x*y; y+txxy+y=y. (3) x*y+
VX T X*Y R X*Y

Proof:- proof is Obvious.
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