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Abstract - The main objective of this paper is to study the oscillatory behavior of solution of the fractional nonlinear damped
extensible beam equations by using the Riccati technique and integral average method. Some new sufficient conditions are
established with various boundary conditions over a cylindrical domains. Examples illustrating the results are also given.
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1. Introduction

Oscillation theory of partial differential equations imitated by P. Hartman and A. Wintner [1] in 1955. The problem of
oscillation and non-oscillation of beam equations has been investigated by many authors, Feireisel and Herrmann [2],
Herrmann [3], Kusano and Yoshida [4], Timoshenko [5], Yoshida [6,7] and the references therein. Especially, Yoshida [8] and
Ball [9] have studied the extensible results for beam equations. In the present paper we have obtained sufficient conditions for
solutions on the boundary domains with certain boundary value problems have a zero. In fact we consider various boundary
conditions such as clamped, hinged and clamped-hinged ends.

The beam equations were proposed by Woinowsky-krieger [10] as a imitation for the transverse deflection u(x,t) of an
extensible beam of nature length L whose ends are held a fixed distance apart, and also discussed by Eisley [11] and Burgreen
[12]. Initial-boundary conditions for the beam equations are introduced by Dickey [13], represent a vibrating string.

Fractional calculus, as a tool for modelling real world phenomena, has raised a lot of interest recently. We have chosen the
derivative in the sense of caputo because the derivative of constant functions is zero and because the order of the derivative, in
the differential equations that we are going to consider, is an integer in the initial conditions. As we have commanded, the use
of the derivative in the sense of caputo is frequently used because, for example, there is ho ambiguity in the interpretation of
the concept of fractional derivatives in the initial conditions, since they coincide with the classic case, that is, they are integers.
This fact does not occur with all fractional derivatives, however, in some cases, attempts have been made to give it a physical
meaning. Area of applications: head conduction, elasticity, plasticity and viscoelasticity [14, 15, 16, 17]. In 1985, N. Yoshida,
studies the forced oscillations of extensible beams has motivated by this paper.

In this article we initiate the forced oscillation fractional nonlinear damped extensible beam equations of the form,

d . 9*u(x, t) ou(E 0\ \o%u(x,t)
A0 D+,tu(x,t))+qT—<m+rfﬂ (252 df)T

+c(x, t,u(x, t)] (fot(t - s)'“%ds) =f(x,t) (xt) EQAXR, =G. (1)
Where, Q = (0,L), @ = (0,1), R, = (0, ).

Then g is non a negative constant, m,r are constants. u(x,t) € C'**(G,R") n C*(G,R") and °D§,u(x,t) is the Caputo
fractional derivative of order a of u(x, t) with respect to t.
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We assume the following conditions:

(4;) p(¢) is continuous functions.

(4,) c(x,t,ulx,t) € C((G,RY),R,) is convex in R,and c(x,t,u(x,t) < 8(t)p(ulx,t)) in Q for some function
5(t) € €C((0,),R,), @: R - (b, o) is continuous, b > 0.

(43) J(k(t)) € C(G,RY) is convex in R,.

(44) f(x, t) is continous function, such that fﬂ fx,t) d(x)dx < 0.

A function u(x, t): G - Rlis said to be oscillatory in G, if it has a zero in Q x R, for any t > 0. Otherwise it is non-
oscillatory.

This paper is organized as follows:

We recall some preliminaries given in Section 2. In Section 3, we discuss the forced oscillation problems with boundary
conditions that are clamped, hinged and clamped-hinged ends. In Section 4, we provide the suitable examples illustrate our
main results.

2. Preliminaries
We present the definition of the Caputo fractional derivatives, integrals are given in this section and lemmas which are
useful throughout this paper.

Definition 2.1 The Caputo fractional partial derivative of order 0 < a < 1with respect to t of a function u(x, t) is given by
(‘DY u)(x,t) = s a)f (t—v)” “au(xv)dv for t>0.
provided the right hand side is point wise defined on R, where I' is the gamma function.

Definition 2.2 The Caputo fractional integral of order & > 0 of a function x: R, — R on the half-axis R, is given by
(I§x)(t) = %f;(t - v)* x'(v) dv for t>0.

Definition 2.3 A function H := H(t,s) belongs to a function class I', denoted by H € I',if H(t,s) € C(D,R,) satisfying
H(t,t)=0,H(t,s) <0 for t>s>0, where D ={(t,s):t<s <0}, R, =(0,). Furthermore, H has continous
derivatives

0H(t,s)

= hy(t,s)\/H(t,s) s - —hy,(t,s)H(tL,s), (t,s) eD,

aH(t s)
Where hq, h, € C(D, ]R+)

Lemma 2.4 Let x be solution of (1) and

k() = [(t—v)"“x'()dv for a=(0,1) and ¢>0.
Then k(t) = I'(1 — a)( °D%.x)(¢).
Proof:

t
k(t) :=f (t—v) " *x'(v) dv
_ F(1 a) f (t )[a]—l ad[ ]x(v)d

([a]- dvl@l
or k(t) = I‘(l a)( ‘D%, x)(8).

Hence the proof is complete.

3. Main Results
In this section, we study the oscillation of (1) with clamped, hinged and clamped-hinged ends. Our approach is to reduce
the multidimensional problems to one dimensional problem by using Jenson's inequality.

Oscillation of Extensible Beam with Clamped
We treat the case, where the ends of the beam are clamped and satisfy the condition

au(o b _ dulLy

u(0,t) =u(L,t) = ot

=0 (B1)
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In the following theorem, we establish some new oscillation using the Riccati techniques and Philo’s type.

Theorem 3.1 Assume that r > 0, there exists a positive function i € C*(Q), such that
1. my*(x) — r’'(x) = pp(x) in Q for constant u < 0,
2.¢9"(x) <0inQ,and
3.9(0) =y(L) =¢"(0)=¢"(L) = 0.

If the fractional inequality,
%(p(t)( DIUD))) + RU®) + BEOI(k®) <0, £20, %)

has no eventually positive solution, then all solutions of (1) and (B,) are oscillatory in G.

proof: Suppose that u(x, t) > 0. Multiplying (1) with Y (x) = sinfx and integrating over Q, we get

fo 5 @O DEux D) Y(dx + qa - ”w(x)dx ~ Jo (mr Jy (PSE2) dg ) U0 ey
+ [y e tut )] (f - ) 222 ds) p)dx = [, f(x,6) p)dx ©)
Integrating by parts and using ((B4) and 3), we have
Le 20 p(x)dx = [, ulx, O (dx, @)
o 255Dy xydx = [, ulx, DY (x)dx, (5)
Using Jenson's inequality and Lemma 2.4,
fy c@tulx )] ([t — )22 ds) p(x)dx = ba®)] k(). (6)

Equations (4)-(6) are substituted in Equation (3),
d
a(p(t)( °D$U(t))) +uU® +bsJ(k®) <0,  t>0,

Where U(t) = |,

o UCx, )P (x)dx, which means that U(t) > 0 is a solution of (2). Hence the proof is complete.

Theorem 3.2 Suppose that the conditions (A;) — (A4) hold, and
7 exp (-2 [} g(s)ds) = o,

_ ¢ 1 ra-absJ(ks)\* poks) 5 _
lntrl)sotlp Jiy P() <” * o (29 )+ e ) UG )45 = )

Where p(t) = f;: exp (—2 ftto g(s)ds) . Then every solution of boundary value problem (1) and ( B,) is oscillatory in G.

Proof: Suppose that U(t) is a non-oscillatory solution of (2). We define the Riccati transformation,

p(t) DLU(E)
W(t) = p(t) <Tt3 ) t>0,
, _ br(1-a)s(®)j(k(®)) _ -’ ® o
w'® < - (290 + TS IEEN w(e) - wp(e) - TS B W ().

®)

Integrating on both sides from ¢4 to t, gives
W) - W(ty) < - [} pp(s)ds — [ (2g(s) + LELNED) yy (5)gs — [ LD 2 ()gs

p($k(s) to p(s)p(s)k(s)
_ t 1 t bI"(l—a)&(s)](k(s)) p(s)p(s)k(s)
S-H fto p(s)ds + 4 J‘1‘0 (Z'g(s) + p(s)k(s) ) r(1-a)U’(s) ds

10
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Taking the limit superior on both sides, we get

r(1-abs(s)J (k(s))\ 2 p(s)k(s)>
(Zg(s) + p()k(s) ) U'(s) ds < W(ty).

llmsup f p(s) (u +o5 (1 5

which contradicts (7). Hence the proof is complete.

Theorem 3.3 Assume (A,;) — (A,) hold, and

2
ha(ts) | T(A-a)b8(s)](k(s))\"~ p(s)k(s) _
llmsup Hen )ftl H(t,s)p(s) <y +— 4r(1 (Zg( ) + s k) ) ) )ds = oo. 9

Then all solutions of (1) and (B,) are oscillatory.

Proof: Suppose that U(t) is a non-oscillatory solution of (2). Multiplying both sides of (8) with H(t, s)and integrating
it with respect to s from t, to t we obtain,

t t r(1-a)U' (s)H(t,s)
—H(t, t)W(ty) < — ftl uH(t,s)p(s)ds — ftlm

ot ha(t,5) br(1—a)s(s)/(k(s)))
JLH@s) (Zg(s)+ 2(ts) | M-S w(s)ds.

W?2(s)ds

Taking the limit superior on both sides, gives

2
llmsup f H(t,s)p(s) (u + (Zg(s) 4 h2) | r(l_a)bs(s)](k(s))) p(s)k(s)) ds < W(ty) < oo.
s H(tt ) 4F(1

VH(s) P()k(s) U'(s)
which Ieads to a contradiction of (9). Hence the proof is complete.

Corollary 3.4 Assume the conditions of Theorem (3.3) hold with (9) replaced by
s Jo HE)up(s) = o, and

F(l—a)bS(S)](k(S))\/H(t.S)) PP ()k(s)
ll?ls(gp H(”ﬂ ftl "(1 5 <2g(s),/H(t s) + hy(t,s) + k) v 4s <o

llmsup

Then all solutions of (1) and (B,) are oscillatory in G.

Consider H(t,s) = (t —s)® 1 (t,s) € D for some integer n > 2. Then, Theorem (3.3) leads immediately to the
following result.

Corollary 3.5 If the conditions of Theorem (3.3) hold, Equation (9) can be written as

n-3 2
— \(-1) (n—l)(t—S)( 7) r(1-a)bs(s)J(k(s))\“ p(s)k(s)
(n 1)f (t S) p(s) "" + 4r(1 @) < g(s) + (t_s)(nz;l) + ( p(s)k(s) ) U’(S) ds

for some integer n > 2. Then all solution of (1) and (B,) are oscillatory.

limsu
t—>oop (t=t1)

Oscillation of Extensible Beam with Hinged
We deal the case of hinged with boundary condition,
2u(0,t)  d%u(Lt)

0 (B2)

In the following theorem, we are using the Riccati techniques and Philo’s type to demonstrate the new oscillation.

Theorem 3.6 Assume that r > 0, there exists a positive function ¥ € C*(Q), such that
1. my*(x) — rg”’(x) < pP(x) in Q for constant p < 0,
2.¢"(x) <0inQ, and
3.9(0) =y(L) =¢"(0)=¢"(L) = 0.

If the fractional inequality,
%(p(t)( “D‘jU(t))) +pU() <0, t>0,

11
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has no eventually positive solution, then all solutions of (1) and (B) are oscillatory in G.

proof: Suppose that u(x, t) > 0. Multiplying (1) with Y (x) = sin%x and integrating over Q, we get

fo 200 DL, 0) pedx + [, a7y yax — [, (mo+ 7 f, (2L2)"ag) 2420 y(ayax
+ [y et tulx, t)] (fot(t — s)‘“%ds) Y@dx = [, flx, ) Pp(x)dx (11)
Integrating by parts and using ((B,) and 3), we have
Sy agT(f:'t)l/J(x)dx = [, ulx, OY*(x)dx, (12)
Jq %w(x)dx = [, ulx, OP*(x)dx, (13)

Using Jenson's inequality and Lemma 2.4,

[y e tux )] (f5e- 5y~ 2 ds) P(x)dx > b&(6)] (k(E). (14)
Equations (12)-(14) are substituted in Equation (11),

%(;;(t)( CD‘jfU(t))) +pU) <0,  t=0,

where U(¢) = [, u(x, )i (x)dx, which means that U(t) > 0 is a solution of (10). Hence the proof is complete.

Q

Theorem 3.7 Suppose that the conditions (A;) — (A4) hold, and
. t P()k(s)g%(s) _
'“,_?LSO‘JP ftlp(s) (" + 4r(1—a)u'(s)) ds = o, (15)

where p(t) = ftzo exp (—2 ftto g(s)ds) . Then every solution of boundary value problem (1) and ( B) is oscillatory in G.

Proof: Suppose that U(t) is a non-oscillatory solution of (10). We define the Riccati transformation,

~ p(t) “DLU(E)
w(t) = p(o) (T) t>0,
W'(t) < —pp(t) — 2g(OW () — = O 2 g

pOPOK()
(16)
Integrating on both sides from t, to t, gives

W(©) - W(t) < - [} pp(s)ds - [} 2g(IW(s)ds — [ T B Ww(s)ds.

ELLELOLEO!

t 1
< —pf,p()ds + 3 | o

Taking the limit superior on both sides, we get

p()p()k(s)g%(s)

T )ds < W(t,) < o.

limsup fttl p(s) (u +
t—ooo
which contradicts (15). Hence the proof is complete.

Theorem 3.8 Assume that (A;) — (A4) hold, and
. 1 1 2 p(s)k(s)
limsup -5 IWIO) (uH(Es) + 15 (29@OVHES) + ho(t,9) L )ds = oo. a7

Then all solutions of (1) and (B;) are oscillatory.

Proof: Suppose that U(t) is a non-oscillatory solution of (10). Multiplying both sides of (16) with H(t, s)and

12
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Integrating it with respect to s from t, to t we obtain,

t t T(1-o)U’(s)H(Ls)
—H(t, t )W(ty) < — ftl uH(t, s)p(s) ds — L1W

ha(t,
- L H(ts) <Zg(s) + J% p(s)k(s)) W(s)ds.
Taking the limit superior on both sides, gives
. 1
limsup ,,(t =), P(s) (HES) + 50—
which leads to a contradlctlon of (17). Hence the proof is complete.

W2(s)ds

2 S S
(2g(s)/H(t, s) + hy(t,5) p(u,)(ks() )) ds < W(ty) < .

Consider H(t,s) = (log (g))n ,t > s> 0,n> 1isan integer. Then, from Theorem (3.8), we get immediately the
following result.

Corollary 3.9. If the conditions of Theorem (3.8) hold, Equation (17) can be written as
. 1 t t\\" 1 n 2 p(s)k(s)
l"gl)sol:p (1 g( )) ty (log (;)) p(s) <M + 4r(1-a) (Zg(S) + s(log(t—s))) U'(s) ) ds

Then all solution of (1) and (B) are oscillatory.

Oscillation of extensible beam with clamped-hinged ends:
We deal with the case of clamped-hinged ends,

u(0,£) = au(o 0 _

a2u(Lt)
at2

u(L,t) = =0 (B3)

Theorem 3.10 Assume that m,r > 0, and 1p4(x) > ey(x) IN Q for some e > 0. Then there exists a solutions of (1)
satisfying the boundary condition (B3) which is oscillatory in G, if the inequality,

%(p(t)( ‘DﬁU(t))) +eqU(D) <0, t>0, (18)
is oscillatory.

proof: Assume on the contrary that u(x, t) > 0 is non-oscillatory in G. We consider u(x, t) > 0, multiplying (1) with
Px) = sinEx integrating over Q, we get

J‘Q ” (p(t) Cfotu(x t)) 1/)(x)dx+f qa u(xt)lp( )dx_f.ﬂ. (m+TfQ (au(f,t)) d{:) aZu(xt) l/)( )dx

23
+ 1, cCotulet)] (it — ) 222 ds) p)dx = f, £ ) Px)dx (19)
Jenson's inequality, gives
[y o tux )] (f5e- s)—a%s“)ds) Y(x)dx > b()] (k(b). (20)
Equation (20) are substituted in Equation (19), we get
d
E(p(t)( CDﬁU(t))) +eqU(t) <0,  t>0,

Hence the proof is complete.

Theorem 3.11 Suppose that the conditions (A;) — (A4) hold, and

; t P()k(s)g*(s) _
limsup i, p(5) (Eq + 4r(1—u)u'(s)) ds = oo, (21)

where p(t) = f:: exp (—Z ftto g(s)ds) . Then all solutions of boundary value problem (1) and ( B3) is oscillatory in G.

4. Examples
Example 4.1 Consider the Fractional nonlinear damped extensible beam equation

a(. 1 + gt 9
a(”DLu(x,t)) <n> ';(4t) +2t]< f t-5)2 “(’; S)ds)

13
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3
= sin%x 5t(cost—1) +sint (W%) , (xt)eEQXR, =G. (22)

Here @ = 1/2,p(t) = 1,q(t) = (5)4 m,r=0,b=1,g%Gs) = p(s) = s, €= 1and J(k(s)) = k(t). Consider

. t p(s)k(s)g?(s) . t \2 55(cos s—1) singx
limsu s)|leq + —————=)ds = limsu sl(=) + ds ast — oo,
t—>oop ftl p(s) ( q 4F(1—a)U'(s)) t—)oop ftl ((n) BJESZ(Z—S)%(—%sinsH(—s) cos s)

Hence, all the conditions of Theorem 3.11are satisfied. Therefore, every solution of (22) is oscillatory.
3
In fact, u(x, t) = ({ — t)zsin tsin’L—’x is one such solution of (22).

Example 4.2 Consider the Fractional nonlinear damped extensible beam equation

1 4 14 t
1( ‘D% u(x, t)) + (%) gulx.t) + 2y < f (t- S)‘% uxs) dS)
0

at ax* ds
L\2 n? au(E )\ 2 % u(x,t)
(O O () ag) 2
_ 3 5
_ sin%x(ZZ:t +({ - Dzt (z +ie- t)EeZt) +(2t—et - 1) (kD EQXR, =G (23)

Here a = %,p(t) =1,q(t),r = (£)4, m= (i)z,b =1, g%(s) = ﬁ, p(s) =1/s,e=1and J(k(s)) = k(t). Consider

. t p(s)k(s)g?(s) s t1 (1+2s-e%) sin%x
l";lsol:p ftl p(s) (p. + 7"(1_“)1,,@) ds = lllglsozlpf 1+

ds < co.
t1s

1
8VTs2(§-)2(-3+(-5))
Hence, all the conditions of Theorem 3.7 are not satisfied.

3
In fact, u(x,t) = ({ — t)2 etsin%x is non-oscillatory solution of (23).

5. Conclusion

In this article, we have mainly focussed on obtaining some new sufficient conditions for the oscillation behavior of
Caputo fractional nonlinear damped extensible beam equations with some boundary conditions. The results are essentially new
and complement the previous existing literature in the classical case. Required examples has also been newly derived result.
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